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PREFACE 


This book has been written as a companion volume to Dr. A. E. 
Clayton’s The Performance and Design of D.C. Machines and Pro¬ 
fessor M. G. Say’s The Performance and Design of A.G. Machines. 
By including in the present volume the single-phase induction motor 
the three books have been made to cover the whole range of electrical 
machinery. 

The a.c. commutator motor was widely investigated in the early 
years of the century, but from then until comparatively recently 
industrialists preferred the three-phase induction motor on account 
of its simplicity and low cost and in spite of its constant-speed 
characteristic And poor power factor. The gradual elimination of 
d.c. distribution has tended to preclude the use of the d.c. shunt 
motor for variable-speed drives so that modern conditions, which 
frequently necessitate control of speed in order to achieve maximum 
production and which require operation at unity power factor to 
obtain the best economy, have therefore again focused attention on 
the a.c. commutator motor. Although commutation problems still 
impose certain limitations, a.c. commutator motors of one type or 
another can be built to satisfy the requirements of practically any 
industrial drive; recent developments in single-phase traction also 
include the commutator motor as one of the most promising driving 
units. 

The first part of the book covers items common to all types of a.c. 
commutator motor after wliich the commercially successful types 
are considered in turn. In each case the general principle and con¬ 
struction is first outlined followed by a discussion of the complexor 
(vector) diagram and current locus; this gives a physical picture of 
the behaviovu of the machine but is not usually sufficiently accurate 
or convenient for performance calculation, and it is therefore fol¬ 
lowed by a treatment of the equivalent circuit. Since the design of 
a.c. commutator motors is a highly specialized field trodden by only 
a very few engineers, its discussion is limited to those special features 
showing a marked difiference from the general design problems out¬ 
lined in the two companion volumes. 

As existing books of examples contain very few problems relating 
to a.c. commutator motors a number of relevant examples are 
included at the end of each chapter; answers are given on p. 342. 

The symbols used throughout the book conform as far as possible 
with those listed by the British Standards Institution and with 
those used in the companion volumes; they are defined throughout 
the text as well as being summarized on pages xi~xvi. The increasing 
use of vector analysis for engineering problems sometimes results in 
ambiguities when the term “vector” is used to denote a directed line 
representing a quantity, such as cmrent or voltage, that varies 
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sinusoidally with time; terms such as complexor, phasor and sinor 
have been suggested to denote the latter type of quantity, and 
throughout this book the term “complexor” has been used. The 
term “vector” is restricted to the representation of m.m.f.’s in the 
air gap. 

I wish to thank Mr. A. C. Lane of the British Thomson-Houston 
Co. Ltd., and Dr. B. Schwarz of Laurence Scott and Co. Ltd., for 
generous assistance, Professor M. G. Say of the Heriot-Watt College 
for continued encouragement and help and Mr. J. Lawrence, also of 
the Heriot-Watt College, for valuable help in proof reading. 


Heriot-Watt Colmgb 
Edinburgh 


E. OPENSHAW TAYLOR 
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INTRODUCTION 


The first mention of the fact that a d.c. motor wonld, if its field 
system were laminated, operate on alternating current was made by 
Alexander Siemens in 1884 at a meeting of the Society of Telegraph 
Engineers (now the Institution of Electrical Engineers). A few years 
later, m 1888, Prof. Ernest Wilson patented the first three-phase 
commutator motor. Considerable ingenuity was then shown, both 
in this country and elsewhere, in devismg a number of different 
types of motor, many of which are described in an important paper 
by LI. B. Atkinson read before the Institution of Civil Engineers in 
1898. 

The invention of the induction motor by Tesla in 1885 and its 
subsequent commercial development gave the world a simple and 
robust typo of a.c. motor which adequately fulfilled most of the 
requirements of the industry of that time, and interest in commu¬ 
tator motors therefore flagged. 

An exception to this arose from the development of single-phase 
traction for railways about 1904 for which motors having series 
speed-torque characteristics were required, and several types of 
series and repulsion motors were satisfactorily produced for the 
purpose. This sphere still forms a widespread field of application for 
the a.c. series motor and one which, with the modern development 
of SO-c/s traction systems, may well increase in importance. 

In recent years the more exacting requirements of industrial 
drives have shown the limitations of the induction motor, particu¬ 
larly where a variable speed or good power factor is desirable. 
Attention has therefore again been focused on the commutator 
motor and improvements in design have led to the commercial use 
of a large number of tliree-phase motors in sizes up to several 
hundred horse-power. 

The single-phase induction motor was developed coincidentally 
with the three-phase motor, but the complications necessary to 
overcome its inherent lack of starting torque hindered its develop¬ 
ment for many years. After the 191^1918 war, however, a demand 
arose for motors in sizes up to about 5 h.p. for domestic and for 
small industrial and agricultural appliances where only a single¬ 
phase supply was available. This led to intensive work on improved 
methods of starting the single-phase induction motor and resulted 
in the modern capacitor and repulsion-start motors. 

The rapidly expanding domestic field has resulted in a considerable 
demand for single-phase fractional-horse-power induction motors 
and series motors and some millions of such motors have been 
manufactured by mass-production methods. The single-phase series 
motor has the special feature of being the only type of motor which 
will operate satisfactorily on both alternating and direct current, 

xvii 
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It is interesting to note that, although the constant-speed charac¬ 
teristic of the single-phase induction motor is suitable for the 
majority of drives, there is a number of applications where a 
variable-speed single-phase motor would be desirable—^no com¬ 
mercially practicable motor of this type has, however, yet been 
developed. 



PART I: GENERAL PRINCIPLES 


CHAPTER 1 

WINDINGS AND MAGNETOMOTIVE FORCES 

The current in the windings gives rise to the m.m.f.’s upon whioh 
the action of a motor depends, so that a study of windings and their 
m.m.f.’s forms a natural starting point for the study of motor 
performance and design. 

Types of Winding 

The stator windings of a commutator motor are usually single- 
or three-phase, depending on the type of motor, and are generally 
similar m arrangement to the distributed single- and double-layer 
windings used for induction and synchronous machines. Por small 
fractional-horse-power single-phase motors, however, and for 
Soherbius machines, a salient-pole winding is often adopted. 

The commutator windings, mounted on the rotor, are lap- or 
wave-connected as in the ordinary d.c. maohine. Lap connexion is 
more common, as commutator voltages must be kept low. 

In some machines there may also be a phase winding on the rotor, 
fed through slip rings, and, in the case of the single-phase induction 
motor, the rotor winding is usually of the cage type. 

The m.m.f. distribution of any of these windings can he drawn 
in the usual way as a stepped wave, and an expression for the mean 
line through the steps given as a Eomier series. In discussing the 
behaviour of the machines it is generally only the fundamental that 
need be considered although the harmonics may have important 
secondary effects in certain cases; it is, however, the usual aim of 
designers to keep the harmonics as small as practicable. 

Stator Windings 

Salient-polh Areahghmbnt. The arrangement of such a winding 
is shown, for two poles, in Fig. 1.1(a). The m.m.f. wave, assumed 
rectangular, is shown in Fig. 1.1(6), and the Fourier expression* for 
this wave is— 


■^a = sin X ^ cos d sin « -f- sin 3a • • 

■) 


, cob«i3 , 1 1 . 

-|- - —sinna) (l.la) 


* See Appendix 1. 
I 
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sphere d is as shown in Fig. 1.1, 

is the peak ampere-turns per pole = ^iTJ2, 

It is the peak current per turn, 

Tj, is the turns per pole-pair, 

a is angular distance measured along the armature periphery. 





Fio. 1.1. M.M.F. OP SAiiiENTr-poLE WmroiNO 

<a) Winding arrangement. 

(6) il.mX wave. 

If It is the r.m.a. current in each, turn, the peak value of the 
fiindamental of the m.m.f. wave is 

F = {2{y/2)jTr}ItTj, cos d = Q QIfTj, cos 6 ampere-tums . (1-16) 

The magnitudes of the 3rd, 6th and 7th harmonies expressed as a 
percentage of the fundamental are shown in Fig. 1.2 for various 
values of the ratio pole-arc/pole-pitch, a ratio of about 0-67 being 
typical for small single-phase motors. 

DiSTMBtTTED SiNGLE-PHASB WINDING. Non-salient-pole single¬ 
phase windings are generally of the single-layer type as shown in 
Fig. 1.3(a). The slots here shown empty may, in an actual motor, 
contain an auxiliary winding, e.g. the starting winding of a single- 
phaae induction motor. 

The expression for the m.m.f. of the trapezoidal wave (Fig. 1.3(c)) 
resulting from this winding is— 

-f’a = sin cut X (sin y sin a + ain 3a 

Try \ y 

, , sinwy . ^ ,, , 

+ • • • -. (1.2a) 

where y is as shown in Fig. 1.3 and = ltT^j2 ampere-turns. 

If It is the r.m.s. current per turn the peak value of the funda¬ 
mental of the wave is— 


F = 


2v'2 ain y 


X X IfT^ = 0-9 ^ ItT^ 


p= (i-Qk„tI^Tj, ampere-turns 


( 1 . 26 ) 
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where is the distribution factor (fundamental) for a winding 
having a phase spread of a = 2y, the values being shown in Fig. 1,4. 

The magnitudes of the 3rd, 5th and 7th harmonics for various 
ratios of wound to total slots are shown in Fig. 1,5, &om which it 
can be seen that an arrangement with about 70 per cent of the slots 
wound gives the minimum low-order harmonics. 



Fig. 1.2. Habmonics as Peboentaob or FoiroAMBNiAL rou 
REaTAtrotniAB 1VI.M.F. Wave 

In some small single-phase motors it may be desirable to reduce 
the harmonics still further by grading the winding, i.e. having 
different numbers of conductors in each slot thereby giving an 
m.m.f. wave which more nearly approaches a sine wave. 

Suppose, for instance, that a motor with 9 slots per pole is to be 
wound as shown in Fig. 1.6, the desired sine wave of m.m.f. being 
as shown in the lower part of the diagram. A stepped wave can be 
superimposed on the sine wave as shown and it can be seen that the 
m.m.f. is given by F sin 10° at tooth A, F sin 30° at tooth B, etc., 





60° B0° 100° 120° 

Phase Spread o' 


Fig. 1.4. VAiiTEa or Disraistmoir Factok foe FtrNDAMENiAt 
■WITH VABIOUS ValHES of PHAaE SrBBAD 
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FlO. 1.5 HaHMOOTOS as PEBOBOTA.eE OS' Fond AMENTA!. 
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or, in general terms, by jP sin {y>l2), F sin {ip + ®tc., ip being 

the angular slot pitch. 

In the above case, with ip = 20°, the values are— 

Tooth A: Fain 10° = 0-174 F 
Tooth R: jP sin 30° = 0-50 F 
Tooth 0 ; F sin 50° = 0-766 F 
Tooth D: F sin 70° = 0-940 F 

The total m.m.f. of aU the turns is F^ occurring at tooth D so 
that F„ — 0'940 F. The above values in terms of the total m.m.f, 
thus become— 

Tooth (0-174/0-94)J”,,. = 0-185 
Tooth B: {0-dQQ jQ-M)F^ = 0-532 F^ 

Tooth G: (0-768/0-94)J",,. = 0-818 F^ 

Tooth D: =l-0i?’„, 

Hence the m.m.f, duo to the conductors in the different slots is— 

Slotl: 0-185 J-,,. 

Slot 2; (0-532 - 0-185)J’,„ = 0-347 F^ 

Slot 3: (0-818 - 0-532)J’„ = 0-286 F^ 

Slot 4: (1-0 - 0-818 )jP„^ = 0-182 J,,, 

The total number of conductors in the group can thus be split up 
in the ratio of these m.m.f’s and the nearest possible approach to 
a sinusoidal m.m.f. -wave -will be obtained. 

Thkee-PHASE Stator Windings. The three-phase single- and 
double-layer -winding is treated in a companion volume* where it 
is shown that if the -vvindings and the currents in them are sym¬ 
metrical there will be— 

(i) A fundamental rotating m.m.f. of constant magnitude moving 
at synchronous speed and having a peak value 

= {3(-v'2)/-n-}fc,/jTj,j,4 ampere-turns . (1,3) 

W'here Tj,j,j^ is the turns per pole-pair per phase, 

~ ^'m - ^vi and fcj being the distribution and coil-span 
factors for the fundamental. 

(ii) Harmonic m.m.f’s of the order — 1 (j being any integer) 
moving in the opposite, direction to the fimdamental at Ifn of 
synchronous speed {n being the order of the harmonic); this group 
includes the 5th, 11th, 17th, etc., harmomcs, and the magnitude of 
each is Ijv? of that of the fundamental, e.g. 1/26 or 4 per cent for 
the 5th harmonic. 

_ (lii) Harmonic m.m.f’s of the order 6j -f 1 moving in the same 
direction as the fundamental at l/w of synchronous speed. This 

* Say, The Performance, and Design of A.C. Machines, Ch. X (Pitman). 
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group includea the 7th, 13th, 19th, etc., harmonics, and the magni¬ 
tude is also 1/w^ of that of the fimdamcntal, e.g, 2-04 per cent for 
the 7th harmonic. 

Rotor Phase Windings 

Some commutator motors have a three-phase winding on the 
rotor fed through slip rings. If the rotor is stationary the conditions 
are similar to those obtaining in the stator ■winding, i.e. a funda¬ 
mental rotating hi.m.f. is set up moving at synchronous speed, 
together with the various harmonics. If the rotor is mo'ving, the 
speed of the fundamental ra.m.f. -will still be synchronous speed 
relative to the rotor conductors but, relative to the fixed stator, the 
speed wdl be (synclu-onous speed ± rotor speed), the positive sign 
referring to the case where the rotor is moving in the same direction 
as the m.m.f. If the rotor is morfing at synchronous speed in the 
opposite direction to the m.m.f., the speed of the m.m.f. relative to 
the fixed .stator will be zero, i.e. it will be stationary as in a d.o. 
machine. 

Commutator Windings 

Single-phase. With two brushes per pole-pair spaced 180° 
(electrical) apart the arrangement is similar to that of an ordinary 
d.c. machine. With full-pitch cods a triangular m.m.f. wave results 
which is stationary relative to the brushes as shown in Pig. 1.7. 
Analytically this is a special case of the trapezoidal wave (eq. (1.2a), 
p. 2) with y = 7r/2. If the coils are short pitched the coil-span 
factor for each harmonic can be added to each term giving the 
expression for the m.m.f. as— 

K — X -T, ( kgj sin a + ^53 X n sin 3 k 

77“ \ y 

+ • • ' + X ^2 

where 

Ta is the total number of rotor turns, 

/(is the peak current per turn = [^2)1 J2a, 

la is the total r.m.s. current entering the armature. 

The peak value of the fundamental of the wave ia thus— 

F = X kMTJ2p) 

= {2{^/2)l‘7r^}kg{IaTJap) ampere-turns . . (1.46) 

It should be noted that the peaks of the m.m.f, wave occupy the 
same position as the conductors undergoing commutation, i.e. the 
axis of the m.m.f. is at 90° to the axis of the coils short-circuited by 
the brushes. Under these conditions the m.m.f. is said to be acting 



H ^.0. COMMUTATOR MOTORS 

along the brush axis and it pulsates at the frequency of the current 
supplied to the brushes. 

K the armature is rotating, the actual conductor occupying any 
particular position is continuaUy changing but the current distribu¬ 
tion around the armature is not aSected. Por a given current, 
therefore, the magnitude and the frequency of pulsation of the 
m.m.f. are independent of the speed of rotation. 



TmrmTmrrr 



(C) 


Kio. 1.7. M.M.F. or I^Jinole-pha^e C/Ommittatok Windtn<t 

(a) Windlog diagram. 

(b) Current distribution. 

(c) K.mX. -wave. 

Theeb-phase : Thbee Bboshbs pbb Polb-paie. The winding 
may be represented diagrammatically as in Pig. 1.8(a) or by a 
winding diagram as in Pig. 1.9. It is thus similar to a three-phase 
mesh-connected winding with 120° phase spread. If symmetrical 
three-phase currents of r.m.s. value Ij, are entering at each of the 
brushes the currents in each turn of the -winding -will be = 
will be displaced by 30° from the brush 
currents as shown in Pig. 1.8(h). The m.m.f. wave can he drawn by 
considering a particular moment in the cycle, e.g. when the current 
entering brush A is at its peak value of, say, 100 A; the cuiTents in 
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the winding are then as shown in Fig. 1.8(£i), and the current distri¬ 
bution and m.m.f. wave can be drawn as in Fig. 1.9(6) and (c). It 
can be seen that at this particular moment in the cycle the m.m.f. 
wave is acting along an axis at 90° to the axis of the coil being 
commutated by brush A. As in the single-phase case, the rotation 
of the armature does not affect the current distribution around the 
periphery so that the m.m.f. wave is the same as would be set up 
in a stationary armature, i.e. it has a fundamental and harmonics 



Fio. l.S. Odubeni’s in Thbee-phase Oommutatok Winding 

fa) Dlagiam of winding (Instantaneous current values when I a Is at its peak value). 
(6) Comploxor diagram (t.m.s. currents). 


rotating relative to the fixed brushes at the appropriate fractions of 
synchronous speed. 

The magnitude of the fundamental is, from eq. (1.3), 

F — {3(-\/2)/u'}llfOTi2o^8^i 

= {3(-\/2)/27r^}^o(/o/a)(T„/p) ampere-turns . . (1.6) 

where is the rotor turns per pole-pair per phase and is the 
total rotor turns. 

An alternative, and often more convenient, expression is given, 
on p. 14, in terms of the equivalent-star turns. 

Theeb-phasb : Diambtbio Brushhs. An alternative arrangement 
with six brushes per pole-pair is shown in Fig. 1.10, each phase 
being led to diametrically opposite brushes. The fundamental m.m.f, 
can be found by extending eq. (1.46) for the three phases— 

F == Fj -)- Fii + Fjji 

= {2(v'2)/Tr^}i:,(/Ja)(Ffl/p){sin cot sin a 

sin {cot — 27r/3) sin {a — 27t/3) 

+ sin {cot — 47t/ 3) sin (a — 477/3)} 

= {mmv2)i7T^}K{iaM{T„ip) cos {0t - oc) 




¥irrmiiir¥ifTmf¥r 

(b) 



(C) 


h'lQ. L9, M.M.K. OP Thrkb-phase Commutator Winding 

(a) Winding dlagra.m. (instantaneoua curreutv when 1 ^ Is nt iU peak value). 

(b) Current diatiibuttoa diagram 

(c) wave, 



Fxo. 1.10. Tsbeb.PHASE Diametric Connexion 
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The peak of the fundamental is therefore— 

F = {3{V2)ln^}KiIaimTalp) .(1.6) 

It is thus seen that for a given armature the m.m.f. produced by 
a given brush current is twice that of the three-brush arrangement. 
It is shown later, however, that the voltage required is also twice 
that of the three-brush arrangement so that the volt-amperes for a 
given m.m.f. is the same. 

Summary oi Three-phase M.M.P.’s 

The different circumstances in which rotatmg m.m.f.’s are pro¬ 
duced by three-phase currents are summarized in Table 1.1. 


Tabie 1.1 

PaoDuoriON or Botatinq M.M.F.’a 


1 

1 

1 

! 

Arrangement 

[ 

Nature of M.M.F. (fnndaniental) 

1 

3-phaa6 currants fed to stationary 
3-plias6 •winding. 

rotntss at synchronous 
speed ftj. 

2 

3-phase currents fed to 3-phaso 
winding rotatmg at 

rotates at rij ± 7i,. 

3 

3-phaae currents fed to 3 brushes 
on rotatmg commutator windmg. 

rotates at synchronous 
speed corresponding to fre¬ 
quency of currents and inde¬ 
pendent of conductor speed. 


Resultant 

The stator and rotor m.m.f.’s normally act simultaneously giving 
a resultant m.m.f. which actually sets up the flux in the air gap. 
The value of this resultant m.m.f. can be obtained 
by drawing the two m.m.f. waves in their correct 
relative positions and adding the ordinates at the 
various points around the gap periphery. A quicker 
and more convenient method, however, is to 
represent the m.m.f. waves by their fundamentals 
and draw the space vectors corresponding to these. 

Pulsating M.M.P.’8. In the case of a pulsating 
m.m.f. the space vector will represent the peak 
value of the fundamental of the m.m.f. wave and 
will point along the axis in which the m.m.f. is j jj jyfjfjr' ’,3 
acting. IN Time Phase; 

If the stator and rotor m.m.f,’s pulsate at the Space Vbciob 
same frequency and are in time phase but acting Diaobam 
in diSerent directions, their vectors will be as shown in Kg. 1.11 and 
the resultant m.m.f. Fj^ will be their vector sum as shown. 
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If the two m.m.f.’s are not in time phase, but are displaced as in 
Fig. L12(ffl), the resultant at various instants of time through¬ 

out the cycle can be found as in Fig. 1.12(6). It can be seen that 
this resultant rotates, traversing one revolution in one cycle, and 
also varies in magnitude throughout the revolution. The field 
produced by such an m.m.f. is known as an elliptic rotating field. If 
the two m.m.f.’s are equal in magnitude and displaced by 90° in 
space the rotating field becomes constant in magnitude and rotates 
at a constant speed as in a two-phase motor. 

Rotatiho m.m.f.’s. In any practical machine in which polyphase 
currents set up rotating m.m.f.’s, the fundamental m.m.f.'s set up by 



Fio, 1.12. M.M.F.’fl NOT IK" Time Phase—Rotating Rksultaitt 

(a) Time diagram 
{b) Space clIagraTu 


the different windings always rotate at the same speed and in the 
same direction around the air gap. The resultant m.m.f. will there¬ 
fore also rotate at this speed and can be found by adding the waves 
in their correct relative positions or by representing their funda¬ 
mental components by vectors as in the pulsating field case. 

Diagrammatic Representation of Windings 

It is convenient to have standard conventions for representing 
the windings diagrammatically so that the relative positions of the 
m.m.f.’s can be seen at a glance on a simple diagram. 

Phase Wetdinqs. The usual method of representing a phase 
winding such as is normally wound on the stator is shown in Fig. 
1.13(a;). The m.m.f. producedis coaidal with the coils of the winding! 
The sense of the m.m.f. depends on the direction of the current, and 



WlNDINGli AND MAGNETOMOTIVE FORGES 13 


a oonvenient oonvention is to assume it to be the same as the general 
direction of current through the winding as shown. 

The three-phase winding is as shown in Fig. 1.13(6). M.m.l, 
diagrams show that the direction of the rotating m.m.f. at any 



Fui. 1.13. Diaohammatio itBHffiSENrATioN or Staiob Windings 

a) Slngla-phaae winding 
m Tluee-phnso winding. 

instant is along the axis of the phase carrying the peak current at 
that instant and, if the above convention is adhered to, it will be in 
a sense similar to that of the current along that phase. 

CoMMUTATOB, WnTDiNGa. The usual way of representing a com¬ 
mutator winding is shown in Fig. 1.14, the 
brushes being represented as standing on 
the armature periphery and in contact with 
the top cod sides to which they are actually 
connected, i.e. the conductors which are 
undergoing commutation; due to the inclina¬ 
tion of the overhang this is about half a pole- 
pitch away from their actual position on the 
commutator. Eeference to Fig. 1.7 shows 
that with this convention for drawing the 
winding, the direction of the m.m.f. is along 
the line of the brushes, i.e. along the brush 
axis. The sense of the m.m.f. is specified by 
the positions of the 4o*s crosses 
representing the current directions in the 
conductors. Whether the dots are placed to tiq, 1.14, diaojjammatio 
the left-hajid or the right-hand side of the Repbesbntation ov 
axis is purely arbitrary, and a convenient Sinolb-phasis 
convention, adopted here, is to put the dots Commdiatob Winding 
to the left-hand side of the axis when looking in the direction of 
current flow in the circuit leading to and from the brushes as shown 
in Fig. 1.14. 
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COMMUTATOE WlNDUTG GaBBYING ThEEE-PHASE CGEEENTS. A 
(‘ommutator ■winding ■with three brashes per pole-pair is shown in 
Eig. 1.8 and is seen to be a delta-connected circuit. It is convenient 
when studying the behaviour of three-phase commutator motors to 
represent this by its equivalent-star circuit as sho^wn in Fig. 1.15. 

Reference to Fig. 1.9 shows that, when the 
current entering brush A is at its peak value, 
the m.m.f. is acting along an axis through 
that brush and in a sense similar to the 
direction of current in the circuit connected 
to the brush. 

The current in the equivalent-star winding 
is equal to the brush current, i.e. equal to 
y'S times the actual winding current between 
brushes, and the equivalent impedance per 
phase is 1/3 of the actual impedance of the 
section of ivinding between brushes; the 
number of turns per phase is l/v'S times 
the actual turns between brushes. The 
expression (1.5) for the m.m.f. thus becomes, in terms of the total 
currents and the equivalent-star turns in series per phase T^— 

F = ampere-turns (1.7) 



Kig. 1.15. Equivauest- 

STAH REPBESESrATION OF 

Thbeb-phase Commuta¬ 
tor WnroiHG 


Fluxes 

The m.m.f.’s due to the currents in the windings give rise to the 
fluxes upon which the action of the machhie depends, and these 
may be di^vided into two main components as shown in Fig. 1.16. 

Main oe MuTUAi Fluxes. These cross the air gap and link both 
stator and rotor windings; they are produced by the resultant 



Fig. 1,10. Fluxes in IIachine 
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m.m.f. of the various windings acting on the main flux paths, and 
are shown as in Fig. 1.16. 

Leakage Fluxes. These link with only the stator or rotor 
windings and do not cross the air gap. They are produced by the 
m.m.f. of one winding only (except in special oases) and are shown 
as $£5 and in Fig. 1.16. 

The action of the machine depends primarily on the main flux 
although the leakage fl.uxes have important secondary efiects. 

It is often convenient, particularly with single-phase machines, 
to assume that each m.m.f., e.g. the stator and rotor m.m.f.’s, each 
produce a separate flux and to assume, in discussing the behaviour 
of the machine, that each flux has a separate existence. Such a 
procedure simplifies the analysis but is only accurate if saturation 
of the magnetic circuit may be neglected. 

Torque 

The force on the conductors, and therefore the torque, results 
from the interaction of the current in the conductors and the flux 
in accordance with the fundamental equation 

F =■ RiL newton-metres* . . (1.8) 

The general effect may be seen by assuming the m.m.f.’s on the 
stator and rotor to give rise to separate fluxes. In Fig. l,17((i) the 


Is 



Is 



® O ® 


(CL) (b) 

Fi&. 1.17. Toaqojs Pboduction 


current in the stator winding produces an m.m.f., and therefore a 
flux, acting vertically as shown. The rotor conductors are lying in 
this flux and have a force exerted on them which, acoortiing to 
Fleming’s left-hand rule, tends to turn each conductor clockwise. 
In Fig. 1.17(6) the stator and rotor m.m.f.’s are both acting vertically, 
• 1 newton-metre = 0'737 Lb-ft. 


a—(T.io^) 
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and it can be seen, by considering the direction of the force on each 
conductor, that there ia no resultant torque. 

It may thus be stated that a torque will only arise as a result of 
currents in two windings when their m.m.f.’s are at 90° or have 
components at 90°. The precise value of the torque can be calculated 
from eq. (1.8) when the dimensions and winding arrangements for 
the machine in question are known. 

EXERCISES 1 

1. A motor has it.s winding arranged in a single slot per pole. Each slot 
contains 30 conductors each carrying 10 A (r.m.s.). Determine the magnitude 
of the fundamental, 3rd and 5th harmonica of the m.m.f. wave produced by the 
winding at the instant whon the current ia at it.a peak value. Express the 
harmonics as fractions of the fundamental. 

2. The brushes of a 4-pole commutator winding having 120 full-pitch turns 
are connected to terminals. There are (a) 2 brushes, (6) 3 brushes and (c) 0 
brushes per pole-pair and in each case 100 A (r.m.9.) is fed to the terminals. 
Find the fundamental of the m.m.f. wave in each case. Determine for case 
(c) the equivalent-star turns in series for the winding and use this value to find 
the fundamental of the m.m.f. wave. 

3. A 2-pole stator has 24 slots and carries a 1-phase, 1-layer winding 
arranged in 14 slots with 10 conductors per slot, each conductor carrying 7-0 A. 
Draw the mjn.f. wave whon the current is at its peak value. Sketch the 
fundamental of the wave and compare with the calculated value. 

It is desired to devise a winding for the above machine which will givo a 
closer approximation to a sine wave by having different numbers of conductors 
in the slots. Work out details of such a winding and draw its m.m.f. wave. 

4. A 4-pol6, lap-connected commutator winding is arranged in 60 slots and 
has 6 conductors per slot. The winding is short-pitched by two slot-pitches. 
Draw to scale the peak m.m.f. wave for one pole-pair when 60 A (r.m.s.) ia fed 
to the winding. Calculate and sketch the fundamental. 

6. A 4-pole, 3-phase commutator motor has a 1-layer stator winding 
arranged in 84 slots with 8 conductors per slot connected in two parallel paths. 
The rotor carries a full-pitch lap-connected winding arranged in 108 slots with 
8 conductors per slot. Three-phase currents of 100 A pass through the stator 
winding and are fed to the commutator winding by three brushes par pole-pair 
spaced at 120° (elec.). Draw, when the current in one stator phase is a maxi¬ 
mum, the m.m.f. wave due to (a) the stator winding, (6) the rotor winding and 
(c) both windings when the brushes are located so that the m.m.f.’s act along 
axes displaced from each other by 46“ (elec.). Sketch the fundamental of the 
resultant and compare with the calculated value. 

6. A 2-pole machine has two windings arranged with their axes in quadra¬ 
ture and carrying currents displaced from each other by 90“ in time phase. 
Both windings give sinusoidally-distributed m.m.f. waves, one having a 
maximum value of 1,000 AT and the other of 700 AT. Draw the resultant 
m.m.f. vector at various moments in the cycle and sketch its locus. 
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ELECTROMOTIVE FORCES 
Generation of E.M.F. 

The fluxes in the machine give rise to e.m.f. ’s in the windings as 
a result either of relative motion between the flux and conductors 
(rotational e.m.f.’s) or of pulsations of the flux linked with the 
windings (transformer e.m.f.’s); rotational e.m.f.’s are denoted by 
the sufc r and transformer e.m.f.’s by the suffix t. In a.c. commu¬ 
tator motors both actions may occur separately or simultaneously 
in the same winding. The e.m.f.’s produced may also be grouped 
according as to whether they are set up by main or mutual fluxes 
or by leakage fluxes. 

Transformer E.M.F.’s in Phase Windings 

In Terms op Flttx. The fundamental expression for the e.m.f. 
induced in a single coil linked with an alternating flux, <I) sin cot 
webers,* is— 

= — foTjCE* cos cot volts 

The r.m.s. value is 

volts 

If the winding has several coils distributed over the armature 
surface as in Fig. 2.1 it can be seen that although coil cut is linked 
with the whole of the flux, the coil bb is linked with only a portion 
of it, i.e. with cos y if the flux is sinusoidally distributed, y being 
the angle between the plane of the coil and the flux axis. 

If there are m coils connected in series arranged symmetrically 
with respect to the flux, the total e.m.f. is— 

0/2 

Ef = ('\/2)ir/m3’j 2 ® cos y volts 

~-aj2 

If m is large 

Et — (\/%)7tf'mTJ(\ja) f ^ cos y dy 

J-al2, 

= (^2)rrfT^^^^^- 
— (y2)7r/I'^fc^ volts 

where A:„, = sin (o'/2)/(o'/2) is the distribution factor allowing for the 
spread of the winding, the values for various phase spreads being 

”■ Since the peak value of an alternating flux is invariably used in calculations 
the circumflex is normally omitted. 
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sho'wii in Fig. 1.4, p. 4. The spread for a three-phase winding is 
normally 60°, but in commutator-motor practice any value up to 
180° may occur. 

If the coils are short-pitched the coil-span factor"^' {given by 
= cos (e/2), s being the electrical angle by which the coils are 



Fig. 2.1. Winding Linked with Alternating Flux 

short-pitched) must also be introduced so tliat the complete expres¬ 
sion for the transformer e.m.f. is— 

Et = {^/2)nfT^k„ . k, volts . ' . (2.1) 

If the axis of the winding is inclined at an angle 6 to that of the 
flux, only that component of flux which is coaxial with the winding, 
i.e. $ cos (5, win be instrumental in generating transformer e.m.f., 
so that the expression then becomes— 

cosd.k^.k^ . . (2.2) 

The expression Tk^k^ is referred to as the effective turns and 
written T' so that 

= (^/2)^TfT'(b 003 6 . . (2.3) 

In Teems of Mutual Rbactanob. Instead of expressing the 
e.m.f. in terms of the flux it is often convenient, particularly when 
studying the behaviour of machines by their equivalent circuits, to 
express the e.m.f. in terms of the mutual reactance between the 
various windings. 

Before expressing it in this way it is convenient to assume all 
circuits to be reduced to the same number of turns, e.g. the number 
of efiective turns on the primary winding, so that the mutual 
inductance M between all windings linked with the same flux is the 

* Say, T/ie Rer/ormarme and Design of A.O. Machines, Ch. X (Pitman), 
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same. To do this the currents, e.m.f.’s, impedances and admittances 
of any other circuits must be expressed in terms of the primary as 
follows. 

Currents referred to primary-— 

V = I,{T^m; h' = etc. . (2Aa) 

E.m.f.’s referred to primary— 

E,'= E,{T^'IT^'y, E./^E^(T,'IT,'y. eic. . (2.4A) 

Impedances referred to primary— 

23 ' = z^(T;\T^r, etc, . (2.4c) 

Admittances referred to primary— 

y/ = vAT^'IT^y. 2 /a' = etc. . (2.4d) 

If there are, say, three windings combining to produce one par¬ 
ticular flux, the total flux may be written— 

<& = *1 + 4»a + <E>3 

where 4 * 1 , and ^3 are the fluxes due to the m.m.f. of each winding 
by itself. 

Since all the windings now have the same number of effective 
turns the mutual inductance may be written— 

M = 

so that, using complex quantities, 

< 1.3 = m,(V2)IT,'-, 4.3 = M,'W^)IT,'; = OT3'(V2)/5Px' 

Substituting for the flux in the expression (2.3) and omitting 
cos d thus gives for the primary winding— 

En = (V2)w/T/{J^(^/2)/T/}(Ix + I 3 ' + I,') 

= a)M{Ii + I 2 ' + 13 ') volts 

Written symbolically, since the e.m.f. lags the flux by 90°, this 
becomes— 

Eii = - jcoi¥(Ii -f I 3 ' + I 3 ') = - ja;„.(Ii -f Ij' + I,') volts 

. - . . ( 2 . 6 ) 

where a;„, is the mutual reactance. 

In drawing complexor diagrams and writing down ana,lytical 
expressions relating to this voltage it is usual to regard it as a 
voltage drop, similar to an IE drop, so that— 

voltage drop = 4-+ I-,') 

Since the windings all are assumed to have the same number of 
turns, Eti' and will be the same as E,x and the actual values of 
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the e.mi.’s Ejj and can be found from (2.46). In using the above 
expression it must he remembered that the currents are complexor 
quantities variable in time phase and proper attention must be paid 
to their direction and sign. The application of these two methods 
of dealing with the e.m.f. is illustrated in the following example. 

Example, 2.1. A single-phase, 50-cjs motor has a mutual reactance 
between its stator and rotor windings of 15-7 Q, (referred to primary). 
There are 2,50 effective turns on the primary (stator) each carrying 
5 A and 200 on the rotor each carrying 4 A, the two m.m.f.’s 
being coaxial and the currents in time phase with each other. 
Find the e.m.f. induced in each winding. 

(а) From total flux— 

Secondary current referred to primary = 4 X 200/250 = 3-2 A 

Mutual inductance = lo'7/(27r X 60) = 0 05 H 

Flux due to primary current = (0-05 X 5\/2)l25() 

= 0-00141 Wb 

Flux due to secondary current = (0-0,5 X 3-2\/2)/250 

= 0-00091 Wb 

Total mutual flux = 0-00232 Wb 
Hence from e.m.f, eq. (2.3) 

= ( V2)tr X 50 X 250 X O-O0232 = 129 V 
= (V'2)’T X 50 X 200 X 0-00232 = 103 V 

(б) From mutual reactance— 

Secondary current referred to primary = 3-2 A 
Hence from eq. (2.5) 

Bti = 15-7(5 + 3-2) V = 129 V 
Eti = 129 X 200/250 = 103 V 

Leakage E.M.F.’s. Leakage fluxes also set up transformer 
e.m.f.’s and, as in other types of machine, these are conveniently 
treated as reactance e.m.f.’s. The leakage flux is, except in 
certain special cases, due to the current in one winding only so that 
the leakage inductance is L = and 

= (V2)w/!r®j;. lagging the flux by 90° * 

E^ = — jcoLI 
= — volts 

In drawing complexor diagrams to inolude this e.m.f. it is again 
usual to represent the voltage necessary to overcome it, this voltage 
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being known as the reactance drop and leading by 90° the current 
setting up the flux, i.e. 

** voltage drop = jla;^ . . . (2.6) 

Eotational E.M.r.’s in Phase Winding 

The e.m.f. induced as a result of a relative rotation between the 
conductors of a phase winding and a steady flux O, one of which 
is rotating at n = fjp r.p.s., is given elsewhere* as 

E, = {V2)7rfTm^K volts 

= {^/2)^TfT'(^ volts . . . (2.7 (k) 

It may be noted that this is similar in form to eq. (2.1) for the 
transformer e.m.f. in a phase winding. 

If both flux and the conductors are rotating at speeds corre- 
.sponding to frequencies ff and /, respectively, the expression 

1 ■» f'niTi P Q 

(V2)7r{/,±/,)!?’'(]> volts . . (2.7i)' 

the plus or minus sign depending on whether the two rotations are 
in the opposite or in the same directions. 

Transformer E.M.F.’s in Commutator Winding 

The total number of tons on a commutator winding are divided 
among 2a parallel paths where < 1=1 for a simple wave winding 
and o = p for a simple lap winding. For duplex windings, which 
are sometimes used, a = 2 or 2p respectively. It is, however, 
generally convenient to express e.m.f.’s in terms of the total turns 
Ta on the winding rather than the turns per phase or the turns in 
series between brushes. 

The e.m.f. appearing between two diametrically-spaced brushes 
located with their axes coincident with that of the flux can be found 
from the expression (2.1) given for a phase windmg if TJ2a is sub¬ 
stituted for the tons and if the distribution factor is taken as 
2/7r = 0-636, corresponding to a phase spread of 180°. 

Thus 

-E, = W2)7rf(TJ2am2l^)K 

= volts . . . (2.8a) 

If the brush axis is displaced by an angle a from the flux axis, 
then 

= (V' 2 )/(Ta/a)<I>Aj 0 os a volts . . (2.86) 

The e.m.f. may also be expressed in terms of the mutual reactance 
between the windings associated with the flux «I> as in the case of 
the phase windings (page 18), remembering that the effective turns 
on the commutator winding are T^' — {TJ2a)(2lTT) — T^jam 
assuming « — 0 and h^ = l. 

* Say, The Performance and Design of A.C. Machines, Ch. X (Pitman), 
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Sutetituting for TJa in terms of T.,' and for *I> as before gives 
E, = (V2)/!PXlf/7’/) V2(Ii + h' + Is) 

E, = - i(T^'ITMh f 1/ + I,') ^olts 

The transformer e.m.f. referred to the primary is 

E/ = E, K T^'IT^' = - + Ij' + I 3 ') volts ( 2 . 8 r) 

Rotational E.M.F.’s in Commutator Winding 

Stahonaby Edsld. Suppose that the commutator winding is 
rotating in a steady flux O and two brushes are placed on the 
commutator as shown in Fig. 2.2. The e.m.f. indicated by the 
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voltmeter connected between the brushes wfll be the sum of the 
e.m.f.’s in alt the individual coils cormeoted to the segments lying 
between the brushes, i.e. 

e — Sfir 

The e.m.f. of a coU occupying any particular position wfll always 
be the same, although the coil wfll change due to the rotation. The 
e.m.f. between the brushes will thus always be the same, i.e. a 
steady e.m.f. of zero frequency. 

The e.m.f. of any coU is proportional to the ordinate, B, of the 
flux-density curve at that particular position so that 

e = 2LvT,'LB 

If there are m coils between the brushes there will be m ordinates 
and 

e = 2LvTi.m X (average ht. of ordinates B between and d^) 

If the flux-density curve is assumed sinusoidal, i.e. if only its 
fundamental is considered, and if there are a large number of coils, 
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the average height of the ordinates of the flux-density curve between 
6i and O 2 t>e written 


sin 0 d0 


so that 


E = 2LvT. 




sin 6 dd volts 


If there are G coils in the winding arranged in a pairs of parallel 
circuits, the number of coils in series between the brushes vvill be 


m = (Gla)(d2 - 0i)/2n- 

so that 

E = 2LvT, - X X f“ 5 sin 9 d9 

a ^TT 0« O-f 

Integrating and substituting 

E = 5(77/2) = (0/YL)(7r/2) = dyp/m 
V = TrDn 
total turns T^^GT^ 


gives— 

E = (TJa)fr<^{ooB — cos 62 ) volts 

It is evident from Pig. 2.3 that this will be a maximum when the 
line bisecting the angle between 6^ and Oj is coincident with the 

Flux 
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position of maximum flux density and will be zero if the brushes 
are moved to a position 90° from this. 

If the brushes are drawn in the conventional way as shown in 
Pig. 2.3, where 0 is the angle of brush separation and ^ is the a-ngle 
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of displacement between the centre-line of the brush separation 
and the flux axis, the expression for the e.m.f. may be written as 
follows. 

Since 

= 90 + /S - e/2 
and 0^ = 90 -L /S -h 0/2 

E = (TJa)/,0{cos (90 + /9 - 0/2) - cos (90 + /( + 0/2)} 

= 2(7’„/a)/,$ sin (0/2) 003/1 volts . . . (2.9) 

If /r is written as pn, the case of an ordinary d.c. machine, with 
0/2 = 90° and = 0 becomes the well-knorvn expression— 

E = 2{TJa)jm.^ volts . . , (2.10) 

It may be noted that, if the brushes are diametrically spaced and 
at 90° to the flux axis, the average height of the flux-density 
ordinates is B, the mean flux density, and m = Cj2a so that eq. 
(2.10) can be obtained directly without any assumption with regard 
to the shape of the flux wave—^the e.m.f. is therefore dependent 
only on the total flux and is not affected by its distribution around 
the gap. 

RoTAOTCr Field. If the field considered in the last paragraph 
rotates at a speed corresponding to a frequency ff instead of being 
stationary, the magnitude of the e.m.f. depends on the rate at which 
the conductors cut the flux, i.e. on (Jf i/^). When the field axis is 
midway between the brushes the e.m.f. is at a peak value and 90° 
later, when ^ = 90°, it is zero. The e.m.f. induced thus alternates 
at a frequency depending on the speed at which the field moves 
past the brushes, i.e. /}, this frequency being quite independent of 
the speed of rotation. 

The r.m.s. value of the e.m.f. is, assuming it to vary sinusoidally, 
l/-\/2 of its peak value so that— 

F,= (V2)(T»(/, it/,)® sin (0/2) volts . (2.11) 
and its frequency is ff c/s. 

ALTEBNATnrG FiELD. If the commutator winding is rotating in 
an alternating field, as is common in single-phase machines, the 
rotational e.m.f. alternates between peak values when the field is at 
its peak and zero values when it is zero, i.e. it is an alternating e.m.f. 
and has the same frequency as that of the field in w'hich it is rotating. 
Furthermore it is in time phase with the field. The magnitude of 
the e.m.f. is, of course, proportional to the speed of rotation, i.e. to 
/„ so that assuming diametrically-spaced brushes (0 = 180°) as is 
usual under these circumstances, the e.m.f. is— 

F, = (v'2){r„/a)/,® sin a volts . . (2.12) 

It may be noted that this has the same form as the transformer 
e.m.f. of eq. (2.86) except that cos a is replaced by sin a, i.e. the 
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rotational e.m.f. is a maximum when the brushes are at 90° to the 
flux axis and the transformer e.m.f. is a maximum when they are 
in line with the flux axis. 

It is often convenient to express this e.m.f. in terms of the mutual 
reactance as in the case of the transformer e.m.f. discussed on p. IS. 
It is the effective rotor turns (T 2 ' = X 2 / 77 ) and not the 

actual turns which are effective in setting up the flux contributing 
to the mutual reactance. Substituting for Tja in terms of T^' and 
for O as in the case of the transformer e.m.f. gives— 

E, = (V2) W,W^V)V2(Ii + I 3 ' + I 3 ' + • • •) 

Since E^ is in phase with <!> 

E, = (T 2 'IT^']ScoM{\ + y + I 3 ' + • ■ •) volts (2.13u) 

where M is referred to the primary and/r//i = R (not to be confused 
with s = shp; (S' = 1 — s). 

The rotational e.m.f. referred to the primary is 

E/ = E.lTiVT/) = (Smlf(Ii + y + I 3 ' volts (2.13i) 

The e.m.f. in a single tmm has a peculiar wave shape as shorvn in 
Eig. 2.4 which is drawn for a coil rotating at an angular speed 



Fio. 2.4. Wave Shape op E.M.F. in Sinole Tuiin .Kotatjno 

IN PuLSATiNO Flux 

cOr = 2wfr radians (electrical) per second in a flux alternating at a 
frequency / = coI2tt c/s where co, = 0-6 co, i.e. it is running at 60 per 
cent of synchronous speed. It can be seen that the rotational e.m.f. 
becomes zero due to the flux passing through the zero value and 
also due to the coil passing the neutral axis. The curve is clearly 
a function of the product sin cot, sin 

Action of Commutator as Frequency Converter 

Consider a commutator winding fitted with both slip rings and a 
commutator. If polyphase .currents at a frequencyare fed to the 
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slip lings ■with the winding stationary, a rotating field ■will be set up 
moving at % = fjp rev/sec. This field -ff'iU cut the conductors and 
set up in them e.m.f.’s of fi^equeney/^. Also the field wll be moving 
at a speed rq relative to the feed brushes and, as already explained, 
the e.m.f.’s at the brushes will be at a corresponding frequency, i.e. 
/j. SMp-ring currents, conductor currents and brush currents and 
the corresponding e.m.f.’s are therefore all at frequency /j. 

Suppose now that the winding is rotating at a speed n^. The 
speed of the field relative to the conductors will still be % since 
currents at frequency/j are being fed to fixed points in the winding. 
The frequency of conductor e.m.f.’s and currents is thus still /j. 
The field is, however, moving at Wj i relative to the fixed 
brushes, and the frequency of the e.m.f.’s appearing at the brushes, 
and therefore of the currents flo-vving from them, will be/^ ± 

The commutator thus changes the frequency/i of the currents in 
the conductors or at the slip rings to a frequency i /,. at the 
brushes, i.e. from a value in the eonductors corresponding to the 
speed of the field past the conductors to a value at the brushes 
corresponding to the speed of the field past the brushes. This 
feature of the commutator is of fundamental importance in the 
behaviour of commutator machines. 

EXERCISES 2 

1. A 2-pole armature carrying a ftill-pitch commutator 'winding having 240 
turns rotates at 1,200 r.p.m. in a flux of peak value O’Ol Wb and ■which 
alternates at 60 c/s. Determine the magnitude and frequency of the eun.f. 
between diametrically-spaced brushes located (a) in line with the flux axis, 

(b) at 90* to the flux axis and (c) at 30* to the flux axis. Draw to scale the e.m.f. 
wave in a single turn, 

2. A 2-pol0 rotating armature has a closed double-layer winding having 
full-pitched coils. There are 48 coils having 5 turns each. The front end of the 
winding is connected to a commutator ana the back to 6 equally-apaoed slip- 
rings. Calculate the magnitude and frequency of the e.m.f. appearing between 
the brushes on the commutator, between adjacent slip*riugs and between 
diametrically-oppoaite slip-rings if— 

(а) The armature is rotating at 3,000 r.p.m. in a stationary flux of 0-01 Wb 
per pole, two brushes being placed on the commutator in an axis at 90° to that 
of the flux, 

(б) As in (a) but with the flux rotating at 200 r.p.m. in the same direction 
as the armature. 

(c) As in (a) but with the flux rotating at 200 r.p.m. in the opposite direction 
to the ai'mature. 

[d] As in (ct) but with three brushes spaced at 120°, one brush being on the 
flux axis. 

(c) As in (6) but with three brushes at 120°. 

3. A 4-pole armature has 104 lap-connected coils, each having 4 turns, and is 
running at 1,500 r.p.m, in a stationary field of 0-02 Wb per pole. The e.m.f. 
between two brushes symmetrically spaced relative to tlie flux axis is 200 V. 
Find the angle of brush separation, assuming the flux to be sinusoidally dis¬ 
tributed over the pole-pitch. "WTiat would be the magnitude and frequency of 
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'the e.m.f. if the armature were running at 3,000 r.p.m. and the iiold. were moving 
at 1,500 r.p.m. in the same direction,.the brush separation remaining the same ? 

4. The data refer to the lap-connected commutator winding of a 6-pole, 3-ph. 
motor running at 5.50 r.p.m. in a rotating field moving in the same direction 
at 1,000 r.p.m. Three brushes por pole-pair are placed on the commutator 120° 
(elec.) apart. Symmetrical 3-ph. currents of 30 A enter the terminals and pass 
through the winding, the winding currents being in phase opposition to the 
e.m.f.’s generated between the brushes. The total number of armature turns 
(full-pitch) is 304, the flux per pole is 0-01 Wb and the equivalent-star leakage 
reactance per phase for the whole winding at the above speed is 0'3 tl. Calcu¬ 
late the current in the conductors, the e.m.f. generated between brushes and 
the equivalent-star terminal voltage. 

6. A 1-ph., 50-c/s motor has a mutual reactance between stator and rotor 
windings (referred to primary) of 20 fi. Thei'O are 300 turns (effective) on the 
stator each carrying 10 A, and 150 on the rotor each carrying 12 A. The 
m.m.f.’s of the two windings act along tho same axis and the currents are 
displaced in time phase by 180°. Find the e.m.f. in each winding and the 
total flux Ihildng the two. 

6. The stator of a 2-pola commutator motor has 100 turns (effective) and 
the armature has 100 full-pitoh turns, the mutual reactance between stator and 
armature being 8 Cl (referred to stator). A pair of brushes is placed on the 
commutator in the stator-winding axis and connected in series with the stator 
winding. A current of 16 A passes through the stator winding and these 
brushes, the m.m.f.’s of the two windings being in opposition. Another pair of 
brushes is placed on the commutator in quadrature with the stator axis. 
Calculate the e.m.f. across each pair of brushes and across the stator winding 
if the armature is running at twice synoluonous speed. 
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COMMUTATION 

Commutatioii With A.C. Machines 

As is well-knoAra &om a study of d.o. machines, when a coil 
undergoes commutation, i.e. while it is short-circuited by the brush, 
the current in. the coil reverses; this reversal is opposed by the 
e.m.f. due to the coil inductance resulting from its leakage flux. 
Unless proper steps are taken this e.m.f. (known as the reactance 
e.m.f.) delays the change of current in the coil so that the reversal 
is not complete by the time the coil leaves the brush and sparking 
ensues. With the a.c. machine a precisely similar state of affairs 
exists but is further complicated by the fact that other e.m.f.’s may 
also be induced in the short-circuited coil due to its rotation in, or 
due to its being link ed with an alternating component of, the air-gap 
flux—these cause circulating currents to flow in the short-circuited 
coils leading not only to poor commutation but also to additional 
losses. 

Change of Current During Commutation 

The process of commutation involves a change of current in the 
con during the time for which it is short-circuited by the brush. 
Tor normal speeds and brush widths this time is generally between 
0-2 and 0-4 milliseconds. 

D.C. Machine. The case of the d.c. machine is illustrated in Fig. 
3.1 which shows the cun’ent in an armature coil as it moves round 
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Fig. 3.1. CosnuuTATioir in D.C. Machine 


the armature. If I is the current in the coil, it changes during the 
time of commutation from + J to — 7, a change of 21 amperes. 

Single-phase Machine. If an alternating current at, say, 50 c/s 
is passed through an armature with diametrically-spaced brushes 
and running at above synchronous speed, the conditions wiH be as 
shown in Fig. 3.2. The time of commutation is small compared to 
that of a cycle of the alternating current, and there may be several 
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current changes within one cycle. It can be seen that the magnitude 
of the current change varies, depending on the moment in the cycle 
at which it occurs, from a value of twice the maximum current to 
zero. The reactance e.m.f. set up thus alternates at supply frequency 






<b) 

Fio. 3.3. Commutation of Thbee-phasb Machine 

fa) Diagram of winding. 

(6) Current in coU. 

(tf) Coraplexor diagram. 

and, since it is a maximum at maximum current, it is in phase with 
the current entering the brush. 

Thubb-phasb Maohinb. The arrangement is as showu in Fig. 
3.3(a), currents at, say, frequencybeing supplied to the brushes, 
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The currents I^c and flowing in the conductors are also at 
frequencyand are as aho^vn by the waves in Mg. 3.3(6), When 
an individual coil passes from the band ab to the band be by moving 
past the brush B the current in it changes from the value of to 
the value of at that instant. If the speed of the armature is such 
that a coil passes from brush A to brush B in 1/2 cycle the brushes 
can be located on Tig. 3.3(6) as shown. At brush B, therefore, the 
current changes from the value of las, at this point to the value of 
lie this point as shown by the tMck vertical line. As the coil 
proceeds past the various brushes the current in it changes in 
accordance with the heavy line in Fig. 3.3(6). Movement of a coil 
from brush A to brush B in 1/2 cycle corresponds to a speed fre¬ 
quency /r of 2/3 of the frequency of the currents supplied to the 
brushes, and the wave shape drawn refers to this particular speed. 
It can be seem that the current consists of a number of sections in 
which it varies at frequencywith a further variation at frequency 
fi —fr superimposed as shown by the dotted line. 

It can also be seen that the maximum current change is 1-73 
times the peak value of the conductor current, i.e. it is not so great 
as in the single-phase case. The magnitude of this change can also 
be seen from the complexor diagram of the conductor currents in 
Fig. 3.3(c) since it is the largest value of the difference between a 
pair of adjacent currents. This difference is also the brush current, 
so that the maximum current change is equal to the peak brush 
current 1^. 

General Polyphase Machine. If the diagram of Fig. 3.3(c) is 
drawn for any number of phases N separated by an angle y — 2TT jN, 
the largest value of the difference between currents in adjacent 
phases is 2. ^ab . sin (y/2). The value of this for different numbers 
of phases is shown in Table 3.1. 


Table 3.1 

Ctiebent Change Dueino Comstotation with Diefebent 
Numbebs op Phases 


Number of Phases N 

2 

^ i 

4 

1 

5 

6 

7 

Angle y 

180“ 

120° 

O 

a 

72“ 

60“ 

61-4° 

Maximum Cuirent Change 

2-Ofaj 

1 




0-84f„i 


It is thus seen that commutating conditions are likely to he less 
severe, from the point of view of reactance e.m.f., in a machine 
having a larger number of phases, and a number greater tbs.n three 
is sometimes employed for this reason. 



QOMMVTATION 


31 


Brush E.M.I’.’s 

As mentioned previously, the e.m.f. set up in the coils short- 
circuited by the brushes is made up of one or more of the following— 

reactance e.m.f. 
rotational e.m.f. 
transformer e.m.f. 

This e.m.f. appears continuously between the heel and toe of the 
brush although it must be remembered that, when the machine is 
running, it is produced from a succession of different coils. 

Reactance E.M.F. 

As the rate of change of current due to commutation is large 
compared to the rate of change due to its cyclic Variation, the 
calculation of the reactance e.m.f. can be carried out by the methods 
normally employed for the d.c. machine and described in a com¬ 
panion volume.* 

Magnitude oe E.M.F. The leakage flux associated with a coil 
undergoing commutation is found from the permeance of the leakage 
paths associated with the slot and the corresponding overhang. 
For a single slot and its overhang this permeance may be written 
A weher/ampere-turn. 

The leakage flux associated with a slot containing Zj, conductors 
each earring a current i amperes is thus 

iZgA Webers 

If la is the r.m.s. current in the conductors, then during the time 
of commutation, seconds, it will change by an amount A(v^2)7„ 
where FT is a constant depending on the number of phases (see 
Table 3.1). 

If commutation takes place simultaneously in all the conductors 
of the slot, the average rate of change of flux, and therefore the 
average e.m.f. induced in a conductor during the time of commuta¬ 
tion, is 

K{-\/2]IaZsAjta webers/second or volts/conductor 

If there are turns per coil and similar conditions obtain in both 

sides of the coil, the average e.m.f. induced wdll be 

2 . K{'\/2)IaZsTaAJtc volts per coil 

and this appears across the brush. 

This is the e.m.f. occuiTing at the moment of maximum current 
change—at other moments in the cycle it will be less and will vary 
sinusoidally at the frequency of the currents being commutated. 

h f 

* Clayton, The Performance and Design of D.G. Machines (Pitman). 
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Since the current is alternating the reactance e.in.f. will alternate 
similarly and the r.m.s. value will be— 

= 27s2,r^A/4 volts . . . (3.1) 

If the coil pitch is not the same as the brush pitch the conductors 
in the lower coil-side will not be undergoing commutation at the 
same time as those in the upper cod-side so that the variable part 
of the leakage flux wiU be halved, and therefore the reactance e.m.f. 
Avdl be reduced to one quarter. Further complications are introduced 
when there are several coil-sides in the slot which are commutated 
successively, but the relevant calculations are simdar to those for a 

d. c. machine. It can be seen that the magnitude of the reactance 

e. m.f. is reduced by an increase in the number of phases on account 
of the reduction of the constant K. 

Phase of E.M.F. The reactance e.m.f. is alternating and has 
a peak value when the brush current is at its peak, so that the e.m.f. 
is in phase with the brush current and in such a direction round the 
short-circuited coil as to oppose the current change in it. 

LnnTiNG Values. The reactance e.m.f. calculated above is the 
fundamental component of the e.m.f. that actually occurs, and 
experience shows that the value should not exceed about 0-5 V. 
Superimposed on it there are considerable high-frequency ripples 
due to the slots, segments and the non-miiform rate of change of 
current. 

Siotational E.M.F. 

The coils undergoing commutation are rotating and therefore 
moving relative to the main flux d> in the air gap; a rotational 
e.m.f. is thus set up in the short-circuited coil. The flux O may be 
constant in magnitude but rotating as in polyphase machines or it 
may be alternating but fixed in space as in most single-phase 
machines. 

If the flux is constant and rotating at a speed corresponding to 
a frequency // and the conductors are rotating at a speed corre¬ 
sponding to/r, the e.m.f. induced will be, from eq. (2.7A), 

-£'rt= (y/SM/zi/rlTcOfee volts per coil . (3.2a) 

the negative sign referring to rotation of the conductors in the same 
direction as that of the field. The frequency of the 6.m.f. depends 
on the speed of the field past the fixed brushes, i.e. on/j,. The e.m.f. 
has its peak value in a particular coil when the flux axis is at 90° 
to the coil axis. 

If the flux is alternatiug but stationary in space with its axis 
coincident with the brush axis (at 90° to the short-circuited coil 
axis), the e.m.f. in the short-circuited coil can be found as follows. 
Supposing the flux is steady at its peak value, the e.m.f. induced in 
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a coil as it rotates is, from eq. (2.7a), E — {y^2)tTjrT volts 
(r.in.s.). The short-circuited coil, however, always occupies the 
same position relative to the flux, i.e. the position giving the peak 
value of the above; but the flux is changing sinusoidally so that the 
e.m.f. also changes sinusoidally at the same frequency as that of 
the flux, and in phase with it. Hence the r.m.s. value is also 

volts pel’ coil (3.2i) 

If the brush axis is at an angle a to the flux axis the above must be 
multiphed by cos a. 

Transformer E.M.F. 

The third of the e.m.f.’s that may be induced in the coils under¬ 
going commutation is due to their being linked with an alternating 
flux and this oceui’s in most single-phase machines. If the coil axis 
is at an angle <5 to the flux axis the magnitude of the e.m.f,, from 
eq. (2.1), is 

cos (5 . , . (3.3) 

and lags the flux by 90°. 

Total Brush E.M.F. 

For a simple lap -winding the e.m.f. bet-ween adjacent segments is 
equal to that of a coil, hut for a simple wave winding there are a 
coils between adjacent segments so that the voltage is correspond¬ 
ingly increased. In general the voltage between the segments is 
E„pla. Furthermore, as a brush usually bridges more than one 
segment the voltage between the toe and heel of the brush may he 
two or three times E„ ; as it is essential to keep this voltage to a 
minimum the brushes of an a.c. commutator motor rarely have a 
■width of more than two segments. 

Limitations to Flux Per Pole 

Even if some of the special devices described later are used for 
assisting commutation, practical experience indicates that if the 
voltage across the brush exceeds two or three volts bad commutation 
■will result. To keep the values of the rotational and transformer 
e.m.f.’s do-wn to this figure involves a hmitation of the flux per pole 
and therefore of the output of the machine. Although conditions 
vary somewhat ■with difierent types of machine, an idea of the 
maximum possible values of the flux per pole for any a.c. com¬ 
mutator machine can be found from— 

4> — Ej/{(-Y/2)77/!rj webers (3.4) 

where is either or E^ and / is the frequency appearing in the 
voltage equations (3.2) or (3.3). 

As mentioned later, single-turn coils and lap windings (p/a = 1) 
are generally employed so that the limiting flux per pole for machines 
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with full-pitch coils in the commutator winding is as shown ih 
Table 3.2. 


Table 3,2 

LumriNG Valt’es op Flux beh Pole (Wbbeks) 


"'Frequency ^ 

1-5 

2-0 

%‘0 

3-0 

5-0 

7-0 

161 

0-0202 

4)0272 

0-0346 

0-0403 

0-0676 

0-0912 

25 

0-0135 

■0-018 

0-022.5 

0-027 

0-0451 

0-0633 

50 

0-00675 

0-009 

0-0112 

0-0135 

0-0226 

0-0315 

75 

0-0045 

0-006 

0-0075 

0-009 

0-0150 

0-0211 

100 

0-00339 

0-00452 

0-0056 

0*0068 

0-0113 

0-0167 


If it is practicable to short-pitch the coils of the commutator 
winding, correspondingly larger values of flux can be used, but 
except in the case of the Oanos motor extensive short pitclung is not 
desirable. 


Limitations to Voltage and Output 

The limitation to the voltage per coil fixes a practical limit to the 
voltage and power that may be handled by a commutator w'inding. 

Voltage Lemit. Assuming to be the same for aU coils, the 
voltage, Ef, between any pair of adjacent brushes on the commutator 
is given by 


E^= E^. (no. of segments betw'een brushes) 


= E^. k„ 


/'periphery of commutator between brushes 
segment width {w^) 


If the brushes are displaced by & electrical degrees— 

7. _ 

” ~ 0/2 


and the periphery between brushes = 7ri)f(6/27rp) = Djdj2p 


so that 




sin (0/2) D^6 

6/2 2pM7,, 


r, D, 0 , 

= E„ ■ — sin - volts 
2 


For diametrically-spaced brushes this becomes E^^E^.D fpw 
and for 120°-spaced brushes E^ = Fj{(v'3)/2}(Z)j/pMj. 


It is thus evident that a large-diameter commutator with small 
segments will be necessary to obtain high voltages. The commu¬ 
tator diameter is fimited by the safe peripheral speed = vD^n. 
Taking n as synchronous speed, to which the r unnin g speed is always 
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related, = -nD^flp so that D^jp = vj-nf. Inserting this in the 
e.m.f. expression gives 

Er = sin (d/2) (3.5) 

Putting in typical permissible figures for diametrically-spaced 
brushes (E^ = 4 V, = 2,,500 cm/aec, = 0-4 cm, f — 50 c / b ) 
gives— 

Er= 4:X 2,500/(77 X 50 X 0-4) x 1 = 160 V 

It is thus evident that a commutator wiadtng cannot normally be 
connected to a circuit of 420 V or more without a step-down 
transformer. 

Output. The volt-amperes handled by a single-phase com¬ 
mutator winding are E^I, and by a three-phase commutator winding 
are \/3EfI, where E,, is the voltage between brushes and / the total 
armature current. 

For the single-phase case, assuming single-turn coils, 

VA = V2iTJa)f,m 

Since <1) is limited by the brush voltage to 17,,/V'27 t/[ eq. (3.4)] and 
I is limited by the specific electric loading, ac = (Ij2a)(2TjTTD) 
ampere-conductors per metre of peripher}’’, the volt-amperes may be 
written 

VA = V'ma)MIV'2nf){cu :. a . ttD/T,) 

= Kifrlf)^ • ac 

But V == TTUn,. so that D = vpjTrfr and therefore 

VA = (E^ .V . ac)l(-rrf) volt-amperes per pole-pair (3.6) 

Inserting limiting figures {E„ = 4 V; w = 30 m/sec; ac = 30,000 
A-couductors/m; / = 50) gives VA = 23.10®. 

Assuming unity power factor for the winding the maximum power 
output is thus about 30 h.p. per pole-pair. 

For a three-phase whiding the current per conductor is //-y^Sa 
instead of J/2a so that VA becomes {3j2)(f^jf)E^Dac, i.e. 1-5 times the 
single-phase value or about 45 h.p. per pole-pair. 

Machines of large output will thus require a large number of poles 
and possibly a special type of winding, e.g. a duplex winding in which 
ajp = 2. The actual output of many commutator motors may, 
however, be greater than would appear from this figure since the 
commutator may not handle the whole of the motor power. 

Methods of Improving Commutation 

As in the d.c. machine the voltage drop between brush and com¬ 
mutator is an essential factor in producing good commutation; in 
the a.c. machine, however, its influence must be augmented by 
reducing the magnitude or the eSect of the e.m.f.’s induced in the 
short-circuited coOs. This can be done as follows. 
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(i) Appropriate design limitations—^use of single-turn coils, small 
values of flux per pole, short core lengths and duplex windings. 
These are effective in reducing both reactance and transformer or 
rotational e.m.f.’s. 

(ii) Neutralization of the e.m.f.’s by compoles—effective for 
reactance and transformer or rotational e.m.f.’s. 

(iii) Reduction of circulating current by resistance connectors— 
reduces the effect of transformer and rotational e.m.f.’s. 

(iv) Use of discharge windings—effective for reactance e.m.f. 

Use of Sixole-tuen Coils. AU three e.m.f.’s are proportional to 

the number of turns per coil so that this number must be kept to a 
minimum, and, on all except fractional-horse-power maoliines, 
single-turn coils are usual. This, of course, leads to a large number 
of commutator segments and tends to make the machine expensive 
but it is a necessary condition unth large a.c. commutator motors. 

Small Values of Flux peb Pole and Short Core Lengths. 
Reducing the flux per pole directly reduces the transformer and 
rotational e.m.f.’s and, since it results in smaller core and overhang 
lengths, indirectly reduces the leakage flux and hence the reactance 
e.m.f. As explamed on page 34, this limitation of flux per pole also 
limits the output. 

Use of Duplex Winding, An ordinary duplex winding in which 
there are two similar and distinct windings connected to alternate 
commutator segments doubles the number of segments and there¬ 
fore halves the voltage per segment for a given flux per pole; altern¬ 
atively the flux per pole for a given voltage per segment can be 
doubled and the output per pole quadrupled. Duplex windings thus 
offer considerable possibilities for large machines. If, however, the 
two windings are electrically separate there is no reason for a 
particular commutator segment to hold itself at a potential midway 
between those' of the two adjacent to it and, in fact, commutation 
with such an arrangement would be impracticably bad. To avoid 
this, intermediate segments could be held at mid-potential by 
joining them to the back end of the cods connected to the adjacent 
segments by means of equalizing connexions; although this results 
in improved commutation the currents in the equalizing connexions, 
which must pass beneath the core to avoid induced e.m.f.’s, cause 
considerable shaft currents. By a suitable choice of coil span for the 
two windings it is possible to eliminate currents in the equalizing 
connexions and so make the arrangement practicable although 
somewhat complicated. The introduction of a discharge winding, 
described later, leads to a simpler method of coupling the two halves 
of the winding, and it is in this form that such windings are 
commonly used. 

Neutralization of E.M.F.’s by the Use of Compoles. In the 
d.o. machine where the only e.m.f. that has to be considered is the 
reactance e.m.f., a eompole can be designed to set up in the short- 
circuited coil an e.m.f. which completely neutralizes the reactance 
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e.m.f. under all conditions of load and speed so that commutation 
is almost perfect. 

Although it is not practicable to fit eompoles to most forms of 
a.c. macMne, in certain special cases, e.g. the single-phase series 
motor, they can be fitted and made to partially neutralize both the 
reactance and the transformer e.m.f.’s. 

Such an aiTangement is described more 
fully m Chapter 14 (page 238). 

Eesist.4noe Connectors. The 
circulating currents caused by rota¬ 
tional and transformer e.m.f.’s can be 
limited by resistors connected between 
the cods and the commutator segments 
as shown in Fig, 3.4. Any one of these 
carries current only during the com¬ 
mutating period so that the losses in 
them and the heating caused are not 
excessive. There is, however, a danger 
of their being burnt out if the motor 
stalls or if there is delay in starting. 

Use of resistance connectors is there¬ 
fore avoided if possible, but they are 
necessary in some cases where it is 
desired to increase the flux per pole 
above the values in Table 3.2. A 
reasonable design results if each 
resistor is proportioned to give a voltage drop, when carrying fuU-load 
cuiTent, of about 0-25 V; they then enable the voltage per coil to 
be increased by about 30 per cent. 

Use oe Discharge Resistors. The use of a discharge resistor in 
connexion with the opening of an inductive circuit is well known, 
and the same principle can be used to absorb the energy stored in 
the leakage flux around the short-circuited coils during the com¬ 
mutation process. Resistors connected in parallel with the colls as 
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shown in Fig. 3.5 illustrate the principle; in practice, however, the 
resistor is more conveniently arranged in the form of a discharge 
winding placed in the same slots as the main winding. This discharge 
winding must have a suitably high resistance, it must not be hnked 
inductively with the main coil with which it is in parallel, i.e. it 
must lie in different slots, and there should be no circulating current 
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due tu difiering e.ra.f.’s being induced in the two parallel coils. 
Three forms of discharge winding are in common use. 

Robixson Discharge Winding. Tliis arrangement employs a 
simple double-layer winding as the discharge winding as shown in 



(a) (b) 

Fig. 3.6. Robinson Dischabge Winding 

(a) winding digram. 

(h) Arrangement in slot. 


Dig. 3.6. The coils which are connected in parallel are, of course, in 
different slots, and to ensure equality of e.m.f.’s in the two coils 
those of the main winding are short-pitched by a certain amount 



Fig. 3.7. IJnTi.EX Discharge 
Winding 


while those of the discharge winding 
are over-pitched by an equal amount. 
For constructional reasons, and also to 
keep the inductance low, the discharge 
winding is placed in the top of the slots. 

Duplex Discharge Winding. As 
previously mentioned, duplex windings 
are commonly employed, part of such 
a winding being shown in Fig. 3.7. A 
discharge wdnding with two discharge 
coils in series, each of 33J per cent 
pitch (coil-span factor 0-5) can be con¬ 
nected in parallel with each full-pitch 
main coil thus ensuring equality of 
e.m.f.’s. The mid-point of the discharge 
coils is connected to the intermediate 


segment as shovm so that the discharge winding acts as an equalizing 
winding for the two branches of the duplex winding. 


Indirbct Discharge Winding (Schwarz). The arrangement is 
shown in Fig. 3.8(a), the discharge winding, which is of 33 J per cent 
pitch as in the duplex arrangement, being placed in the bottom of 
the slots and separated from the main winding by magnetic .shiuis 
as shown in Fig. 3.8(6). It can be seen that the discharge coils for 
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main coil 1 arc in the same slots as, and, on account of the magnetic 
shims, tightly coupled magnetically to, the discharge coil for main 
coil 2. Main coil 2 is thus coupled by transformer action to main 
cod 1 and acts as its discharge circuit. It is evident, since the 
discharge cods cannot both be coaxial udth the main cods, that there 
vnll be some difference of e.m.f. between the two and circulating 

/ 2 


D D Ma.in 

DO 

Shims 
Discharge 

(b) 

(a) 

flG. 3.S. iNDUtBCT DiSCHABOE WrSDING (SOHWABZ) 

currents Avill result. Tliese can, however, be avoided by social 
winding arrangements. ^ / 

Any of the three discharge windings give satisfactory results and 
the choice is largely governed by the feelings of the designer, 
manufacturing an'angements or the patent situation. 

Effect of Commutation on Rotor Reactance 

It can be seen from Fig. 3.3 that the rotor current is made up of 
two frequencies, the frequency// at which the field moves past the 
brushes and the frequency (// i /,.) at which the field moves past 
the conductors, i.e. the shp frequency. 

Whde the current in the conductors is var 3 dng at field frequency 
the reactance e.m.f. can be expressed in the usual way as Ix volts 
lagging the current by 90“ and being independent of speed. 

The reactance e.m.f. induced by the change of current during 
commutation modifies this—^refeiTing to Fig. 3.9 it has been shown 
on page 32 that the reactance e.m.f. due to the current change is in 
phase with the brush current. Considering the section of binding 
between A and B the reactance e.m.f. at brush A is in phase wdth 
and that at brush B in phase with Ijg as shown in the e.m.f. 
complexor diagram of Fig. 3.9(c). The reactance e.m.f. at a par¬ 
ticular brush may be assumed to act during one-half of the com¬ 
mutating period in the phase which the coil is leaving and during 
the other half in the phase which the coil is entermg. In phase AB 
therefore and ]S,a,j 3 are acting and together they give an e.m.f. 
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E^' leading by 90^ This e.m.f. thus acts in opposition to the 
reactance e.m.f. due to the normal current change in the phase. It 
may be noted also thatj if the motor has full-pitch coils, the coils 
being commutated by brush 0 will be lying in the slots of phase 
AB, and an e.m.f. proportional to — ^'j-sc induced m the 

phase—^this also leads by 90“ and so adds to the above effect. 



Fig. 3.a. Reactajs’OE E.M.F.'.s dubini} Commutation 

(а) ‘Winding. 

(б) Current complevor diagram. 

(a) Reactance e.m.f. coniplexor diagram. 

The current change at commutation thus reduces the effective 
rotor reactance by the introduction of an apparent negative react¬ 
ance, the magnitude of which is dependent on speed. 

It is shown by Arnold* and others that the effective reactance of 
the winding may be expre.ssed in the form 

x = sx^ + . . . (3.7) 

The effective reactance is thus made up of a fixed part and a part 
proportional to slip, i.e. the speed of the field past the conductors. 
Reactance thus decreases as the speed rises reaching zero at a speed 
just above synchronism and then becoming negative, i.e. the rotor 
behaves as a group of capacitors. 

The above result may also be arrived at by a consideration of 
leakage fluxes—^these may be resolved into two parts one of which 
rotates around the rotor at brush frequency and the other being 
stationary in space but pulsatiug at brash frequency. 

Broshes 

The choice of brushf demands considerable care but the types 
foimd most suitable for a.c, commutator motors are hard carbon, 
high-resistance carbon and electrographitic brushes. The chief 

* Arnold, Die WeohseUtromtechnik , Vol. 2., Ch. 1. 

f Hayes, Current Collecting Brushes (Pitman). 



COMMUTATION 


41 


'J’yjie of Brush 


High-ruaistanoe graphite. 
Hard carbon 

Low-speed electrographitie 
High-speed electrographitic 


Table 3.3 
Brush Data 


C'un-ent 

Denmty (A/in.-) 

Coeff. of 
Friction 

Max. Periph, 
Speed (ft/min) 

60 

0-18 

12,000 

2.-~40 

0-l’8-0'32 

3,000 

.(O-e.-) 

0-17-0-22 

5,000 

•m -ir, 

0-I.> n--20 

10,000 


pi'opertie.s of these are shown in Table 3.3 and typical brush drop 
curves are given in Tig. 3.10. 



20 40 60 80 WO 

Current Density (Afin.^) 

Kio. 3.10. Brush Droi- fob Typicml Bbushrs 
(PBEasrrBE = 2 lb/in.-) 


Radio Interference 

The abrupt change of current during commutation as well as any 
sparking that may occur cause high-frequency voltages to appear 
across the armature of a commutator motor; these voltages are 
applied to the supply leads which may act as a transmitting aerial 
and cause radio interference. 

The most effective remedy is to short-circuit the high-frequency 
voltages by a small capacitor (0-06 to 0-006 ^F) connected across 
the brushes; best results are obtained if two capacitors in series are 
used with then- mid-point connected to the motor frame, but if the 
frame is not earthed it may attain a dangerous potential unless a 
very small capacitor (0-005 n'F) is used. 

Trouble due to radio interference is generally confined to fractional- 
horse-power motors used for domestic apparatus since the mains 
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supplying such motors are commonly in close proximity to receiving 
aerials. All such motors should be fitted mth capacitor suppressors 
as described above. 

EXERCISES 3 

1. A 3-phase eonimutator winding has a reactance e.m.f. of l-o V per 
segment. Estimate the value of the reactariee e.m.f. if it were arranged for 
I-phase operation, the eurrent m the conductors lemaining the same. 

2. A 2-pole armature carrying a double-layer winding with one full-pitch 
turn per coil, 72 slots and 2 conductors per slot is lap-connected. The brush 
width is equal to 2 segments and the commutator diameter is 30 cm. 

Draw, to a base of time, the wave shape of the current in a coil for the 
conditions given below— 

(а) Armature running at 3,.300 r.p.m. with 100 A d.c. pa.ssing between 
diametral brushes. 

(б) Armature running at 3,300 r.p.m. with 100 A {r.m.,s.) at 16 j c/s passing 
between diametral brushes. 

(c) Armature running at (i) 3,300 r.p.m., (ii) 2,000 r.p.m. with 25-c/s, 
3-pha.se currents of 100 A entering tlrree brushes spaced at 120°. 

Itfensiire the maximum current change in each case, 

If the permeance associated with each slot is 25.10“" Wb/AT find the aver¬ 
age reactance e.m.f. in each case. In case (c) find also the reactance e.m.f. if 
the coil span were 120°. 

3. A 2.pol6 commutator winding with diametric brushes rotates at 1,000 
r.p.m. in 50-o/a alternating fluxes of O-Ol Wb along the brush axis and 0-005 Wb 
at 90° to the brush axis; the latter leads the former by 90° in time phase. 
The winding has 3 turns per coil. Determine the transformer and rotational 
e.m.f.’.s in the coil short-circuited by the brushes and find the total coil e.m.f, 
At what speed would the total e.m.f. be zero ? 

4. Three-phase currents of 240 A are supplied to a 4-pol6 armature having 
180 lap-connected single-turn coils arranged in 60 slots. The armature is 
running at 1,800 r.p.m., the commutator diameter is 25 era and the brush 
width is 0-9 cm. If the permeance associated with one slot is 20.10~’ Wb/AT 
estimate the reactance voltage if (i) the coils are full-pitched and (ii) the coils 
have a span of 120°. 



PART 11: AUXILIARY COMMUTATOR MACHINES FOE 
REGULATING SPEED AND POWER FACTOR OF 
INDUCTION MOTORS 


CHAPTER 4 

EFFECT OP E.M.F. INJECTED INTO SECONDARY CIRCUIT 

The ordinary induction motor operates at approximately constant 
speed and at a lagging power factor between 0-8 and 0-9. Various 
means are available* for improving this power factor and for pro¬ 
viding a means of varying the speed. The most effective methods 
involve the injection of an e.m.f. into the secondary circuit from 
some suitable external source. 

This injected e.m.f. must be at the same frequency as that of the 
.secondary currents, i.e. slip frequency, and is most conveniently 
obtained by means of a commutator, which, as already seen, acts as a 
frequency converter. This commutator may be part of a separate 
auxiliary machine or it may be incorporated as part of the induction 
motor itself. In this part of the book are considered the arrange¬ 
ments in which a separate auxiliary commutator machine is used. 
Before discussing the different types in detail, however, it is desirable 
to consider the general effect of the injected e.m.f. on the behaviour 
of the induction motor. 

Injection of E.M.F. into Secondary Circuit 

The effect of injecting an e.m.f. into the rotor circuit of an induc¬ 
tion motor can be observed by studying the complexor diagrams of 
Fig. 4.1. In Fig. 4.1(ti) is shown the diagram for an induction 
motor running normally with the rotor short-circuited. The e.m.f. 
induced in the secondary winding by the main air-gap flux is sE^ 
and, since the secondary winding is short-circuited, the secondary 
current, Jj, is limited only by the secondary-winding impedance so 
that sE^ = The secondary cmrent lags sE^ by a small angle 

due to the secondary-M^inding leakage reactance, and this lag is 
reflected into the primary winding and is a contributory cause of 
the lagging power factor of the primary current. 

If an e.m.f. Ej is injected into the rotor circuit in phase opposition 
to E^, i.e. at an angle of j8 = 180° to E^, it will tend to decrease the 
current, resulting in a decreased torque. Assuming the load torque 
to remain unchanged, the motor torque becomes less than the load 

* Say, The Performance and Design of A.O. Machines, Oh. XIII (Pitman). 

t The suffix s in x^, and aj, mdioates that the secondary-circuit reactance 
varies with slip in a manner dependent on the particular type of machine under 
consideration. 
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torque and the speed drops; this drop results in an increase of sE^ 
which increases the current so that the torques again balance 'with 
the motor running steadily at the reduced speed. Conditions are as 
shown in Fig. 4.1(6) (illustrating rotor quantities only) and the 
scalar equation sJS, = l 2 ~ 2 s + Ej obtains. Injecting an e.m.f. at an 
angle of /? = 180“ thus effects a reduction of speed: except near 
synchronous .speed /oi, is relatively small so that ~ EJE^. Hence 



Fib. 4.1. Effbct of Injecting E.IU.P. S ,- at VAEiotrs Anglf:.s 
INTO Secondaby Cibcoit of Induction HIotob 

(а) Induction motor. 

(б) = ISO". Below synchronous speed. 

(c) fi ~ 0, Above synchronous speed. 
id) P = 90”. P.F. Improvement. 

(c) General ease. P.F. improvement and speed reduction. 

if the injected e.m.f. Ej can be varied from zero to the standstill 
secondary e.m.f. the speed can be varied down to zero. 

If the e.m.f. is injected in phase with (/? — 0°) it will tend to 
increase the current so that the motor torque exceeds the load 
torque and the speed increases, thus reducing sE^, until stable 
running is obtained. If Ej exceeds JgZg,, sE^, and therefore s, become 
negative and the motor runs above synchronous speed (s ~ — EjjE^. 
Conditions are as shown in Fig. 4.1(c) and the equation sE^ == 
fjZj, — Ej obtains. An e.m.f. equal to E^ injected at an angle 
= 0° thus gives about twice synchronous speed. 
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In Fig. 4.1((i) the e.m.f. is injected leading Fj by 90“, i.e. ^ = 90°. 
The relation between the voltage drop and the e.m.f.’s can now be 
written as a complexor equation 


l2Z2s=SE2+E^ (4,1)'* 

and it can be seen from the complexor diagram that the eSect is to 
make Iz^ 2 s} therefore /ji lead the position it previously occupied. 
This leading secondary current is reflected into the primary and 
gives an improved or leading power factor. Since there is no com¬ 
ponent of Ej directly assisting or opposing sFg, the required value 
of 5^2 will not change appreciably and the motor speed will not be 
affected. The magnitude of Ej necessary to advance the phase of 
the secondary current by about 45° will be of the same order as 
5 jE? 8> i-6- oiily ^ fs’"' per cent of E^ for a normally designed machine. 

In the final figure, 4.1(e), the e.m.f. is injected at a general angle 
/3 to Fg and gives rise to an improvement of power factor as weU as 
a change of speed. It is sometimes convenient to assume that the 
vertical component of Ep i.e. E^ cos jS, gives rise to a change in 
speed while the horizontal component Ej sin ^ gives rise to an 
improvement of power factor. 

The complexor equation (4.1) above is a general equation covering 
an injected e.m.f. at any angle /?; the two scalar equations given 
previously are special oases when = 180° and /9 = 0°. 

The injection of an appropriate e.m.f. into the secondary circuit 
can thus give both speed and power factor control as desired. The 
e.m.f. must always be at sUp frequency whatever the value of the 
slip and it can conveniently be obtained from an auxihary com¬ 
mutator machine. 

Sources of Injected E.IVI.F. 

Four fundamental types of regulating machiue may be used as a 
source of the injected e.m.f. as enumerated below; in practice 
various modifications and amplifications of these are employed. 

Leblanc Maohus'e. This is simply an armature with a commu¬ 
tator, exactly similar to that normally used for a d.c. machine; it 
has no associated stator winding but, for a basic two-pole machine, 
has three brushes spaced at 120°, these being connected in the 
induction motor secondary circuit as shown in Fig. 4.2(a). The 
machine produces an e.m.f. approximately proportional to /j, the 
motor secondary current, and leading or lagging it by 90° depending 
on the speed at which the armature is driven, 

* It may be noted that some ivriters base their calculations on the equation 
sEa = laZa, -j- E/, i.e. the sign of Ef is reversed and the direction of the sB^ 
complexor in the diagrams is reversed. The choice is purely arbitrary and, 
provided consistency is maintained throughout, makes no difference to any 
results obtained. 
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Walker Machtne. This is similar to the Leblanc machine except 
that it has a stator winding which is connected in series with the 
brushes as shown in Fig. 4.2(6). It also produces an e.m.f. which is 
approximately proportional to but the angle at which it is injected 
into the secondary circuit can be varied by suitable location of the 
_ brushes relative to the stator 

from Ind ft winding. 

Motor -SCHERBIUS MACHINE. IhlS has 

Slip Rings B_ ^ stator winding connected in 

parallel with the brushes as shown 
in Fig. 4.2(c). The voltage across 
—1 the winding is sE 2 . The reactance 

I ■ ~P } J of the winding is proportional to 
2 S K the frequency of the current, i.e. 

I ' - 1 I proportional to shp, so that the 

L ^ current through the winding is 

- Ls approximately independent of shp. 

^ A constant flux and therefore a 

- - ‘ constant injected e.m.f. will be 

(6) produced. The angle of injection 

can be a dj usted, as with the Walker 
— I type, by appropriate design. The 

^ h h “Scherbins” is sometimes 

C ^ ^ used to denote a machine having 

W- series, shunt or separately-excited 

_g stator windings, and machines may 

g have two or all three of these wdnd- 

_- ings in order to give special 

(c) characteristics. 

Freqttenov Converter. This is 
an armature with commutator and 

_ 11 slip rings as shown in Fig. 4.2(d), 

^ 11 an e.m.f. at supply frequency being 

& tHIt fed to the shp rings and converted 

^_ by the commutator to shp fre- 

queney. The injected e.m.f. is thus 
again independent of shp as in the 
Pig. 4.2. T^eb or Regiilating Scherbins arrangement. 

/ ^ 1 1,1 With each of the arrangements 

(а) Leblano macUne. . ,P , 

(б) Walker (series) machine. Shown the regulatmg machine must 

be driven by a separate motor or 
by the induction motor itself. 
Various additions to the four fundamental schemes shown have been 
devised and used, and details of those of commercial importance are 
given in subsequent chapters. 

If the regulating machine is used only for power-factor improve¬ 
ment, wdthout speed control, it is cahed a phase advancer or a.c. 
exciter, while if used for speed control it is caUed a slip regulator. 


(a) Leblanc machine. 

(b) Walker (series) machine. 

(c) Scherbins (shunt) machine. 

(d) Frequency converter. 
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Magnetizing Volt-amperes 

To produce the flux necessary for the operation of an induction 
motor magnetizing ampere-turns, are required necessitating 
a magnetizing current in one of the -vvindings. The flux sets up a 
hack e.m.f. E in the winding carrying the cm-rent, this e.m.f. being 
proportional to frequency. The reactive volt-amperes necessary to 
set up the flux are thus EI,^ and are proportional to the frequency 
of the magnetizing current. 

If, in the case of a motor with a regulating machine in its secondary 
circuit, the injected e.m.f. has a component at 90° to the secondary 
e.m.f., then it can be seen from Figs. 4.1(d) and 4.1(e) that it sets 
up a component of current in phase with the flux, i.e. a magnetizing 
current, in the secondary circuit, thus magnetizing the main machine 
from the secondary instead of from the primary winding. 

Since this magnetization is supphed at a low frequency the reactive 
volt-amperes required are only s times, i.e. a few per cent of, those 
required if magnetized from the primary in the usual way; the 
advantage of exciting the induction motor from its secondary is thus 
evident, and if a regulating machine is to be used solely as a phase 
advancer it will be very small in size compared to that of the main 
motor. Since the main motor does not now have to carry the 
magnetizing current its size can be slightly reduced and its efficiency 
increased, thus neutralizing, to some extent, the cost of the phase 
advancer. 

The limit in reducing the frequency of the magnetizing current is, 
of course, reached in the synchronous machine in which it is supplied 
at zero frequency (direct current) and no reactive volt-amperes are 
required, the only input to the exciting circuit being the power to 
supply the resistance loss in the exciting winding. 

Secondary (Slip) Power 

Reference to Fig. 4.1 shows that when the e.m.f. from the regu¬ 
lating machine is injected at an angle suitable for giving speed 
control there is a component of the secondary current in phase 
with, or in phase opposition to, the e.m.f. Power is thus being 
delivered to or taken from the auxiliary machine; this power is the 
slip power and corresponds to that wasted in secondary resistance 
when speed control by rotor resistance is employed. 

Magwitudb OS’ Slip Power. Referring to the complexor diagram 
of Fig. 4.3, which represents the conditions for an induction motor 
with an e.m.f. Ej injected into the secondary circuit at an angle /3, 
it can be seen that the power taken from the supply to the primary 

P = FIjCOS.^ 

= EJ.^ cos ip -)- 

.1—(r.Io^) 
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Resolving on to /i’j, 

cos y< =: 1,. -r cos <f>± 

cos f = EJc! + cos ^2 

= iron loss + power transferred to secondary 

Hence 

P — iron loss + primary copper loss power transferred to 

secondary 

Resolving the secondary e.m.f.’s on to — 

cos cos [180 — (/? — ^ 2 )! 

Referring to the primary and multiplying by 1 ^— 

eosejia = (4')%' + cos [ISO — — 4)J 

Adding (1 — s)E^I^' cos ^2 to both sides, 


cos (j}.. 

Thus 

power transferred 
to secondary 


= ihTr-/ + E/L' cos [180 - - 4)] 

+ (1 — 3)EJ^' cos 02 . (4.2) 

, power from rotor 

- ?San^ + regulating mechanical 
_ resistance + machine ^ output 

(slip power) 


It can be seen that the mechanical output from the shaft is 
(1 — tf) times the secondary input and that this will be less or more 
than the secondary input according as to whether s is less or greater 
than 1, i.e. whether the motor is running below or above synchronous 
speed. Neglecting the relatively small resistance loss, the power to 
the regulating machine will be positive for suh-synchronous speeds 
and negative for super-synchronous speeds, power in the latter case 
being delivered from the auxiliary machine to the main motor. This 
distribution of secondary power is illustrated, for a constant motor 
input and with losses neglected, in Kg. 4.4. 

It is seen that the regulating machine will have to deal with an 
amount of power which is proportional to slip, and, if speed control 
down to zero speed or up to twice synchronous speed is required, it 
ivil] have to be of the same rating as the main motor. The method 
of disposing of this slip power gives rise to two alternative types of 
drive depending on whether it is returned to the supply or aMed to 
the mechanical output at the shaft of the main motor. 

CoN'STiJS’T Toequb Deives. In this case the slip power is returned 
to the supply. The regulating machine may be coupled to a gener¬ 
ator connected to the supply mains, and when the main motor is 
running at sub-synchronous speeds the regulating machine acts as 
a motor driving the generator which returns the power direct to the 
supply; at super-synchronous speeds the generator runs as afeotor 



Power. 
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driving the regulating machine which supplies the slip power to the 
secondary circuit of the main motor. The conditions are illustrated 
in Fig. 4.0. For a given main-motor input it can he .seen that the 



(a) 


Fig. 4.5. Cosstamt Tokuce Diuvr. 

(,a) 50 per cent of synchronoiK speed. 

(ft) i50 per rent of syiichronoiH .speed. 



Speed Speed 

W t't) 


Fig. 4.ti. ^VIechakicai* Cuakauteristics of Drives foil 
C oNSTAi?T Main-motor Inttxt 

(а) Constant toriiue drives. 

(б) Constant h.p. drives. 

mechanical output at the main-motor shaft is proportional to .speed 
so that the torque is constant at all speeds, as shown hy the curve 
of Fig. 4.6(a). 
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CoNSTAiJT Horse-power Drives. The slip power is added to or 
taken from the main-motor shaft, the auxUiary generator of the 
previous case being made to drive a third machine mounted on the 
main-motor shaft. The operating conditions are shown in Eig. 4.7 
from which it is seen that the horse-power is constant and that the 



W cb) 

Fig. 4.7 Constaht H.P. Deive 

(a) 50 per cent of synchronous speed, 

(i) 150 per cent of synchronous .speed. 

torque varies inversely as the speed, leading to very high torques 
at low speeds, as shomi by the curves of Fig, 4.6. 

Approximate Torgue-slip Relations with Injected E.M.F. 

The torque of a 3-phase induction motor can be shown* to be 
T3I = (^2)TB^iL{Dj2)I^ cos ^2 newton-metres 

If the supply voltage is constant as is normally the case the flux 
in the air gap may also be assumed constant and an approximate 
expression obtained for the torque-slip curves. As in the plain 
induction motor, wdth the same assumption made, this expression 
gives reasonable accuracy for the normal working range but becomes 
inaccurate as the motor approaches standstill conditions. 

The above expression for the torque may be written 

T3I — K. cos ^2 

From Fig. 4.3 which shows the secondary circuit quantities with 
the e.m.f. E^ injected at an angle jf, it can be seen that— 

(j}^== y — 6 

cos <^3 = cos y cos 0 -f sin y sin 0 
* ,Say, The Perfornumce anil Design of A.G. Mnchines, Ch. XII (Pitjuan). 
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AJso 


sin y = 


sin (180 - E^ sin ^ 


■^2®2s 


■^2®2s 


and cos y — -\/(l — sin^ y) = ^|l — 
Hence 

^2 COS (^(> — 1^2 


El sin I 




'2 I E, s.m^ ^ ^ 


n _ / ^.sinA -l ^ l2 , 

VI ' -^2^28 / / ®2s -^2^28 >^28 

= (1/=2/){»-2V'(4"22/ - ■®.-' sin (4.3) 


Also from Pig. 4.3, 

= (sE„)" + P/ - 'IsE^, cos (180 - 
= ( 5 ^ 2 )'“ “ 1 ” d* %sE<iEj cos jfl . . (4.4) 

Constant Iijjected E.M.P. If E, is constant, the expression for 
may be substituted in eq. (4.3), and this in turn substituted 
in the expression for the torque giving— 

TM = (EM[W{(^-^2)^ + + 2s®2®; oos fi - Ei^ sin^ 

+ Xj^isEj sin 

= {Klz^^){ri(sEii + cos /3) + sin /?} 

_ ^ / sE^ ^ cos /? 4- gj,2s 8in _^\ jig^^Qn-metres (4.6) 

\ ^25 *28 / 

It can be seen that if .E^ = 0 this reduces to the expression for 
an ordinary induction motor. It should be noted, howerer, that the 
secondary-circuit reactance is usually made up of two parts, one 
of which is proportional to slip and the other which is constant; 
thus Xj^,^ = sxsn, + X 2 a- lu general x^^ corresponds to the reactance 
of the induction motor secondary winding and x^a to the reactance 
of the auxiliary machine although there are exceptions to this. The 
value of Zjj in the above is therefore equal to + j(^X 2 m + x^J. 

Speed-torque curves have been plotted in Pig. 4.8 for a hypo¬ 
thetical machine having the following constants— 

E 2 = 100 

K = di) 

r, = 1-0 n 

,r 2 „, = 40.Q 

X^a, = 1-0 Q 

It can be seen that injecting the e.m.f. at /3 = 0° gives speed- 
torque curves above synchronism with a nearly flat characteristic 
over the working range; the maximum torque is also very much 
increased over that for the plain induction motor (Ej = 0). In¬ 
jecting at =r 180° gives speeds below synchronism with a rather 
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steep cliaracteristio and a low maximum torque. Injecting at 90° 
does not have a great effect on the speed but, as explained previously, 
will improve the power factor. The value of Ej- required to give a 
reasonable power-factor improvement will, of course, be much smaller 
than that required to give, say, a .50 per cent change in speed. 


■>3 ;-4 


Q. 

VI 


/■2 


V) 

'q 0-8 
c 

Q 

't; 0-6 


t. 0.4 

T3 

v 

^0'2 

'o 



02 4 6 S 10 0 Z 4 0 2 4 6 8 


Jorque(Times Full-loadTorque) Torque Torque 

Fig. 4.8. Speed-toikjue Ourves fob Induction Motor with 
Constant Injected E.M.F. 


Injected E.M.F. Pkofoetional to Octerent. In this case the 
injected e.m.f may be written Ej = al^ the angle of injection still 
being /S to the secondary e.m.f., so that eqs. (4.3) and (4.4) become— 


and 


Is cos = (l/3a/){r2V(Ja%2/ - aHi sin^ §) + sin 

= P) + ax^^, sin j3} 


H- 2sE^Ij^ cos , 

SE 2 


so that Ij = 


; {a COB jS ± sin^ /9)} 


Substituting these in the expression for torque gives— 

2’il/ = I Vi^s/ — a^ ain^/i) + ajxLiJh} siiij?l 

' / 

{n cos P ± -v/C^a/ — 0 “ sin® (i)} 
Zgs® — sin® p -j- o-\/(* 2 s^ — P) 


KsE^r^ 


- 0 ,^) ^ 

|coa p + sin -f a® sin p cos p ■ ^2! j (4.6a) 



,->4 


A.C. COiniUTATOIi MOTOHA 


If ,3 z= 0, sin /? = 0 and cos /J = 1, so that this becomes— 

TM = KsE.r.l{z„J - . • (4.66) 

If = 1S0°, sin = 0 and cos /? = — 1 so that the torque 
exprefflion becomes— 

TM KsE^uJ{z^,-+ z.:^a) . • (4.6c) 

If = 90°, sin ^ = 1 and cos ^ = 0 so that the expression 
become.s—- 

\ V l®2'! ~ ^ )/ 

In Jfig. 4.9 are plotted torque-slip curves for the same machine as 
those of Fig. 4.8 but with Ej = I-O h, i.e. a = 1-0. It can be seen 



Fig. 4.9. Specd-tobqce Curves fob Induction Motob with 
Injected E.M.F. Proporttonai* to Hotor CtniRENT 


that, as expected, the no-load speed is not affected, but that if 
(i ~ 180° the speed characteristic over the working range is made 
more steep while if /3 = 0° it is made less steep; of these two con¬ 
ditions only the former is of practical importance. If the e.m.f. is 
injected at 90° an improvement in power factor results as previously 
indioated and also an improvement in maximum torque. As the 
e.m.f. necessary to give a reasonable improvement of power factor 
is small the change in the speed-torque curve is not very great. 

With the e.m.f. proportional to current it is, in practice, more 
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convenient to inject it at a definite angle to the rotor current rather 
than to the secondary e.m.f,—^the rotor current and the secondary 
e.m.f. are, however, usually nearly in phase so that this does not 
appreciably affect the general relations given above. 

Equivalent Circuit 

For analytical calculations an equivalent circuit, based on that 
of the induction motor,* may be used. Such a circuit is simply that 
of the induction motor with the injected e.m.f. included in the 
secondary as shou-n in Fig. 4.10. This diagram is the basic circuit 



Fio. 4.10. Equivalent Circuit or Induction’ Motok vuth 
Injected E.M.F. in Seconda’ry 


for all machines in •which an injected e.m.f. is introduced into the 
secondary circuit, i.e. those discussed in Parts II and III of this hook. 

In the diagram the secondary quantities have been referred to the 
primary in the usual way so that by inspection the following 
expressions can be ivritten down— 


V — + Ej 

^0^0 = El 
I, = lo + V • 
^ 2 '^ss' — + E/ 


(i.7) 


From («), (d) and (c)— 

V = (lo + + El 

= Ei(l + Zi/Zo) -f I/Zi 

= EiC + I/z, 

El — (V — I./Zi)/c . (4.8) 

From (i.7d) and (4.8)— 

1/ = (sV + cE/)/(sZi + cza/) 


* Say, T/ie Performance arul Design of A.O. Machines, Gh. XII (Vitmau). 
t Jo the impedance of the magnetizing branch and may comprise j-p and 
■t’o in series or and a’,„ m parallel. 



56 


A.C. COMMUTATOR MOTORS 


so that from (4.7c) 


Ii=- 

^ c 


y 

Zo 


aV + cE/ ~ 

flZi -(“ CZj,, 


(4.9a) 


The ratio is usually small relative to 1 so that to a first 
approximation c may be regarderl a.s unity and at zero angle; the 
I)rimary current thus becomes 

= V/Zo + (aV + E/)/(sZi + z^/) . (4.96) 

If = 0 this reduces to the expression resulting from the 
equivalent circuit for an induction motor with the magnetizing 
branch moved to the supply terminals. 

From the above relations the various powers and the torque can 
be found. 


Stator input = VI^ cos watts/phase 
where is the primary phase angle found from (4.96). 

Rotor input (across gap) = cos <^2 watts/phase 
where is the phase angle between and Jj'. 

Torque = rotor input across gap synch, watts/phase 
= (rotor input)/ 27 raj newton-metres 
= rotor input x 0-117/ni Lb-ft 

Mechanical output = rotor input (1 — s) watts/phase 
Power dehvered to or from regulating machine 
= E/I^ cos ifjj watts/phase 

where is the phase angle between E,' and Ij'. 

The behaviour of an induction motor with any of the types of 
regulating machine can be found from the above for a given value of 
Ej. Simphfications or modifications can, however, be made in 
particular cases as described in succeeding chapters. 


EXERCISES 4 

1. The particulars refer to the rotor of a 2,000-h.p., 6-6-kV, 60-o/s induction 
motor— 

Resistance, 0-02n/ph.j reactance, 0-12 Q/ph. at 50-c/s. 

If the rotor ouiTent is 1,000 A per phase and the air-gap flux is constant at a 
value giving a standstill rotor e.m.f. of 1,000 V per phase find the slip, rotor 
power factor and the power component of the rotor current under each of the 
following conditions— 

(i) Rotor short-circuited. 

(ii) An added rotor resistance of 0-4 11/ph. 

(iii) An added rotor inductive reactance of 0'23 fl/ph. at 50-c/s. 

(iv) An added capacitance of 16-9 E per phase. 

(v) 200 V per phase injected 180“ to the rotor e.m.f. 

(vi) 200 V per phase injected in phase with the rotor e.m.f. 

(vii) 10 V per phase injected at 90“ leading the rotor e.m.f. 

(viii) 10 V per phase injected at 90“ leading the rotor current. 

(ix) 10 V per phase injected at 30“ leading the rotor current. 
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In cases (viii) and (ix) an approximate result may be obtained by neglecting 
the rotor reactance relative to its resistance. 

2. At full load a 1,000-h.p., 3'3-kV induction motor runs at 735 r.p.m. with 
an efficiency of 94 per cent and a power factor of 0-87, The magnetiiing and 
iron-loss current is 40 A at 0‘15 power factor and the ratio of stator to rotor 
turns (both star-connected) is 2 to 1. Estimate the voltage, current and kVA 
rating of a phase advancer to improve the power factor to 1 ■ 0 when delivering 
full-load torque. Neglect stator impedance and rotor leakage reactance. 

3. A 2,000-h.p., 12-pole, 50-c/a induction motor is equipped with an auxiliary 
machine for giving speed control. If the slip power is returned from the auxili¬ 
ary machine to the supply and if the stator input power is 1,000 kW find, 
neglecting all losses, with the motor running at (a) 350 r.p.m, and (b) 650 r.p.m., 
the slip power, the mechanical power produced in the rotor, the total mechanical 
power at the shaft, the shaft torque and the total input from the supply. Draw 
diagrams showing the power flow in each case. 

Repeat with the power from the auxiliary machine added to the shaft power. 

4. A 1,500-h.p., 3-phase, 3-3-kV, 24-pole induction motor has a fuU-load 
power factor of 0-88, a full-load slip of 0-0126 and a full-load efflcienoy of 94 
per cent. The stator rosiatanoe and reactance drops are O-Ol and 0-1 per unit 
respectively. The ratio of stator to rotor turns (both star-connected) is 2 to 1. 
Magnetizing current is 70 A and iron-loss current is 10 A. Find the rotor 
resistance and estimate the rating of a phase sxivanoer to improve the full-load 
power factor to 0-96 leading. Neglect rotor-circuit reactance. 

6. An induction motor drives a load requiring 1,000 kW at synchronouB 
speed and is fitted with a Scherbius machine to give speed control down to 
standstill. The Scherbius machine may deliver its output [a) to the supply or 
(b) to the motor shaft. For each of the types of drive given below plot curves to 
a base of speed showing shaft output, stator input power and slip power. 
Neglect losses. 

(i) Power constant at all speeds (torque proportional to IJn], 

(ii) Power proportional to speed (constant torque). 

(iii) Power proportional to square of speed (torque proportional to n). 

(iv) Power proportional to cube of speed (torque proportional to n^). 

6. A wind-tunnel fan (torque proportional to square of speed) requiring 
10,000 h.p. at 600 r.p.m. is driven by an induction motor with a Scherbius 
machine for giving speed control down to zero. Plot to a base of speed a curve 
of power carried by the Scherbius machine and show analytically that it will 
not exceed approximately ^ of 10,000 h.p. 

7. The following are the equivalent-star parameters for an. induction motor 
with a slip regulator, the slip power being fed to or from the supply. 

F = 1,160 V «o = 6-i-j40£l 

2j = 0-3 4-jl-Ofi JS ' = 200/180° V 

ss,' = l'0-|-j(sl-0-f 1-0)0 

Using the equivalent circuit determine, for a slip of 0'6, the stator input, 
rotor input, mechanical output, power fed back to the supply and the copper 
and iron losses. 

Repeat with E,' = 600/^ and a slip of — 0-2. 
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REGULATING MACHINES GIVING INJECTED E.M.P. 
DEPENDENT ON THE CURRENT (“SERIES” MACHINES) 

The simplest type of auxiliary machine for injecting an e.m.f. into 
the secondary circuit of an induction motor is that in rrhich the 
e.m.f. is dependent on, and may often be regarded as being pro¬ 
portional to, the secondary current. The Leblanc and Walter 
machines shown in Fig. 4.2 (page 46) fall into this category and. 




Fig. 5.1. Angle of Injected E.M.F. 

(а) General diagram. 

(б) Best value of 1 ^;. 

owing to the dependence of the e.m.f. on the current, their effect 
on the behaviour of the main motor is small at no-load and increases 
with load. 

Ahole of Injected E.M.F. With these machines the angle at 
which the e.m.f. is injected bears a definite relationship to the phase 
angle of the secondary current and normally leads it. In what 
follows this angle is referred to as the angle (f), and is positive when 
leading the current 

The best value for this angle can be seen from the complexor 
diagrams of Fig. 5.1 in which /g represents the secondary current 
and Ey the injected e.m.f. leading this current by For a given 
value of Jj, and therefore of and various values of <j>j the locus 
of the end of the complexor lies oh the semicircle ABC. If 
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reactance is neglected (it is usually small with, this type of machine 
since the shp is low) the impedance drop /gSjs be drawn in 
phase with as indicated. For any position of the complexor 
sFn can now be dra%\Ti (sEj = I 2 Z 2 S — ; this complexor can also 

be represented by the line D£. To obtain the maximum angle 1 ^, 
of the lead of ahead of siSg, i-e. for operation as a phase advancer, 
it can be seen that EE should be a tangent to the semicircle; Ej 
should thus be injected at an angle considerably less than 90° ahead 
of the secondary current. Under these conditions E, is leading sE^ 
by 90° and = 90 — (f)^. Thus if it is desired to make (f >2 = 60°, 



- 1 '-' 


Fig. 3.2, Lebla-NC Exciter 



Fia. 6,3. Diagrammatic 
Representation of 
Leblanc Exciter, 


<l)j must be 30° and this angle has been found to be a convenient 
practical value. 

If it is desired to use a macliine of this type as a slip regulator, 
i.e. to control the speed, the e.m.f. must be injected more nearly in 
phase or phase opposition to the current. As mentioned in the 
previous chapter such control is likely to be required only in order 
to reduce the speed, so that (f)j will have to approach 180°. 

The Leblanc Exciter 

This device, suggested by Leblanc m 1895, consists simply of a 
rotating armature carrying a double-layer winding connected to a 
commutator, no stator winding or stator being necessary. Three 
brushes per pole-pair lie on the commutator and are connected to 
the slip rings of the main motor as shown in Fig. 5.2. The armature 
is driven by a suitable motor, e.g. a small cage induction motor, at 
an approximately constant speed. 

Suppose firstly that the armature be stationary—^the winding will 
form an ordinary delta-connected circuit fed by the three brushes as 
shown in Fig. 5.3 and wiU carry the secondary currents, i.e. currents 
of shp frequency. These will set up a rotating field moving at slip- 
frequency speed relative to the brushes and, as explained on page 
9, the field axis wfil be horizontal at the moment when the current 
in brush A is a maximum; the e.m.f. induced by this field in the 
conductors will thus lag 90° behind the current and will, neglecting 
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saturation of the iron, be proportional to the current. The armature 
thus behaves like a group of three delta-connected reactors. 

Suppose now that the armature is driven in the same direction 
and at the same speed as the field. For the same current supplied 
to the brushes the speed and magnitude of the field will not be 
affected since the current in the group of conductors between, say, 
A and B will be the same although the conductors themselves will 
be continually changing. The conductors are, however, moving at 
the same speed as the field and therefore have no e.m.f. induced in 



Fia. 5.4. Leblajic Exciter Constructions 
(a) Tunnel slots, no stator. 

(4) Increased air gap, opposite colls being commutated 


them so that the armature behaves simply as a group of delta- 
connected resistors. 

If the speed of the armature is raised above that of the field the 
conductors will he moving faster than the field, i.e. the relative 
speed of conductors and field will have reversed as compared to the 
stationary condition, so that the e.m.f. induced voll also have 
reversed; it wiU thus lead the current by 90°. Under these conditions 
the armature is behaving as a group of delta-connected capacitors 
and will cause an improvement of the power factor of the main motor. 

This 90° phase displacement between current and injected e.m.f. 
shows that, neglecting losses, no power is consumed or generated by 
the exciter so that it cannot produce a change in speed. 

The Leblanc exciter thus consists of an armature driven at above 
the synchronous speed corresponding to slip-frequency currents and 
it gives an e.m.f. approximately proportional to the secondary 
current of the main motor and leading it by 90°. It can therefore 
act as a phase advancer and is sometimes so used to improve the 
power factor of small induction motors of sizes up to about 50 h.p. 

Construction, of Simple Leblanc Exciter 

Although the simple arrangement described above is possible, it 
is preferable to equip the exciter with a stator in order to provide a 
low-reluctance path for the flux; the stator need, however, carry 
no windings. Alternatively the armature winding can be placed in 
tunnel slots as shown in Fig. 0.4(a). Commutation is a difficulty 
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with this type of machine aucl limits its application to the small 
sizes mentioned. The rotating field sets up an e.m.f. in the coils 
short-circuited by the brush. A slight improvement can be effected 
by employing a stator and air gap as shown in Fig. 5.4(6) with longer 
gaps opposite the coils undergoing commutation, so that the flux 
cutting the short-circuited conductors is reduced. 

MonmoATiONS fob Obtaiotng Contbol of E.M.F. The ad¬ 
vancer described above, if driven at constant speed, has no means 




Fig. 5.5. Modifications to Give Contboi of Inibcted E.M.F. 

(a) Movable brushes. 

(d) Stator 'wludlag with variable Teslator. 


for controlling the magnitude of the e.m.f. injected, i.e. for control¬ 
ling the power factor of the main motor. 

If such control is desirable a variable-speed driving motor for the 
exciter could be used, but this would probably have to be a d.c. 
motor necessitating a d.c. supply. An alternative suggested by 
Rudra* is to employ two movable brushes per phase as shown in 
Fig. 5.6(a): by moving the brushes to vary the angle Q any desired 
e.m.f. can be tapped off the commutator, but, as can be seen, six 
leads have to be brought from the rotor of the main motor. Another 
alternative is to add a stator winding to the advancer and connect 
this to a variable resistor as shown in Fig. 5.5(6); by adding 
resistance the phase angle of the e.m.f. relative to the current is 
varied, and some particular value of resistance gives the maximum 
advancing effect as indicated by the oomplexor diagram of Fig. 5.1. 
There is, of course, an accompanying small change in slip, and the 

* J. J. Rudra, J. Inatn. Elect. Engra., 86, p. 383 (1940). 
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corresponding slip power is lost in the resistance. The complication 
of any of these methods, however, hardly warrants their use on the 
small sizes of motor for which the simple Leblanc advancer is 
suitable. 


The Walker Series Machine 

In 1909 Miles Walker* suggested adding a series winding to the 
stator of the simple Leblanc exciter and a considerably improved 
performance was obtained as a result. 

Two sets of windings must, in practice, be added, firstly a com¬ 
pensating winding connected in series with the brushes and secondly 
an exciting winding also in series with the brushes. The compen¬ 
sating winding is designed to neutralize the armature m.m.f. entirely 
so that were it not for the exciting winding there would be no flux 
produced and no e.m.f. generated. The exciting ■winding is thus 
solely responsible for producing the flux in the machine and, 
neglecting saturation, the e.m.f. produced is proportional to the 
current in the winding, i.e. to The compensating winding must 
occupy a definite position relative to the brushes since the axis of 
the armature m.m.f. at any moment is dependent on brush position. 
The machine can, however, be designed with the exciting winding 
so arranged that the e.m.f. can be injected at any desired angle, (fj, 
relative to the current. 

As the injected e.m.f. and the rotor current need no longer 
be at 90° as in the simple Leblanc exciter, power can be absorbed 
by or delivered from the Walker machine so that a variation of 
speed can be obtained as well as an improvement of power factor if 
desired. Any power delivered to or taken from the regulating 
machine will pass through its dri-vLng motor which will act as a 
generator or motor and return slip energy to or receive it from the 
supply. 

The mechanical construction of the machine is similar to that of 
the Scherbius machine described on page 82. 


Analytical Treatment of Motor and Auxiliary Machine having 
Injected B.M.F. Proportional to Current 

The treatment is based on eqs. (4.7) on page 55; substituting 
aT/ for E/ W’here a' = a' cos d + ja' sin 8 gives— 


From {d) 


V = IiZi -f El . . (a) 

lo^o = El . . . ( 6 ) , 

Ii = Iq + Ij . . (c) 

1^'zJ = sEi + . ■ {d). 


Ig' = sEi/(Zg/ - a') 


(5.1) 


J. In^tn, Elect. Engrs., 42, p. 599 (1908-9). 
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From [b) and (c) 

Ii = Ei/Zo + sEi/Cz^/ - aO 


Ei = Ii 


1/zo + S/(Z 2 ,' — a') 


From (a) 


V = I, + ~ 


— Ii ^1 + 


Zo (Z2/ - a') I 


1 +_ I _ 

Zo (ZsZ-a'l/s 


The term in the bracket is the effective impedance of the motor 
and its auxiliary machine as viewed from the stator terminals of the 
motor; it can be seen to be made up of the primary impedance 
(= 7\ + in series udth two branches in parallel, one being 
the magnetizing impedance Zq (= + ja:^) and the other an im¬ 
pedance (Zg,' — a')/swherez,/ = -f r/ + Putting 

in the real and quadrature terms of the complex impedances gives— 




’i + 


1 


■ + ; 


''o + j^o ( V + '■/ - cos (j>j)ls -f + a:^/ — (a' sin 


The equivalent circuit of the motor and auxiliary machine can 
thus be represented as in Fig. 5.6(a) in which the magnetizing 
impedance has been represented by the parallel branches r^. and 
in the usual way, and the reactance — (a' sin ^j)ls has been repre¬ 
sented by a variable capacitor as it is negative for all normal values 

Inspection of the circuit shows that the total rotor input per 
phase is given by— 

rotor input = -f rj — a' cos watts 

As with the plain induction motor this represents the motor torque 
in synchronous watts per phase. 

The distribution of power in the rotor circuit can be found by 
WTitmg the above total input as follows— 

rotor input 

= cos (f>j -f {r^' + r/ - a' cos (f>j)[l — s)/s} 

= ih'rr,' + ihTr: - cos + r/ - a' cos ^,) 

rotor reg. m/c power mechanical 

= copper copper + in + output 

loss loss reg. m/c shaft of main motor 
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If the angle of injection, lies between 0 and 90^, power is 
delivered from the regulating machine to the rotor and if between 
90° and 180’ it is being delivered from the rotor to the regulating 
machine. 

Appboximatb Gcebent Locus. An. approximate and simpler 
equivalent circuit is shown in Fig. 5.6(h), the magnetizing branch 



(b) 


Fio. 5.6. Eqotvaiekt Cekcums vok Induction’ Motok with 
“Series” Regulatino Machine (JSy cc Ij) 

(a) Complete eqaivalent circuit. 

(b) SImpilfled equiyaleQt circuit 

being located at the supply terminals as is commonly done with the 
induction motor. 

Assuming r^', r^', and a' to be constant, the main branch of this 
approximate circuit comprises a constant and a variable resistance 
and a constant and a variable reactance, the two variables having a 
constant ratio of (— a' sin (f>j)l{T 2 ' + r/ — a' cos It is shown in 
Appendix 2 that if such a circuit is supplied at constant voltage the 
locus of the end of the resulting current complexor is a circle having 
the following co-ordinates for its centre— 

P _ _ I _ 

2{^zi + + ri{a' sin + r/ - a' cos ^i)} 

Py^Px- (a' siu i^,)/(rj' + rj — a' cos 

To draw the approximate current locus the complexor for the 
magnetizing-branch current is drawn as in Fig. 6.7; the centre of 
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the circle is then located with reference to point A and the circle 
drawn with radius PA. 

Predetemination of Behaviour 

Calculations regarding the behaviour of an induction motor with 
a regulatuig machine can be made from the above equivalent 
circuits either by drawing the locus diagrams for the circuit or by 
analytical methods. The locus diagrams are preferable for giving an 
overall picture to illustrate the effect of making changes in various 



Fig. 5.7. CoNSTEUcnoa of Apphoxuhate Loons Diaqbam 

parameters, but the analytical method is preferable for predetermin¬ 
ation of actual behaviour, Both are illustrated in the following 
example. 

Example 5.1. The following data refer to an induction motor 
equipped with a series regulating machine. Using the equivalent 
circuits of Pig. 6.6, predetermine the behaviour of the machine. 

Eating; 3,000 h.p., 3-3 kV, 3-ph., 50 c/s, star-connected. 
Primary resistance q = Od il/pb. 

Primary leakage reactance = 0436 fl/ph. 

Secondary resistance (referred to primary) r,' = 04 il/ph. 
Secondary leakage reactance (referred to 
primary) = 04411/ph. 

Magnetizing equiv. resistance 7,^ — 75 tl/ph. 

Magnetizing reactance = 16 Q/ph. 

Eeg. machine resistance )•/ = 0-08 H/ph. 

Reg. machine leakage reactance x^J = 04 D/ph. 

Injected voltage per ampere a' = 042 
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(i) Co.MPAB.ISON BETWEEN ElGOROUS AND ApPBOSIJIATB EQUIVA¬ 
LENT CiBCUiTS. The locus diagram for the circuit of Fig. 5.6(a) may 
be determined by the method of inversion,* the procedure being as 
follows— 

Draw the impedance locus for the right-hand branch with varying 
values of s; invert this, giving the corresponding admittance locus; 
add the constant admittance of the magnetizing branch to each 
point on the admittance locus by moving the origin to the left by 
the amount of the magnetizing admittance. Invert this new admit- 



Fig. 6.8. True and .A-pproximate Circle Diagrams 

tance to find the impedance locus for the two parallel branches; 
add the stator impedance by moving the origin to the right, thus 
giving the total impedance locus. Inverting this gives the total 
admittance locus ’which, to another scale, gives the current locus. 

Carrjdng out the above for the machine in question operating 
with an angle of injection of (fij = 90° gives the dotted ciroular locus 
of Fig. 5.S. The normal working range is between the point for 
5 = 0 and the point where s is approximately 0-05. 

The approximate circular locus can be found from the equivalent 
circuit of Fig, 5.6(6), the co-ordinates of the centre of the circle 
being given by— ‘ 

p ^ _ _E910_ 

2{0-435 + 0-44 + 0-4 + 0-l'(a' 3in()!,,)/(0-l + 0-08 - a' cos 

and 

Py — PJa' sin ^j)/(0T + 0-08 — a' cos^j) 

* Smith and Say, Engineering Design Glass Manual, Ch. VIII (Chapmaii 
and Hall). 
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With a' = 0-12 and </>,■ = 90° these become = 710 A and 
Py = 473 A, and the circle is shown by the full line on Pig, 5.8, the 
origin being taken at the end of the magnetizing-circuit current 
oomplexor. 

It can be seen that the error resulting from the use of the approxi¬ 
mate method is not great, and this method is therefore suitable for 
observing the eSect of changes in the constants. 



Sca/e (A) 

Fia. 5.9. ErrECT or Anole or Injectioit os Cdwreiti Lootjs (o' = 0'12) 

(ii) Etoect on Locus oe Varying the Angle of Injection. 
Using an injected e.m.f. of 0’12V/A (referred to primary) the 
expressions for the co-ordinates of the centre become— 

p ______ (5 2) 

^ ~ 1-275 + (0-012 sin ^,-)/(0-18 ~ 0-12 cos 0^) ' ' ‘ 

and Py = Pj.(0-12 sin ^,-)/(0-18 — 0-12 cos (f)j) , . (5.3) 

and Table 6.1 gives the figures for various values of The resulting 
circular loci are plotted in Fig. 5.9 from which it can be seen that 
the most efiective angle of injection is between 30° and 60°, as 
previously mentioned on page 59. 





SERIES REGULATim MACHINES 


69 



I_I_I_I_I 


Scale (A) 

Fig. 6.10. Esfeot or Maonitudb op Injboted E.M.F. on 
COBRENT Locus (^, = 00°) 


Table 5.2 


c' 

O'la' 

0-18 


P. 

(amperes) 

(amperes) 

0 

0 

1-276 

747 

0 

0-04 

0-022 

1-297 

735 

163 

0 08 

0 044 

1-319 

728 

323 

0'12 

0-067 

1 342 

710 

473 

O'le 

0-080 

1-364 

700 

622 

0'20 

0 111 

1-386 

089 

764 



Analymgal Caia’olation of Beiiaviouti {«' ■= 0-1^, s = 0 05) 
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(iii) Effect on Lootrs of VAsriNG the Magnitude of the 
Injected E,M.F. If the angle of injection is assumed to be 90° the 
expressions (5.2) and (5.3) become 

P - 

l-275 + 0-la70-I8 
P,j = PAa'IO-lS) 

The calculations are shown in Table 5.2 and the resulting loci in 
Fig. 5.10. As expected the higher values of e.m.f. give greater 



1.000 2,000 3.000 4.000 

Torque (Synch. kW) 

Fig. 3.11. Speed-TORQUE Curves 

power-factor improvement as well as higher values of maximum 
power. 

(iv) Analytical Calculation. Direct calculations from the 
equivalent circuit can be made for various values of slip as showm in 
Table 5.3. An injected e.m.f. corresponding to a value of a' = 0-12 
and values of <j), equal to 0°, 90“ and 180“ have been chosen and 
calculations made for a shp of 5 per cent in each case. Torque-shp 
curves plotted from these and similar calculations are shown in 
Fig. 5.11. 

Effect of Satubation and Bbush-bbsistanob Variation. In 
the above calculations it has been assumed that saturation of the 
magnetic circuit could be neglected, i.e. that a' is constant, and that 
the resistances and reactances could be assumed constant. The 
assumption of constant reactance is reasonably accurate but, on 
account of tbe variable brush-contact resistance, the assumption of 
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constant resistance may lead to appreciable errors. The voltage drop 
between the brushes and the slip ring and commutator is generally 
about 1 V so that the equivalent brush-contact resistance is 2//2 ^ 
—as the voltage and winding resistances in the secondary circuit 



0 200 400 600 BOO 1,000 

Current (A) 

Fig. 6.12. Maonesizaiion Chbve of Semes RBorLATiua Machine 


are low this value is comparable with them and causes an appreciable 
variation in the total secondary-circuit resistance. 

A typical magnetization curve for a regulating machine is shown 

Point on 



Fig. 6.13. Oonsthuction oe Cubbbnt Locus Allowing kib 
Saturation and V.abying Brush Rbsisianob 

in Pig, 6.] 2 from which it can be seen that saturation causes a 
decrease in the value of a' at high currents. 

To construct the current loci, making allowance for the above, a 
step-by-step method must be used. Having drawn the no-load 
current as shown in Eg. 6.13, a value of secondary current (referred 
to the primary) within the operating range may be selected and an 
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arc drawn with this as radius from the no-load point as centre. For 
the selected value of current the brush resistance and the value of 
a' may be determined and the co-ordinates of the centre of the circle 
calculated for these values—^where this circle cuts the arc already 
drawn gives one point on the current locus. The process may be 
repeated for as many secondary currents as desired. 

For the particular machine, the data for which are given on page 
1)5, the secondary and regulating-machine resistance.s, referaed to 
the primary, are given by— 

r/ = 0-08 -f- 2-0/1/ 
r/ = 0-04 + ^-'i/I/ 

and the magnetization cmve is that given in Fig. 5,12. Using these 
figures gives the results shown in Table 5.4, leafhng to the locus 



Fig. 5.14. CnaBBNT Loci with and without Ai.lowa>'ce toe. 
Satusation ASX) Vakyutg Resistance 

shown in Fig. 5.14. It can be seen that the general effect of the 
saturation is to give a somewhat improved characteristic. 

T.ABt,E 5.4 
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Applications of Series Regulator 

The series regulator is not. widely used in practice chiefly because 
its eSeot, either for speed control or power-factor improrement, 
depends on the load of the main motor. 

In the case, however, of induction motors driving rolling mills or 
mine ■winders -where load equalization* is required a machine having 
a fairly steeply faUing speed-torque characteristic is needed. A 
series regulator then forms a practical alternative to the use of 
resistors in the rotor circuit—^the series regulator scheme -will he 
more expensive in first cost but less in running cost due to the saving 
of the shp energy and also the improved power factor 'which is 
possible. A number of such installations have been built. 

EXERCISES 5 

J. A 2-pole armature with a commutator winding is provided with three 
brushes spaced at 120°. The equivalent-star reactance per phase at 50 c/s 
when tliB armature is stationary is 5 Q and the resiatonee per phase is 0'05 fl. 
Three-phase currents of 100 A at 2 c/s are supplied to ths brushes. Plot curves 
aho wing the magnituda and phase angle mlative to the current of the equivalent- 
star' e.m.f. between brushes as the armature .speed is varied from 240 r.p.m. 
agaimst tho direction of the rotating Held to 320 r.p.m. with it. 

2. A 4-pole armatuTG with a commutator and three brushes per pole-pair has 
a standstill reaotanoe of 4 fl/ph. (equivalent-star value) when supplied with 
three-phase currents at 60 c/s. It is connected as a Leblanc exciter to an 
induction motor and drivon at 2,000 r.p.m. If the slip frequency of the 
iriduotion motor is 3 c/s determine the effective eapaoitanoe of the armature. 

3. A 20-polo, 60-o/s induction motor has a full-lead slip of 3-6 per cent. A 
4-poIe Leblanc phase advancer is to be used with it. If, at standstill, the 
advancer injects, with full-load current, a lagging e.m.f, of 2 V into the rotor 
circuit, at what speed must it be di'iven to inject 20 V leading, tho ourrent 
being the same V 

4. An armature carrying a 2-pole eoimuutator winding has diametric brushes 
with their axis at i)0° to a steady field. Tho moment of inertia of the armature 
i.s 0'0i3kg-m“. If driven at 1,000 r.p.m. the e.m.f. at the brushes is 100 V. 
Find the effective capacitance of the armature and the current that would flow 
if 100 V at 1 e/s were applied to the brushes (the armatme not being raeohani- 
cally driven). Neglect resistance, inductance and friction. 

5. A 1.60-h.p., 2'2-kV induction motor with star-coimcetad rotor and stator 
has the following parameters— 

/i = D'li il/pli. rj = 0'i)2fl/p]i. 

.I'j — 3 0 fl/ph. *2 = O'20 Q/ph. 

Tm’ns ratio, etator/rotor = 235/40. 

No-load ourrent = 16 A at 0-1 power factor. 

(i) Find the rotor current and the primary current and power factor when 
numing with a slip of 2-1 per cent. 

(ii) If the motor is fitted with a series-type of slip regulator giving an 
injected e.m.f. of 0.016 V per ampere find, for the above rotor current, the 
angle (relative to the rotor current) at which tho e.m.f. must be injected if the 

* Taylor, UtilizaHon of Rlerlric Energy, Ch. I (English U'nivor.sitie.s Press). 
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rotor current is to lead the secondary' 0 .iD.f. by Wlmt wiJl be the slip and 
primary power factor under these conditions? 

6. A 3’3-kV, atar-connected induction motor equipped with a series-type 
slip regulator takes a no-load current of 30 A at 0*2 power factor. The equiva¬ 
lent circuit may be assumed to comprise a magnetizing branch in parallel with a 
branch made up of a 0*3-0 resistor, a 3-0 inductor, a variable resistor of 0*3/s O 
and a variable capacitor of 0'5/s O. Determine the primary current and power 
factor and the power delivered to the regulator when running with G per cent 
slip, 

7. Using the equivalent circuit of Fig. 5.6(2)), develop an expression for the 
value of slip at which maximum torque occurs. 
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EEGXJLATING MACHINES GIVING CONSTANT INJECTED 
E.M.F. (“SHUNT” MACHINES) 

With a constant injected e.m.f., i.e. -S, independent of load, the 
torque-slip curves for the main motor are approximately as shown 
in Kg. 4.8 (page 53). Thus if the e.m.f. is injected at an angle 
I? = 0° or 180° to the secondary e.m.f. the speed characteristics over 
the normal working range, for various values of injected e.m.f., are 
as shoivn in Fig. 6.1; they are shunt characteristics giving a speed 


/3 = 0 ° 

Ej =0 

\Ejat(i = W0° 


Torque 

Fia. 6.1. Spbed-tokqui! Chabactebistics with Injected 
E.M.F. Independent op Load 

which remains approximately constant and independent of load for 
a given setting of the controls. 

If the e.m.f is injected 90° leading the secondary e.m.f it has little 
effect on the speed but provides power-factor improvement and gives 
an approximately constant excitation for the main motor, so that 
the power factor of the motor tends to lead at low loads and is 
about unity at full load. 

In practice auxiliary machines of this type are used either solely 
for power-factor improvement of the main motor with a negligible 
change of its speed, or for speed control over a range below, or above 
and below, synchronism—^in the latter ease power-factor improve¬ 
ment may also be included. 

The Frequency Converter 

The simplest type of regulating machine in this category is the 
frequency converter, consisting simply of an armature carrying a 

77 
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commutator winding and haring slip rings at the other end as shown 
in Fig. 4.2((f) (page 46). If polyphase currents at a frequencyare 
siipphed to the rings a rotatmg field will be set up moving at a 
speed of = fjp relative to the conductors; if the armature is 
driven at a speed ?i, the speed of the field will be increased or 
decreased to iif = •Uj i «r depending on the direction in which it 
is driven. The frequencyof the e.m.f.’s appearing at the brushes 
depends on the speed of the field relative to these fixed brushes and 
is therefore given by/j = p{»s ± n^). 

Such a machine thus acts as a frequency converter, changing 
from a frequency f, at the slip rings to fi, at the brushes, the ratio 
between and /j depending on the speed at which it is driven. The 
ratio between the e.m.f.’s at the slip rings and the brushes can be 
found from the e.m.f. equations of Chapter 2 [eqs, (2.76) and (2.11)]. 
Thus for a machine with iV equally-spaced slip rings and N' brushes 
the e.m.f.'a are— 

E.m.f. between rings = (\/2)vlff volts 

E.m.f. between brushes = (\/2){TJa){ff ±fr)^ sin (0/2) volts 

Since T — TJNa, = sin (aj2)j(aj2) where a = 2TTjN and 
0 = 2ttIN', the ratio becomes 

(slip-ring e.m.f.)/(bru3h e.m.f.) = sm (Tr/rV)/sin (vjN') 

and, neglecting impedance voltage drops, the ratio is constant under 
all conditiona. 

Maximum e.m.f. between brushes occurs when the axis of the 
rotating field is midway betw'een the brushes, so that, by moving 
the brushes round the commutator, the moment at which this occurs 
can be varied relative to the slip-ring e.m.f.’s, i.e. movement of the 
brushes varies the phase angle of the brush e.m.f. relative to that of 
the slip rings. 

The frequency converter can be made to provide e.m.f.’s of a 
frequency appropriate for injection into the secondary circuit of an 
induction motor and can therefore be used for speed or power-factor 
control. Two general possibilities are available giving either the 
constant-torque or the constant-horse-power drives mentioned 
previously. 

Gonstaot-toeque Dbivb. If the frequency converter is driven 
from the main motor shaft as shown in Fig. 6.2 with the slip rings 
connected to the supply thi-ough a suitable variable-ratio trans¬ 
former, the slip energy wiU be returned to or taken from the supply 
giving the constant-torque arrangement referred to on page 48. 
The frequency of the e.m.f.’s applied to the slip rings is the supply 
frequency and the speed of the converter corresponds to a fre¬ 
quency of /j(l — s). If the rotation of the field is arranged to oppose 
that of the shaft, the speed of the field will correspond to 
A —fi(l — a) = sA> the slip frequency of the main motor. E.m.f.’s 
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of tlus frequency thus appear at the brushes and can be injected 
into the rotor circuit of the main motor. The ratio of the slip-ring 
to the brush e.m.f. has already been shomi to be constant, so that 
for a given slip-ring voltage the injected e.m.f. is constant and 



i'sria.bls^ ratio 
Transformer 


iTiQ. 0.2, CoNBTANT-TOiiQirc Dbive with Frequency Conveeteii 


independent of the load; the particular constant value can, however, 
be selected by control of the variable-ratio transformer. It has also 
been shown that the phase of the e.m.f. can be varied by brush 
shifting so that this arrangement enables a constant e.m.f. of any 



Synchronous 
Driving Motor 


Fig. 6.S. Constaht-hobse-foweb. Drive with Frequency Convbrtbb 


desired magnitude to be injected into the secondary circuit of the 
main motor at any desired angle, 

OorrSTAiTT-HOBSE-POWEH Dbive. TMs alternative is shown in 
Kg. 6.3. The frequency converter is driven by a synchronous motor 
fed from the supply, and the converter slip rings are connected to 
another synchronous motor mounted on the main motor shaft. The 

+~(I.I04) 
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slip energy passing through the converter is thus returned to or 
taken from the motor shaft giving a constant-horse-power drive 
with a large torque at low speeds. 

The synchronous machine on the shaft must have the same 
number of poles as the main motor and it ivill then generate e.m.f.’s 
of a frequency /^(l — s). These e.m.f.’s are applied to the rings of 
the converter wMch is itself being driven at a speed corresponding 
to If it is driven in the opposite direction to the field the speed 
of the field will then be/j —/ji(l — s) = sf^ as in the previous case 
so that the e.m.f.’s produced at the brushes are again appropriate 
for injection into the main motor secondary circuit. 

The magnitude of the injected e,m.f. can in this case be controlled 
by varying the excitation of the synchronous machine, and the 
phase angle at which it is injected can he controlled by shifting the 
brushes as before. 

Construction of the Frequency Converter. Although a 
stator is not essential to the operation of the frequency converter it 
is desirable in order to provide a low-reluctance path for the flux 
as in the Leblanc exciter. Such a stator consists simply of unslotted 
laminations carrying no windings. 

It can be seen that in both types of drive there is a machine 
mounted on the main motor shaft—this usually runs at a fairly low 
speed in the large sizes for which schemes of this nature are desired 
so that the physical size of the auxiliary machine is considerable. 
With the constant-h.p. drive the d.c. excitation required for the 
synchronous machine is an added complication. The frequency con¬ 
verter is therefore not commonly used in practice although it forms 
a valuable adjunct to the Scherbius scheme described on page S3. 

Kramer Control (Synchronous Converter) 

A special case of the frequency converter scheme employs a 
synchronous converter as the auxiliary machine, i.e. a frequency 
converter changing from slip frequency to zero frequency (direct 
current). The main connexions for the constant-torque and con¬ 
stant-h.p. arrangements are shown in Kg. 6.4. The d.c. output 
from the converter can be supplied to a d.c. motor on the maiu shaft 
as shown in Kg. 6.4(a) giving the constant-h.p. drive, or it can be 
supplied to a d.e. motor driving an a.c. generator which returns the 
shp power to the supply as in Kg. 6.4(b) giving the constant-torque 
drive. In both cases the speed of the main motor is varied by 
adjusting the excitation of the d.c. motor which alters its hack 
e.m.f.—^this back e.m.f. is transmitted through the sjmobronous 
converter to its shp rings and hence is injected into the secondary 
circuit of the main motor at slip frequency. In both eases the low- 
frequency slip power is applied to the rings of the converter, and to 
facilitate the performance of the latter six instead of three slip rings 
are used as with normal synchronous converter practice.* 

* Say, The Performance and Design of A.C. Machines, Ch. XXII (Pitman). 
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A synclironous converter cannot, however, be designed to give 
satisfactory operation with less than about 10 c/s at its slip rings so 
that the shp frequency of the main motor must always be greater 
than this, i.e. the speed of the main motor must be less than about 
80 per cent or greater than 120 per cent of its synchronous speed. 
A continuous range of speed control both above and below syn¬ 
chronism is thus not practicable hut this system is occasionally used 
where speeds below synchronism are required. 



W (b) 

Fig. 6.4. Kbambb. Contbol System 

(а) ConBtant-h.p. drhe. 

(б) Constant-torque drive. 

The power factor of the current taken by the converter can be 
varied in the usual way by control of the converter excitation and 
this, therefore, varies the power factor of the main motor. 

A modification of the Kramer system which has been used for 
several large wind-tunnel drives employs a synchronous motor- 
generator set instead of a rotary converter. As the horse-power of 
a wind-tunnel fan falls with a decrease in speed, adding the slip 
power to the shaft would be inappropriate and it is returned to the 
supply as shown in Fig. 6,6. Control of the speed in this case is 
effected by adjusting the speed of auxiliary set 1 by varying the 
excitation of either of the d.c. machines. As with the ordinary 
Kramer scheme the maxunum speed of the main motor should not 
exceed 80 to 90 per cent of its synchronous speed. 

The above arrangement may seem to involve a large number of 
machines compared, say, to a simple Ward-Leonard scheme; for a 
fan drive, however, where power is proportional to (speed)^ it can be 
shown that the maximum rotor power is only about l/7th of the 








Xi! A.r. ('oyjMUTATOR MOTORS 

fuU-speed power sn that none of the auxiliary machines need exceed 
this size. 

The Scherbins Machine 

Instead of the series ■winding used in the Walker modification of 
the simple Leblanc exciter, shunt or separately-excited -windings 



Fio. 6.6. JIoDiFiED Kbambr Conieol 

Main 



Fig. 6.6. Stator op Saioent-tole Schkrbius Machine 

may he used; in such windings the exciting current is not dependent 
on the rotor current and auxiliary machines of this type are known 
as Scherbins machines.* The exciting current must, of course, be 
of slip frequency. 

The_ exciting windings may be placed in slots but, to assist com¬ 
mutation, they are more usually wound on salient poles as shown 
in Fig. 6.6. Compensating -windings must also be used in all cases 

* Some writers refer to the Walker machine as a Soherbius machrae with 
series windings. 
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to neutralize the armature m.m.f. so that the air-gap flux is solely 
due to the exciting winding. The armature coils have a span of 
approximately 120° so that both sides can be under the influence 
of a compole during commutation. The flux in a pole is in phase 
vflth the exciting current in the pole winding, and the e.m.f. between 


the brushes on each side of the _ 

pole is also in phase with the — " i 

current, the equivalent-star _ 

e.m.f. being, of course, 30° 
displaced from tliis. J i J 

The flux distribution in the 
saUent-pole arrangement is lX-t 

more comphcated than in the nnn ^/iiT fe— 

slotted arrangement, but the yyij 

fluxes rise and fall in sequence I_ 

so that the equivalent of a _ 

rotating field is produced. iJi 

Commutation difficulties ‘ Spll |_| 

limit the frequency of the rotor - 

currents to a maximum of 

about 20 c/s so that speeds- 

down to zero camiot be —D 

obtained. JUlrL 

jVlErHODs OF Excitation'. vVv 

Separate excitation may be - 1 

obtained from a firequency con- 
verter mounted on the main 

motor shaft as described in the ^ 

previous section and as shown - 

inEig. G.7(ci). The magnitude of - i if I 

the e.m.f. applied to the exeit- y cs ^ — 

ing winding can be adjusted 

by the regulator in the slip- Pi®- Excitation- of Schurbujs 
ring circuit of the converter but (Constant-tobqub Dbivbs) 

remains constant for any given SToSd wMine. 

settmg. The brushes deliver 


slip-frequency currents as required, and the reactance of the exciting 
■winding is therefore proportional to slip; the exciting current is 
thus dependent on slip, a typical curve being shown in Eig. 6.8(a) 
for an exciting winding having a 50 c/s reactance of 100 times its 
resistance and fed at a constant voltage. It can be seen that the 
current varies widely in the neighbourhood of synchronous speed; 
this variation can, however, be reduced to any desired amount by 
connecting swamping resistors in series -with the exciting -winding. 
The phase angle of the exciting current relative to the applied 
voltage also varies, tending to zero at synchronous speed. The 
phase of the applied voltage, can, of course, be adjusted by shifting 
the brushes of the frequency converter. 
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Instead of obtaining tbe variable voltage from the frequency 
converter by means of the regulator in the sGp-ring circuit it can be 
obtained by the use of two sets of movable brushes as in the Schrage 




Fio. 6.8. Vakiatios- of Exciting Ccrbent with Seif 

(a) £xcltatioii from freguency converter 
(,b) Stiimt excitation. 

motor (page 102); any desired e.m.f. can thus be collected from the 
commutator and some degree of phase-angle control can also be 
efiected. 

Shunt excitation is shown in Pig. 6.7(6) from which it is seen that 
the exciting voltage is the slip-ring voltage, i.e. sE^, and is therefore 
proportional to slip. The exciting current is therefore as shown in 
Pig. 6.8(6) and is seen to be almost independent of slip except in 
the neighbourhood of synchronous speed. This gives the desired 
shunt speed characteristics hut leads to difficulties, discussed later, 
when speeds above and below synchronism are required, necessi¬ 
tating passing through synchronous speed, The phase angle of the 
current is agaiu seen to he approximately 90° to the applied e.m.f. 
except near synchronous speed. 
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The use of the separate excitation with the frequency converter 
is limited to speeds within about 20 per cent of synchronism but 
has the advantage that the phase-angle control mentioned above 
enables the power factor of the main motor to be held at approxi¬ 
mately unitjr over the whole speed range. 

The shunt excitation is, however, more common on account of its 
simplicity. 

It should be noted that if the machine is designed to give an 
injected e.m.f. having a leading component at, say, sub-synchronous 
speeds, then, at super-sjmchronous speeds the component will lag 
due to the reversal of the slip e.m.f. Power-factor improvement 
both above and below synchronous speed is thus impracticable and 
it is usual in such cases to inject the e.m.f. at approximately 0° or 
180° to the secondary e.m.f. 

To obtain particular characteristics both separately-excited and 
shunt excitation may be used on the same machine; series windings, 
as used for the Walker machine, may also be included. 

Speed Vaudition- Above and Below Synchboeism (Ohmic 
Dkop Exoitee). If a speed range of, say, 30 per cent of normal 
speed is required it may be preferable to design the equipment to 
give a variation of 15 per cent above and 15 per cent below syn¬ 
chronous speed instead of 30 per cent below. The size of the auxiliary 
machine will then need to be only about 15 per cent of the size of 
the main motor instead of 30 per cent. A set of this type is referred 
to as a double-range equipment as compared to the single-range 
equipment when only speeds below synchronism are obtainable. To 
obtain speeds both above and below synchronism, however, involves 
certain complications and additional equipment. 

Suppose the main motor is running below synclu-onous speed with 
the e.m.f. from the auxiliary machine injected in phase opposition 
to the secondary e.m.f. As this injected e.m.f. Ej is decreased the 
speed rises towards synchronism and the frequency decreases to¬ 
wards zero. When Ej is made zero (by moving the tapping switch 
to the neutral point of the auto-transformer), the slip is governed 
by sE^ = where is the secondary circuit impedance, which, 
at the low frequency now obtaining, is almost entirely resistive. 

Any further increase in speed requires an e.m.f. Ej in the opposite 
direotion and, to produce this, the direction of the current in the 
exciting winding have to be reversed. Owing to the ohmic drop 
in the regulating machine, which is approximately in phasq with 
/j, the e.m.f. impressed across the auto-transformer caimot herecluoed 
quite to zero so that the field current cannot be reversed—no farther 
decrease in slip can therefore take place unless some additional 
apparatus is employed. 

The device generally used consists of a small frequency converter 
mounted on the same shaft as the main motor as shown in Mg. 6.9. 
The brushes are connected to the exciting circuit as shown so that 
some exciting current will be produced even though the tapping 
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switch on the auto-transformer is at the neutral point. The phase 
of the e.m.f. from the frequency converter is adjusted to be in phase 
with the secondary e.m.f. and therefore approximately with 
It is thus opposed to Ej when this is in such a direction as to 
give speeds below synchronism. The exciting current due to the 



Fig. 6.9. Induction Motor with Doubue-b.^nri: Schbbbiuh Gontbol 

e.m.f. from the frequency converter may be considered to set up an 
e.ia.f. Ejf in the secondary circuit of the main motor so that the 
total injected e.m.f. will thus be Ej — E^. This will thus be zero 
before the tapping switch on the auto-transformer reaches the 
neutral point. Further movement of the switch beyond this zero 
point will make the total injected e.m.f. negative and enable it to 
overcome the ohmic drop so that synchronous speed can be 
passed; sE^, and therefore the field current, is now reversed so that 
increasing the tapped voltage from the auto-transformer will now 
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raise the speed. At the moment of passing through synchronous 
speed the frequency converter acts as a synchronous converter and 
direct current is passed through the field ^vindhigs. As the main 
function of the frequency converter is to overcome the ohmic drop 
of the secondary circuit it is commonly called an ohmic drop 
exciter. 

Commutation. If the Scherbius type of machine is used to give 
speed control to the main motor over a fairly wide speed range, the 
frequency of the rotor currents may be one-third or more of the 
supply frequency. Considerable e.m.f.’s are thus induced in the cods 
short-circuited by the brushes when undergoing commutation, and 
it is necessary to fit oompoles to prevent sparking. These compoles 
must produce an appropriate local flux in the air gap opposite the 
coil-sides being commutated, and the smooth rotating field that 
would otherwise obtain is destroyed. 

It can he seen from Pig. 6.6 that a coil undergoing commutation 
is linked with the whole flux of one pole and therefore has induced 
in it a transformer e.m.f. of 

En = (V2)Tr/TeO volts . . (6.1) 

and this e.m.f. lags the flux by 90°. 

A rotational e.m.f to counteract this must be produced by the 
rotation of the conductors in the compole flux. The maximum e.m.f. 
induced in one side of a coil undergoing commutation is 

Sj, = BJjvT^ volts 

The compoles will naturally be excited by currents 120° apart, so 
that the e.m.f. induced in the other side of the coil will be displaced 
from it by 120° and the total coil e.m.f will be the difference 
between these two. The r.m.s. e.m.f per coil will thus be 

= [■\/3I-\/2)jBcLvTc volts 

If neutralization is to be complete this must equal the transformer 
e.m.f of eq. (6.1) in magnitude and phase so that, considering the 
magnitude, 

(V2)7r/r,0 = W2l^2)B,LvT, 

Bo = {277/(V3)iu}/a> 

It has already been seen that the flux O is approximately constant 
for a given speed setting so that a compole flux proportional to slip 
frequency is required; this is not easy to obtain and, in practice, 
a constant flux must be used which will give proper neutralization 
at one speed only. Such a flux can, however, conveniently be 
obtained by exciting the compoles in parallel with the main poles so 
that will vary as $ is changed for different speed settings. 

The phase of the compole e.m.f. must he opposite to that of the 
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transformer e.m.f. For the coil linked ■with pole A this is as shown 
in the diagram of Fig. 6.10. The e.m.f.’s induced in each coil-side 
by the compole flux are in phase with those fluxes and these are in 
phase with the corresponding main fluxes since the compole windings 
are in parallel with the main windings. It can thus be seen that the 
compotes on each side of pole A must have fluxes in phase with 
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and respectively, i.e. to produce the correct phase relation 
each compole must be excited by a current in phase with that of 
the main pole opposite to it. 

The above exciting winding on the compole will produce a flux 
that wfll neutralize the transformer e.m.f. but will have no effect on 
the reactance e.m.f. It has been shoum on page 31 that this e.m.f. 
is proportional to the current entering a brush, so that to provide a 
neutralizing e.m.f. for it a compole flux proportional to the current is 
required. This cannot, however, be produced simply by adding 
series turns to the compole since the compole flux must be suffleient 
to set up in the shunt winding a back e.m.f. equal to the applied 
e.m.f., and any series turns would simply cause an additional current 
to flow' in the shunt winding giving an m.m.f. to neutralize the series- 
turn m.m.f. To make the series turns effective they would have to 
he wound on a separate pole, i.e. the compole would have to be 
divided axially into two parts each with a separate winding; this 
complication is not usually warranted and only compensation for 
the transformer e.m.f. is provided. 

Analytical Treatment oi Motor and Regulating Machine Giving 

Constant Injected E.M.F. 

If the injected e.m.f, is constant it may he written 

Ej = bE2 

or, referred to primary, 

E/ = bEi 

= Ei(b cos + jb sin ji) 
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The general equations of page 55 thus become, all quantities being 
referred to the primary— 

V = IjZj + (a) >1 

Io^o = Ex (^) 

Ii = Io+V (<=) 

Is'Za/ = sEi + bEi = Ei(s + b) (d) > 


From (d) 

From (c) and (6) 


Therefore 


1/ = E,(5 + b)/z„' 

Ij = Bj/Zg -{- Ej(s + b)/z 2 / 




‘ 1 l/z„ + (a + b)/z 2 ,' 

Substituting in (a) 

^ ^ ^ + (^ + b)7z2/ 


The term in the bracket thus represents the impedance of the 
motor as viewed from the stator terminals. Substituting for the 
complex quantities* gives— 

V = Ii fri + jJBii 


1 s + 6 cos p . 6 sin ^ 

’>‘0 + »7+>7+T(s5i7+^'T ■' >-i+rc+]{sxL2+^L>) 


= Ii + 


_j_+_ I _:+_ I _ 

»-o+Fo ^a' + ^/ , sx^i'+^Le 

s + 6 cos ^ s + 6 cos ^ 6 sin ^ ^ h sin j3 


* If the regulating machine is a ftequency converter the terms r/ and 
include the resistance and reactance of the regulating transformer, the latter 
bemg the supply-frequency value and independent of slip. 
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The quantity in the brackets thus represents an impedance 
h in series wth three circuits in parallel, viz. 

+ b cos fi) + j(sa:i.' + + b cos /?) 

and (sxj^/ + Xj^/j/(b sin /?) — ](>■/ M r/}l{b sin fi) 



x. 


0 —V\A^W^ 

1 

1 

Tm < 

E 

m .rk + r'e 1 

T 

7 

r bsin/S ^ 

0“— -——1 

1 

1 


S-kb sin/3 


^^L2'*^Le 
Si-b cos (i 


(b) 

r, Xl, *x [2 



(c) 

Fig. fi.ll. Eqoivaienx Cmcurrs roK Induction Motor 
■«T iH “Shunt" Beotoatino Maohinb 
(a) Complete equivalent circuit. 

(&) Equivalent circuit assuming + a;jr/) small relative to (r/ r r') 
Apprcximato equivalent circuit. 

The equivalent circuit is thus as shown in Fig. 6.11(a) ; the mag¬ 
netizing impedance of Vg and Xg in series has, for oonvenience, been 
replaced by r„, and a;,„ in parallel and the reactive term 

- + r/)/(b sin ,3) 

has been represented by a capacitor since it is negative for all 
normal values of 
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Approximate Equivaleitt Circuits. If, as may be the case, the 
resistive term in the capacitive branch can be neglected relative to 
the capacitive term, the circuit can be simplified by considering this 
branch as part of the magnetizing branch as shown in Fig. 6.11(6). 

A still further simplification can be made by shifting the magnetiz¬ 
ing branch to the supply terminals, as is common with the induction 
motor, and also by rewriting the impedance 

+ b cos 13) 

as Xj^ 2 ' + i^Le — ^lA cos j8)/{s + b cos P) 

The equivalent circuit thus becomes as shown in Fig. 6.11(c). 

The right-hand portion of this circuit contains a variable resistance 
in series with a variable reactance, the ratio between the two being 
constant. As shmvn in Appendix 2 the current locus for such a 
circuit is a circle and, with the above values, the co-ordinates of the 
centre are given by— 

^ V _ . 

cos j9 _ \ 

+ + ^Lt ) 

Pj, = — Pj,. (.Ti/ - Xij'h cos ^)l(r2' -f r/) 






The second part of the denominator in the expression for Pj, is 
usually almost equal to unity so that P^,— 

It may be noted from the complete equivalent circuit that, if the 
e.m.f. is injected at 0° or 180°, i.e. for speed control only without 
power-factor improvement, the impedance of the right-hand branch, 
becomes infinite since sin ^ = 0. If injection is at 90° for power- 
factor improvement only, there will be current in both branches. 

The total rotor input, which is proportional to torque, is given by 
the /V loss due to the ciurents I 2 / and in the two branches of 
the equivalent circuit— 


Cl 'a ~T~ 'e 

^ 5 -1-6 cos/? 


Rotor copper loss = 

Regulating-machine copper loss = 

Mechanical output = rotor input (1 — s) 

Power to or from regulating-machine shaft 

= rotor input — copper losses — mechanical output. 

Iron, friction and windage losses in the regulating machine are 
neglected. 


Predetermination of Behaviour 

As with the series type of regulating machine the behaviour can 
be predicted either by drawing the locus diagram or analytically. 
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Example 6.1. The follo^raig data refer to an induction motor 
equipped with a shunt regulating machine (the same motor as in 
Example 5.1). Using the equivalent circuit of the previous section 
predetermine the behaviour of the machine. 


Rating; 3,000 h.p. (sjmeh. speed), 3-3 kV, 3-ph., 
coimected. 

Primary resistance jq = 

Primary leakage reactance Xjj^ = 

Secondary resistance (referred to primary) — 

Secondary leakage reactance (referred to 

primary) Xj^^ — 

Magnetizing equiv, resistance r,„ = 

Magnetizing equiv. reactance = 

Regulatmg machine resistance r^' = 

Regulating machine reactance x^J = 


50 c/s, star- 

0-1 0/ph. 
0435 D/ph. 
0-1 fl/ph. 

044 fl/ph. 
75 fl/ph. 

16 fl/ph. 
0-18 Q/ph. 
0-1 D/ph. 


(i) Reoulating Machine Used for Phase Advancing with no 
Speed Control. The e.m.f. required will be quite small and may 
be taken as 1/10 of the standstill secondary e.m.f. [b' = 04). 

The capacitive term in the right-hand branch is 0-2S/(s ~f b cos jS) 
and the resistive term will be (s x 0-44 -p 04)/(s + b cos ^). If s is 
small, as will be the case for power-factor improvement only, the 
resistive term will be less than half the capacitive term so that the 
approximate circuit of Eig. 6.11(c) may be used. 

The co-ordinates of the centre of the circle forming the current 
locus are— 




1,910 


2(0435 -p 0-44) ^1 


04 — 0-44 X b cos 

Ms 


04 


0435 -P 044 


955 

0-875{l - (04 - 0-44 b cos ^)0407) 


Py= -P^X (04 - 0-44 b cos /3)/0-28 


With 5 = 04 and for various values of /9 the centres are obtained 
as in Table 6.1. 


Tabm! 6.1 



cos /? 

0-44 b cos /S 


P. 

0° 

1 

0-044 

1,120 

- 224 

45“ 

0-707 

0-031 

1,125 

— 276 

90° 

0 

0 

1,138 

- 405 

136° 

- 0-707 

- 0-031 

1,162 

- 640 

180° 

- 1 

— 0-044 

1,166 

- 695 
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Tlie no-load current is approximately equal to the current in the 
shunt branch of the equivalent circuit, i.e, its power component is 
1,910/75 = 26-5 A and the reactive component is 

1,910 1,910 

7™- 0-28/(0d sin ;S) 

= 120 - (1,910 X 0-1 sin /3)/0'28 

and is therefore as shown in Table 6.2. 

Table 6.2 



0-1 sin p 

1,910 X 0-1 sm/3 
0-28 

-^scm 

0“ 

0 

0 

120 (lag) 

45“ 

0'0707 

483 

- 363 (lead) 

90“ 

0-1 

682 

— 662 (lead) 

136“ 

0'0707 

483 

— 383 (lead) 

180“ 

0 

0 

120 (lag) 



0 500 1000 

I-1-1-1_!j 


Scale (A) 

Bho. 6.12. CtfBBSNT Loci with Vabiotjs Anolbs os Im-jbction 
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From the position of the centres and the no-load points the circles 
for the current loci can be drawn as shown in Fig. 6.12. 

It can be seen that the general effect is to move the circles towards 
the left as ^ approaches 90°. 


Table 6.3 


Variable resistance R 


Variable reactance 

Impedance of variable 
branch . 

Admittance of variable 
branch ¥2 

Admittance of mag¬ 
netizing branch 

Admittance of niug- 
netlzlng and rotor 
branches . 

Impedance of mag¬ 
netizing and rotor 
branches . 

Stator impedance 

Total impedance . 

Total admittance 

Primary current 

B = 1,910 - Ii?! 


_^ 

- 0-48 -h 0-5 

- 0 ' 4 S >: 0-44 -f 0*1 


14 - j 5'5 = 15 /- 21 * 5 ° 


0-52 X O'U -f 0-1 

0^62- 


14 + jl 6-4 n = 21 -G/ 49 - 5 ° 


0 0067 / 21 - 5 * = 0-002 iO -0244 | 0 -Q 4 C 2 /- 49 - 5 ^ = 0-030 - jO -0352 


0-013 - jO-Ofid 


0-013 - j 0 - 0 C 2 


0-075 - j 0 -l )370 = 0 - 084 / - 20 - 5 ^ 0 - 04 S - jD -0972 « 0 - 106 /- 66 - 1 ° 


11 - 9 / 26 - 5 ^ = 10-6 + jo-O 
0-1 -i- jO -435 

10-7 -r J 5 - 7 S = 121 /a 8 -r 
0 - 0825 /- £ 8 - 1 ” 
158 /- 28 -r A 


0 - 44 / 06 - 1 °- s= 3 -S + j 8-0 
0-1 + iO -435 
3 -!) + J 9 -D 35 = 9 - 8 / 60 - 5 ° 
0102 /- 00 - 5 ° 
195 /- 06 - 5 * A 


1,910 - 158 /- 28 - 1 ° X 0 - 45 / 77 '* 1,010 - 195 /- 66 - 5 ^ X 0 - 45 / 77 ° 


« 1,910 - 71 / 48 - 9 ° 
= 1,864 - j 53-5 
= 1,870 y 


= 1,910 - 37 - 6 / 10 - 5 ° 
= 1,824 - illi 
« 1,824 V 


Kotor input 


3 X ( 155 )" X 14 


== 1,000 kW 


3 X ( 187 )® X 14 


= 1,460 kW 


Kotor copper loss 

Kegulatlng machine 
copper loss 


3 x( 155 )»x 01 

X,000 

3 X ( 156 )» X 018 _ ,, . ^ 


X ( 187 )= X O'l 


3 X ( 187 )^ X 0-18 


Mechanical output 


Power to regulating 
machine . 


1,000 X 1-48 
= 1,480 kW 
= 1,980 h.p. 


1,460 X 0-48 
= 700 kW 
= 040 h.p. 
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(ii) Speed Contbol Only. Suppose b = O-o and the e.m.f. is 
injected at 0° and at 180°. As sin = 0 the right-hand branch has 
an infinite impedance and carries no current. As cos = 1 for 
fj — 0° and — 1 for ^ = 180° the denominator of the left-hand 
rotor branch becomes s i 5. 

At no torque (no rotor current) the denominator s d: 5 must be 
zero so that s = dr i-e. s dr 0-5. The no-load speed is thus 60 per 
cent or 150 per cent of synchronous speed. 

There udU be a drop in speed as the load is added of, say, 2 per 
cent, so that typical calculations can be made with s — 0-62 and 
— 0-48. The results are given in Table 6.3. 

Applications of “Shunt” Machines 

Where speed control is required for drives requiring above about 
500 h.p., an induction motor fitted with a shunt, usually a Soherbius, 
type of regulator is the only practicable solution and has the merit 
of giving a continuously variable speed over the available range. 

The frequency converter is not generally used as it must be 
directly coupled to the induction motor and is therefore large and 
expensive for its output. The Kramer and the modified Kramer 
systems are limited to speeds not exceeding about 80 per cent of 
synchronous speed but are employed in a number of cases for fan 
drives in wind-tunnel installations where control dorvn to very low 
speeds is required. 

The most common scheme is the Scherbins single- or double-range 
regulator and this is used for rolling-mill motors, mine-^vmding 
equipment, large fan drives, etc. Several sets have been built in 
Europe and America as part of motor-generator sets for coupling 
power networks of different frequencies. Scherbius machines for 
power-factor improvement without speed control are also used in a 
number of installations. 

Eor drives requiring less than about 500 h.p. self-contained 
commutator motors as described in Part III are generally more 
economical. 


EXERCISES 6 

1. Find the ratios of voltage and frequency at the commutator and slip 
rings of a 4-pol6 frequency converter, the rings being connected to a 60-c/a 
supply; the converter has 6 slip rings and 3 brushes per pole-pair and is 
driven, in the opposite direction to the rotating field, at (a) 1,000 r.p.m. and 
(6) 1,600 r.p.m. 

2. A star-connected 3'3-kV, 700-h.p. induction motor has the following 
particulars— 

Stator: resistance = 0-5 fl/ph.; reactance = 4'7 f2/ph. 

Rotor: resistance = 0'006Q/ph.; reactance = 0-06 fl/ph. 

Turns ratio — 9:1. 

No-load current = 26 A at 0-15 p.f. 

(a) Find the primary current, power factor and h.p. when running at 3 per 
cent slip. 
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(6) The motor is equipped with a series slip regulator having a resistance of 
O'OOo fl/ph., a reactance of 0-03 H/ph. and giving an injected o.m.f. of 0‘01 V/ 
ampere 45° ahead of the rotor current. 

Find the primary current, power factor, h.p. output and power delivered 
from the regulator when running at 3 par cent slip. 

(c) The motor is equipped with a shunt phase advancer having a resistance 
of 0-003 fl/ph., a, reactance of 0-007 fl/ph. and giving a constant injected 
e.m.f. of 6-4 V. 

F'ind the primary current and power factor and the h.p. output when 
running at 3 per cent slip. 

3. The open-circuit voltage between the slip rings of a 3-ph., 600-h.p., 
20-pole, 50-c/a induction motor is 800 V when the motor is stationary and the 
stator is excited at normal voltage. The motor is equipped w-ith a Scherbius 
machine for speed control. If the normal slip at full load is 1 per cent, calculate 
the approximate voltage and current of the Scherbius machine when the 
induction motor is running at speeds of 225 and 350 r.p.m. and is developing 
full-load torque. Assume that the reactance per phase at 50-o/s of the star- 
connected rotor winding of the induction motor is 20 times the resistance per 
phase and that the Scherbius machine operates at unity power factor. 
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CHARTER 7 

TYPES OP MOTOR 

With the exception of the tirree-phase series motor, all the types of 
three-phase commutator motor that hare been developed are 
modifications of the ordinary induction motor; the necessary com¬ 
mutator for the production of slip-frequency e.m.f.’s is incorporated 
in the motor itself instead of forming part of a separate machine as 
described in the previous chapter. Self-contained motors of this 
type may be built to give speed and power-factor control or only 
power-factor control, the latter being commonly referi'ed to as 
compensated induction motors. 

In most eases commutation difficulties limit the size for which 
these motors can be built to about 500 h.p. Up to this size, however, 
the self-contained motor is generally superior in behaviour to and 
lower in cost than the ordinary induction motor fitted ivith an 
auxiliary machine to give similar characteristics. 

A considerable number of different types of motor have been 
devised, and the more important are briefly mentioned in this 
chapter. Only a few have, however, been commercially successful, 
these being discussed more fully in the succeeding chapters. 

The Heyland Motor 

The earliest of the compensated motors was developed by Heyland 
in 1901. The stator is similar to that of an ordinary induction motor, 
and the rotor carries a commutator winding with three brushes per 
pole-pair as shown, for a two-pole machine, in Pig. 7.1(a). The 
rotating field in the air gap moves past the brushes at supply 
frequency, so that the commutator converts from supply frequency 
at the brushes to slip frequency in the rotor conductors. An e.m.f. 
for injection into the secondary circuit can thus be obtained from 
tappings on the primary as indicated, and the phase at which this 
e.m.f. is injected can be varied by shifting the brushes. 

Modifications of this motor are— 

(i) A machine in which an auxiliary -winding is used instead of 
tappings on the stator winding for pro-viding the injected e.m.f., the 
arrangement being as sho-wn in Pig. 7.1(b). 

(ii) A machine in which the rotor carries an ordinary cage or slip¬ 
ring winding and a separate commutator winding, as sho-wn in 
Pig, 7.1(c), the brushes being connected to tappings on the stator 
winding or to a separate -winding as before. In this case the 
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commutator \\ inding has to oan'y only the magnetizing current and 
not the whole secondary cuiTent. 

With each of these motors the magnitude of the injected e.m.f. is 
fixed although its phase is variable by brush shifting. They are thus 
suitable for giving an improv’ed power factor but not for speed 
control. 





!FrG. 7.1. Fouhs of BteVLAirD Motor 

(a) Tappings on stator a Indlng. 

(ft) Separate SUtor winding. 

(c) Separate commutator winding. 


Eichberg Motor 

This may be regarded as a further modification of the Heyland 
motor in which speed as well as power-factor control is obtainable. 
Instead of a single tapping on each phase of the stator winding there 
are a number of tappings connected to a tapping switch, as shown 
in Fig, 7.2(a), so that various values of injected e.m.f. can be 
obtained. If the brushes are adjusted so that these e.m.f.’s are 
injected at about 0“ or 180° to the secondary e.m.f. a corresponding 
number of no-load speeds are obtained. Since the e.m.f. mjected 
will be constant the speed-torque characteri.stics will be as shown 
in Fig. 7.3(aJ. 

The injected e.m.f. can be varied &om its maximum value down 
to zero by moving the tapping switch but it cannot he reversed, so 
that only a range of speeds either above or below synchronism can 
he obtained. 

An alternative arrangement employs a separate tapped winding 
as shown in Fig. 7.2(6). By connecting the mid-points of these 
windmgs in star, variation of speed both above and below synchron¬ 
ism can be obtained. 
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Pig. 7.2. Eiohbebg Motoes 

(a) Tnpiicd stator wlndlDR. 

(b) Tapped auxiliary winding. 



Pig. 7.3. Speed-TOB tjirB Cueves 

to) Eichlierg, doubly-fed, Schragp motors 
(ft) berles motor. 


Doubly-fed Motor 

Instead, of obtaining the injected e.m.f. from tappings on the 
stator winding as in the Eichberg motor, a separate Tariable-ratio 
transformer can be used as shown in Fig. 7.4. By connecting the 
mid-points, instead of the ends, of the windings in star, reversal of 
the injected e.m.f., and therefore speeds above and below syn¬ 
chronism, can be obtained. 
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As an alternative to the tapped transformer an induction regulator 
can be used and has the advantage of giving a smooth, instead of a 
stepped, speed variation. The induction regulator, however, on 
account of its air gap, takes a greater magnetizing current than the 
transformer. 

The variable-ratio transformer has to deal ■with the slip power, 
and, as shown on page 47, for a wide range of speed this viU he 
nearly as great as the motor power. The transformer or regulator may 



therefore be as large as the motor and the unit is no longer self- 
contained ; the auxiliary item is, however, a static piece of apparatus 
and this type of motor, in practice, has proved to be commercially 
successful. It is discussed more fully in the next chapter. 

The Osnos (No-lag) Motor 

This motor, first proposed in 1902, is designed to operate at unity 
or leading power factor and may therefore be classed as a com¬ 
pensated induction motor. Its construction differs from the ordinary 
induction motor in that the primary winding is on the rotor, fed 
through slip rings from the supply, and the secondary winding is on 
the stator. 

In its simplest form the rotor (primary) -winding is also connected 
to a commutator from which three brushes per pole-pair collect an 
e.m.f. and inject it into the secondary (stator) winding as shown in 
Pig, 7 . 0 (a). With a supply voltage of 400 such an arrangement would 
give too high a voltage at the commutator, and it is therefore more 
convenient to have the primary and commutator (tertiary) -windings 
electrically separate as shown in Pig. 7.5(b). The two -windings are 
in the same slots, the commutator winding usually being uppermo.st. 
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The primary-winding currents set up a rotating field moving at 
synchronous speed relative to the rotor conductors. The rotor itself 
runs in the opposite direction to this field due to ordinary induction 
motor action so that the speed of the field relative to the fixed 
brushes is slip speed. E.m.f.’s of slip firequency thus appear at the 




W (b) 

Fig. 7.5. Oauos Motob 

(a) SlnglQ rotoi winding. 

(b) Separate primary and commutator windings. 


brushes and can be injected into the secondary circuit. The magni¬ 
tude of these e.m.f.’s, for a given air-gap flux, is constant hut their 
phase angle may be varied by shifting the brushes. As normally 

Lead 
VO 

Power 
Factor 

La-i 


50 100% 0 SO 100% 

Torque Torque 

(a) Ch) 

Fig. 7.6. Poweb-paotob. Cubvbs 

(a) OsnoB, Fynn-Weichsel motors. 

(ii) Torda motor. 



built the brushes are so placed as to inject an e.m.f. at an angle ^ of 
approximately 90° to give power-factor improvement and the speed 
is approximately synchronous speed. A typical power-factor 
characteristic, compared to that of an ordinary induction motor, 
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is shown in Fig. 7.6(a). The motor has proved commercially 
practicable under the trade name of ‘‘N'o-Iag Motor,” and is more 
fully described in Chapter 10. 

The Schiage Motor 

This is a modification of the Osnos motor, suggested in 1914 in 
order to enable speed variation to be effected. The construction is 
similar to that of the Osnos motor except that each secondary phase 
has two sets of brushes per pole-pair connected as shown, for a two- 
pole machine, in Fig. 7.7. The connecting leads between the brushes 



and the stator winding are flexible, and the brush rockers are de¬ 
signed so that they can be moved in order to vary the angle Q. A 
variable e.m.f. can thus be collected from the commutator and 
injected into the secondary circuit. By allowing the brushes to pass 
each other on the commutator the injected e.m.f. can be reversed 
and speeds both above and below synchronism obtained. This motor 
has also proved very satisfactory in practice and is more fully 
described in Chapter 9. 

The Torda Motor 

This machine, at one time manufactured under the trade name 
“AO-watt Motor,” is an ordinary induction motor with a simple 
Leblanc exciter incorporated within it. The secondary winding is 
arranged in slots around the outer periphery of the rotor in the usual 
way and brought out to three sUp rings for starting, and for con¬ 
nexion to the fixed brushes of the commutator winding. A commu¬ 
tator winding is arranged ui slots on the inner periphery of the rotor 
core plates as shown in Fig. 7.8(a). The two winduigs have different 
numbers of poles so that there is no mutual induction between them, 
and the commutator winding which is, m fact, a Leblanc exciter acts 
quite independently of the secondary winding except that its speed 
is the same; it is connected in series with the rotor winding as in 
Fig. 7.8(6). 
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The beha^'ionr of the motor can be illustrated by considering the 
particular ease of a 6-pole, 50-c/s, induction motor running with a 
slip of 5 per cent and having a commutator winding arranged for 
four poles. With six poles the synclironous speed is 1,000 r.p.m. 
and at 5 per cent slip the actual speed is 950 r.p.m., and the frequency 
of the rotor currents is 2-5 c/s. These cim'ents are supplied to the 
brushes of the commutator wintling, and the speed of the rotating 
magnetic field set up by them is (2-5/2) x 60 = 75 r.p.m. The 
actual speed of the conductors is, however, 950 r.p.m., i.e. much 
faster than the .speed of the field so that, as in the ordinary Leblanc 



I'da. 7.8. Torua Motor 




, Rotor core section. 
t>) Connc.'cloti dlnBraiii. 


exciter, the commutator winding acts as a capacitor and injects into 
the secondary circuit an e.m.f. leading the current by 90° and 
approxhnately proportional to the current in magnitude. 

A typical power-factor characteristic for such a motor is shown in 
Fig. 7.6(6). There is, as with the ordinary Leblanc exciter, little 
improvement of power factor at low loads. The commutator whiding 
need not be in circuit at starting and therefore does not have to 
carry the heavy starting currents. 

The Fynn-Weichsel Motor 

This motor, at one time popular in America and also manufactured 
in this country luider the trade name “True-watt Motor,” has the 
primary winding on the rotor with a commutator winding placed in 
the same slots as is done in the Osnos and Schrage motors. There 
are two secondary phases, as shown in Fig. 7.9, one being coimected 
to two brushes on the commutator and the other being short- 
circuited on itself. The motor is started as a plain induction motor 
by the resistance in each of the secondary phases—as the resistance 
is cut out and the motor reaches nearly synchronous speed a syn¬ 
chronizing torque is set up as in the synchronous-induction motor 
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and the motor pulls itself into synchronism and continues to run as 
a synchronous machine excited by direct current obtained from the 
commutator. The short-circuited secondary winding now acts as a 
damper winding. The power-factor characteristic of the motor is 
very similar to that obtained wdth the Osnos motor (shown in Fig. 
7.6(a)). 

The Three-phase Series Motor 

If a series characteristic is required from a three-phase motor, 
the stator and rotor windings may be connected in series as shown 
in Fig. 7.10, the rotor winding being connected to a commutator. 



Fig. 7.9. FyirN-WBiOHSBi, Fig. 7.10. Thbee-vhase Series 

Motor Motor 

The characteristics are as shoum in Fig. 7.3(b). Such motors have 
been used to a considerable extent in Europe but have not so far 
found much favour in this country or the U.S. A. They are, however, 
of uiterest and are more fuUy discussed in Chapter 11. 

EXEKCISES 7 

1. A doubly-fed motor has a stator input of 50 kW, and tho injected e.m.f. 
is adjusted so that the machine runs at one-third of synchronous speed. 
Neglecting losses, determine the shaft torque in synchronous watts, the power 
carried by the auxiliary transformer, the total power taken from the supply 
and the mechanical output. 

2. A 6-pole, 50-e/s, Schrage motor lias a standstill secondary o.m.f. of 100 V. 
What must be the e.m.f. induced between tbs brushes to give a no-load speed 
of 1,500 r.p.m. ? At what speed will the air-gap field be rotating under these 
conditions ? If the diametric voltage of the commutator winding is 80 V, what 
win be the angular displacement between the brushes (in mechanical degrees) ? 

3. In a 60-c/s, 6-pole, Torda motor the conunutator winding has 2 poles and 
a reactance of 2 fl/ph. at 60 c/s and with the rotor stationary. Calculate the 
reactance when the motor is running with a slip of 10 per cent. 
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THE DOUBLY-FED MOTOR 

It -vvas explained in tte preceding chapter that commercial forms of 
the doubly-fed motor have been developed in which the e.m.f. for 
injection into the secondary circuit is obtained from the supply 
through a variable-ratio transformer or an induction regulator. 

The motor comprises a stator similar to that of an ordinary 
induction motor and a rotor carrjdng a commutator 'winding and 




Pie. 8.1, SoHBKATio Diaoram or DouBLY-rsD Motor 


Regulator 

(SecondAru 

Winding) 



FlO. 8.2. SECOHDARY CmonrE with DlAiIETRICAI.I,Y-OONNECTKD 

Brushes 
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commutator ^vith thi'ce sets of symmetrically-spaced brushes per 
pole-pair. The commutator converts the injected e.m.f. obtained 
from the transformer from supply frequency to slip frequency as 
described on page 25. A schematic connexion diagram for a macliine 
■with three brushes per pole-pair is shown in Fig. 8.1 in which the 
rotor winding is represented by its equivalent-star circuit. In Fig. 8.2 
is an alternative arrangement of the secondary circuit with sLx 
diametrically-connected bru.shes per pole-pair. 

M.M.F.’s and Flux 

The three-phase currents in the stator winding set up a rotating 
m.m.f. w'hich has a fundamental of constant magnitude and moving 
at synchronous speed as described on page G. The rotor carries 
three-phase ourrents supplied to it through the commutator, and, 
.since the frequency of the currents at the brushes is supply fre¬ 
quency, they also set up a rotating m.m.f. moving at synchronous 
speed irrespectiv’e of the speed of the rotor; the connexions are so 
made that these two m.m.f.’s move in the same direction. The axes 
of the two m.m.f.’s are, however, not coincident but depend on the 
position of the brushes and on the phase angle between the stator 
and rotor currents. Wliatever their position, however, their resultant 
is a rotating m.m.f. -which sets up the main rotating flux in the air 
gap moving at synchronous speed; for most purposes, it may be 
assumed to be sinusoidally distributed over a double-pole pitch. 

A difference between the action of the doubly-fed and of the 
induction motor may thus be noted—^in the doubly-fed motor the 
rotor m.m.f. moves at synchronous speed as a consequence of the 
fixed brush position; in the ordinary induction motor the rotor 
m.m.f. moves at shp speed relative to the rotor conductors, but as 
these are moving at a speed corresponding to (1 — s) the total speed 
of the m.m.f. relative to the stator adds up to synchronous speed. 
In each case the result is the same although arrived at by different 
internal phenomena. 

The maximum values of the two fundamental m.m.f.’s are— 
Stator m.m.f. 

F — {Si^/2}|7r}I^Tl ampere-turns 

Rotor m.m.f. 

F = {^['\/2)Itt}I^T2 ampere-turns 
where is the brush current and is the effective equivalent-star 
turns per pole-pair for the three-brush an'angemeiit anrl the effective 
turns per pole-pair in series between diametric brushes for the six¬ 
brush arrangement. 

E.M.F.’s 

The e.m.f. induced in the stator -winding by the rotating flux of 
O webers is (from eq. (2.7a), page 21)— 

Fi = [■\/2)TTfiT^<f>lc„ volts per phase 
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The e.in.f. between brushes is (from eq. (i.ll), page 24)— 

E = (V2){TJa){f, -J,)0 sm (0/2) = (v'2)(T„/a)s/,<D sm (0/2) volts 

The equivalent-star value for the tliree-brush arrangement 
(0 = 120°) is thus 

^ = {^IV^)i^ala)sfjO volts 

and for the six-brush diametric arrangement (0 = 180°) the value is 
E = volts 



“fp 0 Jorcjue 

Injected tOf, Ej 

(a) (.b) 


Fio. 8.3. ApruoxiMATE Speed Chabactekistios or Doubly-fed Motob 

(а) No-load speed. 

(б) Spccd-torque characteiUties, 

Approximate Speed Characteristics 
An approximate idea of the speed characteristics can be obtained 
if it is assumed that the e.m.f. from the transformer is injected at 
0° or 180° to the secondary e.m.f., as is usually the case with this 
type of motor. 

No-load Speed. At no load the secondary current will be small 
and the secondary impedance drop may be neglected. The e.m.f. 
equation for the secondary circuit thus becomes 

sE^ — it Ej 

so that 5 = i EjjE^ 

and Kr = =t Ej/E^) 

i.e. the slip is proportional to the injected e.m.f. as shown in Tig. 
8.3(a). There is no difficulty in making E, have any deshed value 
from zero up to.a value equal to the secondary standstill e.m.f. so 
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that no-load speeds from zero up to about twice synchronous speed 
can be obtained. 

Speed-tokque Chaeactebistics. Loading the machine does not 
influence the value of E, but tends to cause a slight drop in speed 
and therefore a corresponding increase of sE^. In accordance with 
the general rotor-circuit equation, = i value 

of therefore of will increase. Tins gives rise to an 

increase of torque tending to maintain the speed which will therefore 
become stable at a value shghtly less than the no-load speed. 

From the above equation 

s — M S,[E^ 4 - 

= no-load slip -)- 

Assuming torque to be approximately proportional to current, the 
speed-torque curves over the normal working range of torque can 
be plotted as shown in Fig. 8.3(6). It is thus seen that the motor can 
give shunt speed characteristics over a wide range of speed. 

Complete Curves. The expression worked out on page 51 for an 
induction motor with an injected e.m.f. in the secondary is valid 
for the doubly-fed motor, and, if constant flux is assumed, families 
of speed-torque curves can be drawn sianlax to those of Fig. 4.8. 

Starting Torque. At starting (s = 1) the above-mentioned 
expression reduces to 

TM, = K{E^rfilz 2 ,^ -f- E^l^r^ cos -f sin ^)lz 2 ^} newton-metres 


where -j- 

If jS = 0° or 180° this can be written 




K 


‘'Li 


I \ 


[E^ ± F,) 


where the negative sign refers to sub-synchronous speeds. 

For a given value of Ej, therefore, the starting torque depends on 
the rotor resistance iu exactly the same way as for an induction 
motor, with the maximum torque when == It can also be 
seen that the starting torque is dependent on Ej. If Ej is large and 
negative, i.e. ^ = 180°, corresponding to a transformer setting for 
sub-synohronous speeds the starting torque wiU be low. With a 
high-speed setting = 0°) the starting torque will be high. 

The secondary starting current, however, is also proportional to 
(Fg ± Ej) so that it wUl be low with low-speed settings and high 
with high-speed settings. 

Since motors of this type rarely have to start against heavy loads 
it is usual to switch them direct on to the line with the transformer 
tappings adjusted to the lowest-speed setting, an interlock between 
the tapping switch and the main switch ensuring that this condition 
is f ulfill ed. Under these conditions with motors having a 3:1 speed 
range starting currents up to about twice full-load current are taken 
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and give starting torques of 1-5 times full-load torque. Large 
motors may req^uire the addition of some resistance in the rotor 
circuit both to increase the starting torque and to cut do'^m the 
current. Small motors may, however, safely be started by switching 
direct on to the line even if not on the low-speed setting. 

Sup Power. The conditions relating to the slip power are similar 
to those investigated generally on page 47 and, for this particular 
machine, may be written— 


Motor input = 


stator 

loss 


rotor 

+ resistance ± 
loss 


shp power to 
or from 
supply 


+ 


mechanical 

output 


The mechanical output is (1 — 5) times the total secondary input 
so that at speeds below synchronism (s positive) the slip power is 




Fio. 8.4. Rotoh Quantities Viewed veom Kotob, Teumtnais 

(rt) Suh-synchronoua apeeda, 

(6) Super-synchronoufi speeds. 


returned through the transformer to the supply. At speeds above 
synchronism the shp power is negative and is fed to the motor 
through the transformer. Under these circumstances power is fed 
to both stator and rotor, giving rise to the name “doubly-fed” 
motor. For a given stator input (neglecting losses) the torque at 
the shaft is constant for all speeds. 

Complexor Diagram of Rotor Quantities 

Owing to the phase displacement that may be introduced by 
sliifting the brushes, two methods of drawhig the complexor diagram 
are possible, dependhig on whether conditions are viewed from the 
rotor conductors or from outside the rotor. 

Outside View. The flux complexor can be used as a reference 
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as ill the ordinary induction motor, and the primary induced e.m.f. 
Hi will lag 90° behind it as shorvn in Fig. 8.4. The injected e.m.f. 
from the transformer, neglecting small displacements due to voltage 
drops, will be in phase or in phase opposition to Fij. At sub-s 3 nichi-on- 
ous speeds the injected e.m.f. leads the flux by 90“ as shomi in 
Fig. 8.4(a) and the e.m.f. between brushes if these brushes are 
sliBted by an angle p from their neutral position in the direction of 
the rotating flux, will be displaced by the angle p as shomi. The 



Fio. 8.5. Rotor Quaj^xities Viewed trom Rotor Conductors 

(df) Sul»''?3T}chronoufl speeds. 

(ft) Super-synchronous speeds. 


resultant of these two e.m.f.’s overcomes the impedance drop of the 
secondary circuit (including the transformer) IjZgs as shown. The 
secondary current Jj can be dra^vn lagging IjEgs the angle 
tan“^(r 2 /a;jr 2 ,) where and are the resistance and reactance of 
the secondary circuit, the reactance being variable with slip as 
explained below. At super-synchronous speeds the injected e.m.f. 
lags the flux by 90° so that a is negative and the diagram is as 
shown in Fig. 8.4(6). 

InsroB View. Viewed from the rotor conductors the e.m.f. in¬ 
duced in them by the air-gap flux at sub-S3mohronous speeds lags 
the flux by 90° as in the ordinary induction motor and as shown 
in Fig. 8.5(a). The injected e.m.f. in this case is ahead of its position 
in Fig. 8.4 by the angle p. The complexor diagrams for sub- and 
super-synchronous speeds are thus similar to those of Fig. 8.4 except 
that the quantities are advanced by the angle p. 

Since torque production depends on the interaction between rotor 
currents and flux, i.e. upon conditions inside the machine, the inside 
diagram is generally more convenient and is used in what follows. 

The doubly-fed motor is normally built with its hmshes set in a 
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definite fixed position. It should therefore be noted that if the brush 
displacement is p the phase of the injected e.m.f. will be p for super- 
synchronous speeds and p -f-180“ for sub-synchronous speeds. 

It can be seen also that, if the brushes are given a shift so that the 
injected e.m.f. has a component leading E^ by 90° at super-synchron¬ 
ous speeds, it will have a component lagging by 90° at sub- 
synchronous speeds and vice versa. 



Fio. 8.G. Complete Complbxok Diaobam: Sub-syncheonotjs 
Speeds 

SECONDABY-omctriT Resistance and Reactance. The second¬ 
ary-circuit resistance includes that of the transformer and, neglecting 
variability of brush chop with current, is independent of speed. 

The transformer carries currents that are always of supply fre¬ 
quency, and its leakage reactance is therefore constant and given 
by XJ^^. As explained in Chapter 3 (page 39) the impedance of the 
commutator winding, Zj,, is due chiefly to the effect of the currents 
in the rotor conductors, which are at slip frequency; neglecting the 
effect of the current change during commutation the total secondary- 
circuit reactance is thus -j- •■»/,<- 

5—(T.io.)) 
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Complete Complesor Diagram 

The diagi'cams of Tig. 8.5 can be extended to include the stator 
quantities as sho^vn in Fig. 8.6 for sub-synchronous speeds. To set 
up the flux a magnetizing current and a core-loss component I,., 
giving a total current for the magnetic circuit, are required. 



Fio. 8 . 7 . Complete Complbxob Di.coba.m: SuPEB-.sYifDmioNOus 

Speeds 

The rotor current sets up an m.m.f. which must be counter¬ 
balanced by a corresponding m.m.f. set up by a stator current 
such that The total stator current is thus 

To -h Tg'. The applied voltage F can be found by adding the stator 
resistance and leakage reactance drops and to the back 

e.m.f. — in the usual way as shown. 

The total supply current I is made up of the stator current I-y 
'and the current fed to the rotor through the transformer. If Tj, 
and T, are the primary and secondary turns on the transformer this 
current is related in magnitude to the rotor cmrent I„ by 

I, = 
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Due to the brush shift the curreut in tlie transformer secondary 
leads the rotor current by the angle {p + 180°) so that I^t can be 
drawTi leading I 2 by the angle (p + 180°). 

The current If 'H'ill be opposite in phase to this and can be added 
to Ji as shown. There will be a magnetizing current for the 
transformer which can also be added giving the total current taken 
from the primary I as shown. 

It will be observed that the current If has a power component 
opposed to the applied voltage, indicating that power is being 



fa) (b) 

PlO. 8.8. CoMPLEXOW DiAGKAMS with £lf at 0° OR 180° TO JDf 

(a) Sub-syncliTonoas speed?. 

(ft) Super-synchrunoua speeds. 

returned to the supply as would be expected when the motor is 
mnning below synchronous speed. 

A similar diagram can be drawn for super-synchronous speeds as 
in Pig. 8.7—in this case it will be observed that the current If has 
a component in phase with the applied voltage, indicating that 
jiower is bemg supplied to the rotor as well as to the stator. 

Power Factor 

It can be seen from the complexor diagrams that, if the brushes 
are adjusted to give a shghtly leading injected e.m.f. at high speeds, 
a high power factor at these speeds is obtained; on reversing the 
e.m.f., however, to obtain low speeds the effective angle of injec¬ 
tion of Ef, becomes greater than 180° and a very low power factor 
results. If (3 is made slightly negative at high speeds.the power factor 
can be made good at low speeds hut poor at high speeds. The 
magnetizing current of the variable-ratio transformer, of course, tends 
to reduce the overall power factor at aU speeds. 

It is thus desirable to operate with the brushes approximately in 
their neutral position, i.e. with the injected e.m.f. in phase or phase 
opposition to E^, as in Fig. 8.8. At sub-synchronous speeds, s will 
be large, giving rise to a fairly large secondary leakage reactance in 
the rotor winding—^the secondary current will thus lag in 

Fig. 8.8(a). At super-synchronous speeds the slip becomes negative, 
i.e. the rotor tends to act as a capacitance and the angle of lag of 
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the secondary current behind /^Sj, will be small ur may even lead. 
Even with brushes on neutral, therefore, the low-speed power factors 
tend to be considerably lower than those at high speeds. 

An improvement of power factor at all speeds can be efEected by 
injecting into the secondary circuit an e.m.f. Ej„ leadiirg by 90'“, 
the oomplexor diagram then becoming as in Fig, 8.9. Two convenient 



Flo. 8.9. (JourLESOn Diagr-aais with AuumoNAL E.M.F. 
Injected at !)0° 

(a) Suli-synctironous apeedH. (ft) Super-synclitouoiia speeds, 

methods of obtaining this auxiliary e.m.f. are described below while 
on page 117 are described special types of regulating transformer 
for giving the same effect. 

AtrxiLiiay Teansfobmer. A transformer with its primary con¬ 
nected across, say, phases £ and C will give a secondary e.m.f. at 
90° to that of phase A, and the secondary winding of such a trans¬ 
former can therefore be connected in phase A of the secondary 
circuit as shown in Fig. 8.10(a). 



FlO. S.IO. CONOTXIOJSS EOR PoWER-rAOTOa IMEBOVEMENT 
(ShOWINO ONIY ONE Secondaby Phase) 

( 1 C ) Aiuxillary transformer. (ft) .Auxlltary stator wlndlnij. 
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Auxiliary Statob Windinb. An alternative sonroe of the leading 
e.m.f. is an additional ivinding (Fig. 8.10(6)) on the stator in the 
same slots as the primary winding but wdth its axis located at 90“ 
to the main-winding axis. The amount of lead imparted to the total 
injected e.m.f. for a given value of Ej can be increased slightly by 
injecting at about 60“ instead of at 90°; this, of course, reduces the 
speed slightly since there is a component of in phase with E^, 
The auxiliary stator winding is used for the majority of medium¬ 
sized i-20-V machines, but for large or high-voltage motors the 
auxiliary transformer is preferable while for small motors up to 5 or 
10 h.p. the special form regulating transformer is available. 

As a result of these arrangements the power factors of large 
machines tend to be higher than those of an induction motor of 
corresponding size but for small machines it is lower, due chiefly to 
the large magnetizing current taken by the voltage regulator. 


Commutation 

The coils short-circuited by the brushes during commutation have 
induced in them an e.m.f as a result of their being cut by the 
rotating field at a speed equal to the difference between the speeds 
of the field and of the rotor. The e.m.f is thus, from eq. (3.2a), page 

3-, given by ^ ^ ±/,)2’c® volts per coil 

= (v^2)7Ts/i!r(,0 volts per coil 


It is thus proportional to slip and is high at starting, zero at 
synchronous speed and increases again at super-synchronous speeds. 

Conditions at starting thus impose a limit to the flux per pole as 
shoivn in Table 3.2, page 34. Conditions near to synolnonous speed 
are the most satisfactory so that, although motors can be built for 
speed ranges as wide as l-IO, it is usual to limit the range to between 
0’5 and 1-4 times synchronous speed. 

In addition to the above e.m.f. there is also the reactance e.m.f 
which cannot be neutralized by means of compoles; one of the 
discharge windings described in Chapter 3 is therefore usually fitted 
on all machines above about 5 h.p. 


Voltage (Speed) Regulators 

The variable injected e.m.f may be obtained from a tapped 
transformer or &om one of several forms of induction regulator, the 
latter being more usual in spite of the higher magnetizing current 
which they take on account of their air gap. 

Tapped Teanspokmee. Although essentially simple, a tapped 
transformer has two important disadvantages which preclude its 
general use: (i) as there must be a finite number of tappings, only 
a fixed number of speeds can be obtained, and (ii) change of tapping 
must be made without interrupting the circuit, leading to the usual 
difficulties due to short-circuiting some turns of the winding when 
moA’^ing fi'om one tapping to the next. 
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Single Induction Regulator. An ordinary single-wound induc¬ 
tion regulator gives a secondary voltage which is constant in 
magnitude but variable in phase relative to the primary voltage as 
shown in Fig. S.11 (g). It can thus produce a component of injected 






fc) 

Fig. 8.11. Types of Induction Regulatok 

(a) Single regulator. 

(b) Double regulator. 

(c) Biased double regulator. 

e.m.f. wliich is in phase with and variable between + E, and 
— Ej, but associated with this is a leading component which varies 
between 0 and Ej. Although a leading component is desirable, as 
explained on page 114, it requires to be only a few per cent of the 
in-phase component, and the value produced from the single regu¬ 
lator is much too large. Such a regulator is therefore impracticable. 

Double Induction Regulator. By using two regulators with 
their secondaries in series, each giving half the required voltage, 
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arranged so that their phase displacements cancel each other as 
shown in Fig. 8.11(6), an injected e.m.f. variable between + Ej and 
— Ej and having no lagging or leading component is obtained. Snch 
a regulator gives a continuously variable speed and is commonly 
used except for very small machines; an auxiliary transformer or 
stator wdnding gives the necessary power-factor improvement as 
described on page 114. 

Biased Double Ixotjction Regulator. A small quadrature 
component of e.m.f. can be introduced for power-factor improve¬ 
ment by using a double induction regulator in w'hich the secondary 
e.m.f.’s are unequal. The complexor Vagram thus becomes as shown 
in Fig. 8.11(c), and the end of the injected e.m.f. complexor follows 
the dotted elliptical locus. Maximum power-factor improvement is 
thus effected at the middle portion of the speed range but not at the 
extreme limits—a satisfactory amount of improvement is, however, 
obtained over most of the range. The differing secondary e.m.f.’s 
could be obtained by different numbers of turns on the secondary, 
but as the total number of secondary turns is usually small it is 
generally more convenient to have different numbers of turns on the 
primaries, thus giving different fluxes. 

Modified Single Induction Regulator. Various modified 
forms of single regulator, combined ivith the auxihary stator winding 
or separate transformer described on page 114, are described by 
Schwarz.* The merits of these special single regulators are a smaller 
quantity of material used, lower loss and lower leakage reactance. 

Determination of Characteristics 

Approximate determinations of behaviour can be made from the 
complexor diagi'am of the rotor circuit, or more exact calculations 
from the equivalent circuit of the whole machine. 

Approximate Determination from Complexor Diagram. The 
behaviour over the normal working range can he found from a con¬ 
struction based on the complexor diagrams of Fig. 8.9. It is assumed 
that the brushes are placed in the neutral position and that an 
auxihary e.m.f. Ej^ is injected from an auxiliary stator winding or 
other suitable source. 

Referring to Fig. 8.12 and taking 0 as the origin the injected 
e.m.f.’s Ej and Ej^ can be drawn giving OD as the total injected 
e.m.f. The power component of the current, which is approximately 
proportional to the torque, is drawn vertically downwards, and the 
secondary-circuit resistance and reactancef drops and 
drawn giving OP as the secondary impedance drop due to the power 
component of current. The drop due to the reactive component of 
current 1^^ (at present unknown) will be at right-angles to OP and 

* B. Schwarz, “The Stator-fed A.C. Commutator Machine with Induotion 
Regulator Control,” Proa. InMn. Bled. Mngrs., 98, Pt. II, p. 755 (1949). 

t Variation of secondary-circuit reactance with slip is neglected; thi.s is 
justifiable since the transformer reactance preponderates. 
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will therefore lie along the line XF. The horizontal component of 
the total impedance drop must, however, equal the horizontal 
component of OD since there are no other horizontal components of 
voltage in the secondary circuit; the end of the vector must 
thus lie on the vertical through D, i.e. at point C. DO therefore 
represents the secondary induced e.m.f. sE^. Knowing and 
measuring sE^ from the diagram enables s and hence the speed to 



he foimd. Measuring PG gives from which and hence the 
power factor, can be found. 

If DA is drawn vertically to represent, to the voltage scale used, 
the standstill secondary induced e.m.f. E^ then, since DC represents 
sE^, OA ndll represent (1 — 3)E^. To another scale these quantities 
also represent speeds as shown. 

On no load the power component of current is approximately 
zero, and the voltage drop due to the reactive component then lies 
along a Ime through 0 and parallel to XY. DN therefore represents 
the ahp under these conditions and, to the speed scale used above, 
XiV represents the no-load speed. The speed drop corresponding to 
the load current is NC. 

For super-synchronous speeds a similar diagram can be drawn as 
shown in Fig. 8.13. 
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Eatiivalent Circuit 

The equivalent circuit developed for the induction motor with a 
constant injected e.m.f. (page 90) applies to the doubly-fed motor 
and is shown in Fig. 8.14(a). The secondary circuit resistance and 
reactance now include that of the regulating transformer; this 



Fig. 8.13. Approximate Determination of Speed-torque 
Curve (Super-stnchbonous Speeds) 


carries supply-frequency currents so that its reactance is not de¬ 
pendent on slip. The input current to the circuit, I^, is the stator 
current of the motor and does not include the current fed from the 
supply to the regulator. 

im alternative circuit is shown in Fig. 8,14(6), the regulator here 
being represented by a transformer having a variable ratio and a 
phase displacement between primary and secondary e.m.f.’s. 

Example 8.1. The data refer to a 3-ph., 440-V, 180/60-h.p., 






120 A.C. ('OMMUTATOIi MOTOm 

975/32o-r.p,m., 8-pole, doubly-fed motor having a star-connected 
stator ■winding. 

/"i = 0-024 12 r/ = 0-048 O )•/ = 0-04 Q 

0-122 12 XjA = 0-12 12 -r^/ - 0-072 12 

Zp (motor) = 7-0 — jo8 A (regulator) = 3-5 — j22-5 A 


All parameters are referred to the motor primary winding. 

r, Xi_, 



(b) 

Fio. H.14. Kquivalbnt Ciucuit.s 


Using the equivalent circuit of Fig. 8.14(a) determine the be¬ 
haviour of the motor under the following conditions— 

(a) Ej = 0 A- = 0-09 (induction-motor operation) 

(b) E,' = 125/0° s = ~ 0-45 (high-speed) 

(c) Ej' — 125/180° a = 0-75 (low-speed) 

(d) Ej' = 125/170° s = 0-52 (low-speed with power-factor 

improvement) 

The magnetizing impedances of the motor calculated from the 
no-load current and neglecting stator impedance drop are— 

r„, == 250/7-5 = 33-4 O x„, = 250/58 = 4-32 12 

Hence the admittances are— 

= 0-03 mho = — 0-232 mho 

Case (d). This case is worked in full, the re.sults for this and the 
other three eases being given in Table 8.1. 
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Slip = 0‘52 so that the speed is 750(1 — 0*52) = 360 r.p.m. 
Since = 170°, cos ^ = — 0-985 and sin ^ = 0-174. Secondary 
e.m.f. per phase (referred to primary) = 440/y'S = 250 V (approx.). 

b = EjE^' = 125/250 
6 sin /J = 0-6 X 0-174 = 0-087 
s + 6 cos ^ = 0-52 - 0-5 X 0-985 == 0-0275 

Hence 

- (^ 2 ' n- sin /i) = — 0-088/0-087 = - 1-011 
(sx^^' -f XLi)l{b sin P) = (0-52 X 0-12 + 0-072)/0-087 = 1-54 

Impedance of right-hand branch = 1-54 — jl-011 

= 1-85 /- 33-4° 

Admittance of right-hand branch = 0-54/33-4° 

= 0-45 + jO-296 

(?‘a' + + b cos /i) = 0-088/0-0275 = 3-2 

(saJij' -f Xj^/)/(s b cos = (0-52 X 0-12 -f- 0-072)/0-0276 = 4-9 

Impedance of left-hand rotor branch = 3-2 + j4-9 

= 5-85 /56-8° 

Admittance of left-hand rotor branch = 0-171/— 56-8° 

= 0-094 -jO-143 

Total admittance of rotor and magnetizing branches 
= (0-45 -f- jO-296) -f (0-094 - jO-143) + (0-03 - jO-232) 

= 0-574 - jO-079 = 0-58/ - 7-9° 

Impedance = l-725/7-9° = 1-706 + jO-227 

Total impedance (includuig stator winding) 

= (1-705 + jO-227) + (0-024 + jO-122) = 1-729 + iO-349 

= 1-76 /11-4° 

LVIotor current = 250/(1-76 /11-4°) = 142 /- 11-4° 

= 139 -j28 A 
Power factor = 0-98 lagging 

Back e.m.f. (coiresponding to air-gap flux) 

= 250 - (139 — j28)(0-024 + iO-122) 

= 243-2 —']T6-33 
= 244/- 3-8° 
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Left-hand rotor branch current = 244/— 3-8° X 0'171/— 56-8° 

= 41-7 /- 60-6° 

= 20-5 - j36-4 A 

Right-hand rotor branch cuiTent = 244/3-8° X 0-54 /33-4° 

= 131-5 /29-6° 

= 113-6 -f j65 A 

Total rotor-circuit cvirrent = (20-5 — j36-4) -h (113-5 + j65) 

= 134 -f j28-6 A 

Rotor-circuit current referred to regulator primary 
= - (134 + j28-6){125/250) = - 67 - jl4-3 
Total regulator primary current (including regulator no-load 
current) = ( — 67 — il4-3) + (3-5 — i22-5) 

= - 03-5 - j36-S A 

Current from supply = (139 — ]28) -f (— 63-5 — ]36-S) 


= 75-5 — j64-S 
= 99-5 /— 40-5° A 

Power factor = 0-76 lagging 

Power distribution— 

Total input = 3 X 75-5 X 250 X lO-^ = 56-5 kW 

Motor input = 3 X 139 X 250 X 10~® = 104 kW 

Stator copper loss = 3 X 139® X 0-024 X 10“® = 1-4 kW 

Stator iron loss = 3 x 244®/33-4 ,■<. 10^® = 6-35 kW 

Rotor input = 104 — 1-4 — 5-35 = 97-25 kW 

Torque = 97-25(0-117/12-5) X 10® = 910 Lb-ft 

Mechanical output = 97-25(1 — 0-52) = 46-7 kW 

== 62-5 h.p. 

Rotor-circuit copper loss 

= 3(41-7® X 0-048 -k 131-5® x 0-04)10-® = 2-32 kW 
Power to regulator = 97-26 — 46-7 — 2-32 = 48-2 kW 

Regulator iron loss = 3 X 3-5 X 250 x 10“® = 2-6 kW 

Power returned to supply = 48-2 — 2-6 — 45-6 kW 


Certain approximations, inherent in the development of the 
equivalent circuit, have been made in the above; for instance, 
friction and windage loss is included in the mechanical output, rotor 
iron loss is neglected and the impedance of the regulator primary 
vonding is included with its secondary-winding impedance 
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The calculations given in Table 8.1 are all for approximately full- 
load torque. In ease (a) the machine is running as an induction 
motor, the only power to the regulator being that to supply the iron 
loss; the power factor is low, partly due to the magnetizing kVAr 
of the regulator and partly due to its leakage reactance which is in 
the motor secondary circuit. Case {b) shows the inherently high 
power factor resulting from high-speed operation. Case (c) shows 
the low' power factor resulting from low-speed operation unless some 
means of improvement is adopted. Case (d) is similar to ease (c) and 
shows the improvement of power factor resulting from a 10° shift 
of the injected e.m.f. 


Table 8.1 

Behavioiui of Motor (Example 8.1) 



(™) 

('d 

(0 

(d) 

Injected e.m.f. (V) 

0 

126 

125 

m 

Angle /j . . . 

- 

0° 

180° 

170° 

Slip .... 

O-Ofl 

- 0-45 

0-75 

0-52 

Speed (r.p.m.) 

682 

1,087 

187'5 

360 

Motor current (A) 

213/- 55° 

169/- 34° 

334/- 67° 

142/- 11° 

Motor power factor 

0-67 lag 

O'83 lag 

0'38 lag 

O'98 lead 

Regulator primary cur¬ 
rent (A) . 

23/- 81° 

77/- 30° 

- 143/- 61° 

- 73/- 30° 

Regulator power factor. 

O'15 lag 

0-86 lag 

0'49 lag 

0'87 lag 

Supply current (A) 

233/- 67° 

236/- 33° 

214/- 71° 

99'6/- 40° 

Supply power factor 

0'54 lag 

0-84 lag 

0-32 lag 

0'76 lag 

Total input (kW) 

94 . 

146 

51 

56-5 

Motor input (kW) 

91 

98 

96 

104 

Regulator input (kW) . 

2'6 

50 

- 45 

- 47'5 

Torque (Lb-ft) . 

780 

855 

806 

910 

Shaft output (h.p.) 

102 

177 

28 

62 


Design Features 

The basic design constants (gap densities, electric loadiag, etc.) 
and the arrangement of the stator winding are similar to those for 
an ordinary induction motor, although the gap length can he shghtly 
greater since means are available for counteracting the resulting 
low power factor; also, flux densities may be slightly lower on 
account of rotor iron loss. The diametric brush arrangement is pre¬ 
ferred to the three-brush arrangement since it requires a smaller 
current per brush for a given m.m.f. and therefore a shorter com¬ 
mutator. Copper losses are also reduced in the ratio of 3/4. 

Eotob WiNDiNa. The main rotor winding is similar to that of a 
d.c. machine and may be lap- or wave-connected. The low voltage 
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necessitated by commutation difficulties make the lap winding or 
even a duplex lap winding desirable for all machines above a few 
h.p.; such windings, however, require equalizing connexions to 
ensure equality of current through the various parallel circuits. 




Times EL. Torque 


(C) 


Fig. 8.15. Typioai. PEaroBMANCE Ohabaotebistics 


(a) Speed-torque. 
(&) Power factor. 
<r) Efflcleucy. 


To give satisfactory commutation a discharge winding as described 
on page 38 is used on all except very small machines, the Schwarz 
type being the most usual. This is commonly wave-connected and 
thus acts as an equahzing winding for the main winding. 

TIlttx pbb Pole. To avoid excessive circulating currents in the 
coUs short-circuited by the brushes the flux per pole must be 
limited as shown in Table 3.2, page 34. As previously explained, 
however, the worst conditions obtain only at starting so that, if the 
required starting torque is low', an auto-transformer can be used to 
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rofliice tlie voltage at starting; iji this way motors for outputs up 
to 1,000 h.p. can be designed. 

VBivTiLATioif. This type of motor can readily be built for speeds 
do\Yn to zero, and care must be taken with the ventilation at very 
low speeds where natural aii’ circulation is almost non-existent; a 
separate fan driven by a fractional-horse-power motor is generally 
fitted. 

Applications and Periormance 

Typical performance curves are shovni in Fig. 8.15. The doubly- 
fed motor is suitable for almost all drives requiring a variable speed 
with a shunt characteristic, or a particular approximately-constant 
speed such as 1,300 r.p.m. which is not obtainable wdth an ordinary 
induction motor. Common applications include drives for fans, 
pumps, hfts, cranes and haulage equipment, machine tools and 
printing machinery. 

The jSclxrage motor, described in the next chapter, has very 
similar characteristics and is commercially in competition with the 
doubly-fed motor for many pm-poses—a tabular comparison between 
the two motors is given on page 160. 

The doubly-fed motor has, however, definite advantages for the 
following special circumstances— 

1. For small machines requiring remote control, e.g. macliines 
mounted in the roof, smce the variable-ratio transformer or regulator 
can be placed at some distance from the motor. 

2. For high-voltage motors, above 650 V, which is the practical 
limit for the Schrage motor. 

3. For motors above about 300 h.p. which is about the practical 
limit in size for the Schrage motor. 

4. For totally-enclosed motors, since the enclosure is easier to 
arrange on motors with fixed brush gear. 

Eeversal is effected by interchanging two stator supply leads and, 
if driven above its speed setting, regeneration takes place; in both 
cases, however, heavy reactive cmTents flow unless the power-factor 
compensating device is also reconnected. 

A full treatment of the doubly-fed motor by tensor analysi.s lias 
been published by Jha.* 


EXERCISES 8 

1. A 4-pol6, lap-connected armature with full-pitcli coils lias 72 slots with 
4 conductors per slot and rotates at 1,000 r.p.m. in a rotating flux of 0-01 Wb 
moving at 1,500 r.p.m. in the same direction. 

If S-phase currents of 50 A (r.m.s.) are fed (o) to 3 brushes per pole-pair 
.spaood at 120° (elec.) or (b) to 6 brushes per pole-pair diametrically spaced, 

* C. S. Jha, “Theory and Equiv’aleut Circuits of the Double Induction 
Regulator,” Proc. Jnut. Elect. Engrs., 104, Pt. C, p. 06 (1957). C. S5. Jha, 
“Theory and Equivalent Circuits of the Etator-fed Polyphase Shunt Com¬ 
mutator Motor,” Proc. Imt. Elect. Engrs., 104, Pt. C, p. ;1U5 (19.77J. 
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draw the m.m.f. wave over 2 poles for the instant when the current at one 
pha.se is at its peak value and find the maximum value of its fundamental in 
each case. 

Determine also the e.m.f. per phase in each case. 

2. A 3-phas6 commutator winding is to set up a given m.m.f. Compare the 
copper loss if the commutator is equipped with 3 brushes per pole-pair or 0 
brushes per pole-pair (diametric connexion). 

3. A doubly-fed motor has the following particulars— 

Standstill diametric brush e.m.f. = 100 V (assumed constant). 

Botor circuit standstill reactance = 0-07 fl/ph. 

Rotor circuit resistance = 0-02 fl/ph. 

Injected e.m.f. = + 40 V to — 40 V (no phase displace¬ 

ment). 

Draw curves showing the variation of starting torque and starting torque per 
ampere (a) as resistance is added to the rotor circuit (up to 0-2 D/ph.) -with 
40 V injected e.m.f. (low-speed setting) and (6) as the injected e.m.f. is varied 
with no added rotor resistance. 

4. A 6-pole, 50-c/s, douhly-fed motor has a standstill brush e.m.f. of 50 V 
(equivalent-star value), the brushes being in the neutral position. A biased 
double-induction regulator provides the injected e.m.f. and gives secondary 
e.m.f.'s of 20 V and 30 V. Plot, to a base of no-load motor speed, the com¬ 
ponent of the injected e.m.f. wliich is 90“ ahead of the brush voltage. Over 
what speed range does the quadrature component of injected e.m.f. vary 
between 8 and 10 V? 

6. The data refer to a 400-V, 50-c/s, 6-pole, 480/260-h.p., doubly-fed motor— 

Standstill diametric brush e.m.f. = 200 V 

Rotor circuit resistance = 0-012 H 

Rotor circuit reactance (assumed constant) = 0-03 f2 

Injected e.m.f. from stator auxiliary winding (90“ leading) = 16 V. 

Draw approximate speed-torque curves -with an injected 6.m.f. from the 
regulator of — 100 V, 0 V, and 100 V. Assume torque to be proportional 
to the power component of rotor current and that 600 A corresponds to full¬ 
load torque. Determine the approximate secondary power factor at 10 per cent 
and 100 per cent torque in each case. Compare with the values obtained if 
there were no auxiliary winding on the stator. 

G. The data refer to a small 400-V, 4-pole, 50-c/s, doubly-fed motor, all 
parameters being equivalent-star values referred to the primary winding. 

rj = 2-0 fl/ph. = 300 fl/ph. 

= 4-4 n/ph. = 80 D/ph. 

r/ = 5-9 D/ph. Tf = 2-3 D/ph. 

Xj/ = 4-7 il/ph. Xii = 2-1 tl/ph. 

If the regulator is adjusted to give a ratio of EijE^ of 0-5 with E/ injected 
at 170° to E^ and the slip is 0-7, determine the stator current, total input 
current, power factor, torque, h.p. and the power returned to the supply from 
the regulator. Draw to scale the complete complexor diagram for the motor 
and regulator. 



CHAPTER 9 


THE SCHRAGE MOTOR 

Like the doubly-fed motor described in the previous chapter this 
machine is essentially a 3-phase induction motor with an e.m.f. 
injected into the secondary circuit in order to give speed control. 
The injected e.m.f. is, in this ease, obtained from a commutator 
(tertiary)* winding mounted on the rotor as briefly described in 
Chapter 7 (page 102). 

Construction 

An important constructional difference between the Schrage motor 
and the ordinary induction motor is that the primary winding of the 


Supply 




Fig. 9.1. CorrNBXioNS of Schrage Motor 

former is on the rotor and is fed through shp rings while the secondary 
winding is on the stator; the arrangement is thus as shown in Fig. 
9.1. Each secondary phase is connected to a pair of movable brushes 
which collect from the commutator the required e.m.f. for injection 
into the secondary circuit. The tertiary winding is normally wound 
in the same slots as the primary winding as shown in Eig. 9.2. 

The Rotating Field. If the pairs of brushes connected to each 
secondary phase are placed adjacent to each other on the same 
commutator segment, the secondary windings are short-circuited 
and the machine behaves exactly as an ordinary induction motor. 
The three-phase currents in the primary and secondary windings set 
up a resultant rotating m.m.f., and consequently a rotating air-gap 
flux, moving at synchronous speed (% r.p.s.) relative to the primary 

* Also called a regulating winding. 
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(rotor) eojidi:ctors. Accorfling tfi ordiniiry iiiduption-mt)tor action, 
the motor runs in such a direction as to tend to reduce the frequency 
of the e.m.f.’s set up in the secondary winding, i.e. it will run in the 
opposite direction to that of the rotating flux at a speed of, say, 
rv r.p.s. The speed of the rotating flux relative to the fixed stator 
is thus — iiy r.p.s., i.e. slip speed. Slip-frequency e.ni.f.’s are thus 
induced in the secondary (stator) winding. When running as an 
induction motor the speed m, is, of course, less than so that the 
movement of the flux is in the opposite direction to that of the 
rotation of the rotor and the slip is positive. 

The rotating flux is also cutting the tertiary-ivinding conductors 
at a speed of and induces in them an e.m.f. which is independent 
of their speed of rotation and which is of the same frequency as 
. the e.m.f. induced in the primary con- 
_ ductors, i.e. supply frequency /j^. The 

(Commuda^o^ commutator changes the frequency of 

Winding these e.m.f.’s as described on page 25, to 


Primary 

Winding 


that corresponding to the speed of the 
field past the brushes, i.e. slip frequency 
/a. If the brushes are now separated to a 


Fig. 9.2. Akrangewiint 
01' ■Windings in Rotor 
Slots 


position such as that shmvn in Fig. 9.1, the 
e.m.f. appearing between them will there¬ 
fore always be of the correct frequency for 
injection into the secondary circuit. 


Bbttsh Movement. To give a range of speed control the e.m.f. 


obtained from the commutator for injection into the secondary 
circuit must be variable; the brushes must therefore be movable so 


that the angle 0, knowm as the brush separation, can he varied, the 
range of movement required, together with the relevant complexor 
diagrams, being illustrated in Fig. 9.3. 

In Fig. 9.3(a) the brushes connected to each secondary phase are 
standing on the same commutator segment so that induction-motor 
operation is obtained with-the motor running at approximately 
synchronous speed; the complexor of the secondary e.m.f., sE^, is 
drauTi vertically doivnwards as usual. In [b) the brushes are separ¬ 
ated so that an e.m.f., Ej, is obtained from the section of the tertiary 
winding between them. If the centre-line of this group of conductors 
is coincident vuth the centre-line of the corresponding secondary 
phase as shown, the injected e.m.f. and the standstill secondary 
e.m.f. E^ ■will he induced by the same flux but, so far as the secondary 
circuit is concerned, they can be seen to be in phase opposition, i.e. 
the angle of injection, is 180°. Reference to Fig. 4.1 (page 44) 
shows that an injected e.m.f. in this direction results in a speed 
below synchronism, i.e. aJSlj will be vertically downwards since, 
neglecting impedance drops, sE,^ must be equal and opposite to Ej. 
If the brushes are moved to the position of Fig. 9.3(c) the injected 
e.m.f., E„ is reversed relative to E^, i.e. the angle of injection is 
= 0°, and SE 2 must also be reversed; this can only arise as a 
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Fig. 9.3. Fluxes and E.M.F.’a with Various Brush Positions 

(rt) Inductlon^motor operation. 

<6) Sub-aynchroQoua speeds. 

(c) Super-synchronous speeds. 

le) sSp«^syMKous®we«ls} P ro‘P‘1™ (P negative). 
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result (.if s becoming negative i?o tliat n .speerl above synchronism 
will be obtained. 

A further possibility is to give the brushes, in addition to their 
separation, a simultaneous movement in the same direction. For 
speeds below synchronism this is shown in Fig. 9.3(d) where the 
centre-line of the brush separation has been moved an angle p 
against the direction of rotation (p negativ^e). The flux is moving 
at 71^ r.p.s. relative to the primary conductors and in the opposite 
direction to the rotation; it thus cuts the group of tertiary con¬ 
ductors between the brushes at a later moment than if p were zero 
as in (b). Ej therefore lags, by the angle p, the position it had in (6), 
i.e. = ISO — p; it can be seen that this results in a component 
of Ef leading by 90° and will give an improved power factor. 

If, without altering p, the brushes are now reversed to give a 
speed above synchronism conditions are as m Fig. 9.3(e). The 
injected e.m.f. again lags the position it previously held with p equal 
to zero (Fig. 9.3(c)) and takes up the position shown —it can be seen 
that in this case there is a component lagging by 90° which will 
tend to give a lagging power factor. In this case the angle of 
injection, /}, is equal to — p. 

The angle p is known as the brush shift and, in, practice, it may be 
between — 5° and — 10° but is only useful provided the machine 
always runs in the same direction. In some cases it is desirable to 
have different brush sliifts at high and low speeds so that the shift 
as well as the separation is continuously variable. 

Mechanical Arrangement of Brush Gear 

Apart from the fact that the primary Avinding is on the rotor and 
the secondary on the stator, the chief special constructional feature 
of the Schrage motor is the arrangement of the movable brush gear. 

The tertiary Avinding is, except on smaU machines, generally lap- 
wound and three pairs of brushes per pole-pah are employeii. All 
those connected, say, to the starts of the secondary phases are 
mounted on one brush rocker and those connected to the finishes on 
another rocker. The two rockers are fitted Avith toothed racks over 
a portion of their periphery, the teeth projecting inwards and 
engaging respectively with the two sides of a pinion mounted 
between them on a vertical shaft. Variation of brush separation, 
and therefore control of speed, are obtained by turning the pinion 
either by means of a hand-wheel or, if remote control is required, 
bj’’ a fractional-horse-power motor. In order to simplify the mech¬ 
anical construction it is possible, on small motors, to omit a pro¬ 
portion of the brushes if the machine is wave-wound or if equalizing 
connexions on a lap-wound machine are designed to carry current 
continuously. 

Variation of brush shift (p) can be effected by moving one brush 
rocker faster than the other—tAvo pinions are then required, one for 
each rocker, having different numbers of teeth. 
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Small machines sometimes have a link motion for moving the 
rockers but this becomes rather clumsy when the length of brush 
travel exceeds a few inches. 

Electromotive Forces 

The primary and secondary e.m.f.’s Ej and are calculated 
exactly as for an indiiotion motor from— 

Primary e.m.f. E^ = (^/2)vflT^<P volts 
Secondary standstill e.m.f. E, = volts 

Tebtiaby E.m.f. The e.m.f obtained from the commutator 
winding depends on the brush separation d, and, from eq. (2.11), 
page 24, is— 

E, = {\/2){TJa)fi^ sin (0/2) volts . (9.1a) 

where T„ is the total number of turns in the commutator winding. 

If is the number of turns in series between brushes for a brush, 
separation of & radians 

T, = {T,!a)m-n) 

E, = (V2)(27rT3/0)/,<I) sin (0/2) 

= {V2hTJ,^ sin (0/2)/(0/2) 

= (V'2)wTa'/i4) volts . . . (9.10) 

where T^‘ = Tj x (distribution factor for spread of 0) 

= effective tertiary turns between brushes. 

Approximate Speed Characferisfics 
An approxunate idea of the speed characteristics can be obtained 
by assuming p = 0°. As this angle rarely exceeds 10° it has very 
little efieot on the speed of the machine. 

No-load Speed. At no load the secondary current wiU, if p = 0°, 
be very small so that, neglecting impedance drops, 

sB^ = M, 
s — EflE.^ 

Hence 

speed w,. = %(1 — .s) = 7ii(l — EJE^) 

f (V2)(W,f sin (0/2)1 

= ?ii{l — (TJairT^') sin (0/2)} r.p.s, (9.2) 

Taking a particular example of a 12/28-h.p., 500-V, 50-o/s, 6-pole 
machine having 28 secondary turns per phase and a total of 162 
tertiary turns, the no-load speed may be found as follows. 

The secondary winding may be assumed to have a phase spread 
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of 60“ (k^ ~ 0-96), giving an effective turns of 27 per phase 
The tertiary winding may be assumed to be lap-connected (a = 3) so 
that— 

N, = 60n, = 1,000{1 ± (162/37r X 27) sin (0/2)} r.p.ni. 

= 1,000{1 — 0-64 sin (0/2)} r.p.m. 

This curve is plotted in Fig. 9.4(a) and is of similar shape for any 
size of motor. The usual speed range is between about 50 per cent 



+ 180 ° + 60 ° 0 - 60 ° - 180 ° 

Brush Separation 
Pas (a) ^ 

Pig. 9 . 4 . Sfeed Chaeaotebistios 

(ff) No-load speed. 

(6) Speed-torque eurves. 


Torque 

( 6 ) 


below and 50 per cent above synchronism (3 to 1 range), and it can 
be seen that 'between these limits the speed is approximately 
proportional to brush separation. 

Spebd-toequb Ckaeaoteeistics. When, with the brushes ad¬ 
justed to a particular separation, the machine is loaded, the speed 
drops causing sE^ to exceed E, so that a current flows, limited hy 
the impedance drop of the secondary circuit in accordance with eq. 
(4.1), page 45, sE^ = ± The current produces a torque 

which tends to maintain the speed, and this becomes stable at a 
value given by 

a = i 4" 

= no-load slip + I.^„JE.i 
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As the latter is small, and assuming torque to be approximately 
proportional to current, speed-torque curves over the normal 
working range can be plotted as shown in Fig. 9.4(6). The motor 
thus gives .shunt speed characteristics over a range of speed from 
about 50 per cent below to about 50 per cent above synchronism, 
although wider ranges can be obtained if desired. Due to the lower 
secondary-circuit impedance, the slope of the speed-torque curve is 
usually less than that of a doubly-fed motor of corresponding size. 

Slip Power. The slip power appearing at the secondary-winding 
terminals is transmitted to or from the tertiary commutator winding 


and is therefore added to or sub¬ 
tracted from the power transmitted 
directly to the shaft. A constant- 
horse-power type of drive is thus 
obtained as described on page 51, 
the horse-power obtainable for a 
given primary input power being 
independent of the speed. High 
torques are thus obtained at low 
speeds so that, with the brushes 
in the low-speed position, starting 
torques of about twice full-load 
torque with about 1| times full¬ 
load current are obtainable. 



The Tertiary Winding Fig. d.s. Cubbent Djstriuution- 

. ■ 1 ii n 1 nt Tebtiaby Winding with one 

A spccicil iGatiurc or th.6 Schrtigo Paik of Brushes 

motor is the tertiary winding, and 

conditions therein are complicated by the fact that the amount of 
the winding included in the secondary circuit of the motor varies 
wdth the brush separation. The current distribution, m.m.f., and 
the circuit constants (resistance and leakage reactance) for this 
winding are thus all functions of 0. 

Current Distribution. The distribution can be found by con¬ 
sidering each phase separately and superimposing the results. In 
Fig. 9.5 is shown the distribution for a single phase; if the total 
.secondary current per phase is the current at any bru.sh udU be 
I = I^lci and this will divide into two parts J' and J" as shown. 
For a machine having three secondary phases, the three sets of 
conditions shown in Figs. 9.6a, 9.6b and 9.6c must he considered, the 
winding being divided into zones by lines passing through the brush 
positions. In Fig. 9.6a the brush separation is less than 60°; in 
Fig. 9.6b the brush separation begins to overlaii into the zones 
corresponding to the belt of bottom conductors associated with the 
other phases—^this occurs between 6 = 60° and d = 120°. In Fig. 
9.6g, where 0 exceeds 120°, the separation overlaps into the zone 
of the brushes of the adjacent phases. 

The diagrams of Fig. 9.0 thus show the current distribution for 





2 




; 2 



Vs 8 7 

9=0-60° 

Fici. !).8 a. CtjitBBNT Distbibution in Tbbtiaby Wittoino 
WITH 3-phase Seoonhaby: 0 = 0 — 60° 


135 



Table 9.2 

(Jdbiibnt Distbibdtion in Tebtiaby Winding with 3-pbu.8k Segondari'; 0 — 60’-120 
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CuKiiEST Distribution in Tertiary Winding ivuti 3-i“HASb Secondary; 0 = 120 -180 









3 4 



Fig. 9.6o. CmmENi' Distkibution in Tebtiary Winding 
WITH S-PHASE Secondaby: 6 = 120° — 180° 
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each of the three phases for each of the iibuve conditions. By writing 
down the currents in each zone in tabular form and adding them 
the total current per conductor in any group of conductors can be 
found. Thus, considering the separation to be between 0 and 60°— 
in zone 1-2 the current in the top layer is jy due to phase ,4, 
— due to phase B and — Jc'(~ ~~ XJy) due to 

phase C. The total current per conductor in the top-layer conductors 
of zone 1-2 is thus 


J. 




;jy = j/ - jy(/? 



;.) = jy + jy 
= / 


In zone 2-3 the currents in the 
top layer are seen to be — jy, 

-jyi=-X-jy) and ~Jc 


{- 



Brushes) 


XJy). Adding these gives 
zero. Similar analyses can be 
made for each zone for both top 
and bottom conductors as shown 
in Table 9.1. The conditions when 
0 is between 60° and 120° and 
between 120° and 180° can also 
be similarly investigated and are 
shown in 'Tables 9.2 and 9.3. In 
all the tables the number of slots 
in each zone is also shown. 

Magnetomotive Force. Prom 
the instantaneous values of the 
conductor currents calculated 
from the above tables the m.m.f. 
jier slot can easily be found. 

Using these values the m.m.f. 
wave can be drawn by the step- 
by-step method in the usual way. 

An alternative way of finding 
the m.m.f. wave is to consider the 
current distribution to be made 
up of two three-phase systems of 
currents as shown in Pig, 9.7(fl). 
One system enters and leaves the winding by the brushes shaded 
in black and the other, rvith 180° phase displacement, by the 
unshaded brushes. Each of these three-phase systems of currents 
may be said to give rise to a rotating m.m.f. wave as described 
on page 9, the magnitude of the fundamental being 

If there is no brush separation the tw'o m.m.f.’s exactly neutrahze 
* 120° operator. 


No Brush 
Separation 


(il 


Brush, 
Separation 0 


Fio. 9.7. 


M.M.F. OF TEaTutHY 
Winding 


(a) Currents. 
ib) vectors. 



THE ^%'HRAGE MOTOR 


141 


each other giving, ns would be expected, no m.m.f, for the winding, 
but with a separation d the conditions may be represented by the 
space vector diagram of Pig. 9.7(6). The fundamental m.m.f. of the 
winding u^hen carrying brush currents is thus 

^ 3 = 2Psin (0/2) 


It is sometimes convenient to express this in terms of the effective 
number of turns in series between brushes of one phase. If is 
the number of turns in series,* 

T, = (TJa)iei2^) 

F, = 2{3(V2)/27r2}J,. TA2^I8) sin (0/2) 

_ 3 V2 /sin (0/2)1 

~ 77 ( 0/2 

= {3(V2)/77}i„,«/,7-3 = {3(V2)/77}7,T3' . . (9.3) 

By reference to page 9 it can be seen that when the current in 
a particular secondary phase is at its peak value this m.m.f. acts 
along an axis at 90° to the centre-line of the brush separation. 

It may be noted that the m.m.f. expression for the tertiary 
windmg (9.3) is similar in form to that for an ordinary three-phase 
winding, e.g. the primary and secondary windings (page 6). 

Effective Resistance, The efifective resistance can be found by 
determining the total loss due to the above currents. Let be the 
resistance per conductor, the conductors per slot and I 2 the total 
secondary euiTent; the current per brush will thus be I^ja. Con¬ 
sidering the case when 0 is less than 60°, the total number of con¬ 
ductors carrying the current Ijn is 6 j9(Zs/2)(0/27t). Hence the total 
loss is 


The effective resistance may conveniently be compared with r,,, 
the resistance between diametrically-spaced brushes, as in the 
ordinary d.c. machine. 

r<j = r„ X Sz,j(2af 


Hence the total loss may be written— 


T -^ 2 ® 


X 


2 X 277 


20 

'M -r — 

TT 


and the. loss per phase = 

The effective resistance per phase is thus 

rs = ra(26j7r} 


* This a.s.siiino.s fchn usual lap winding with a = p; the effective turns pw 
pole-pair setting vip the in.in.f. wave will bo T^' divided by p for a simple wave 
windmg oi- multiplied by ajp for a multiples: winding. 
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Himilar calculations can be made for the cases where 9 is greater 
than 60°, and greater than 120°. These give— 

0 between 60° and 120°: = r^{2dlTT) 

d between 120° and 180°; 

It may be noted that when 9 is greater than 120°, i.e. when the 
brushes begin to overlap, the resistance is constant. Curves of 
resistance to a base of brush separation are sho%vn in Fig. 9.8 for 
a three-phase armature. 



Brush Oispl'scemeni (^ lec.V 

Fiq. 9.8. Vabiation or Tebtiabv Whtding Besistanoe 
WITH Bbush Displacement 

The leakage reactance of the tertiary winding is closely associated 
with that of the primary winding, since it is in the same slots, and 
is discussed on page 145. 

Resultant M.M.F. Due to All Windings 

The resultant m.m.f. producing the main air-gap flux is due to 
the combined m.m.f.’s of the primary, secondary and tertiary 
windings. In what follows it is assumed that these are all sinusoidally 
distributed. 

If the machine is running as an induction motor with no part of 
the tertiary winding in circuit then, neglecting magnetizing m.m.f., 
— Fj, and the space vector diagram of these m.m.f.’s is as 
shown in Fig. 9.9(a). 

At sub-synchronous speeds, with no brush shift, the primary 
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input current will, assuming the same torque, be less than when 
the machine is running as an induction motor, since the output is 
low'er at the lower speed. The tertiary m.m.f. must therefore oppose 
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Pig. U.9. Space Vector Diagrams or M.M.F.’s 

(а) Induction motor. 

(б) Sub-synchronoufl speed, p = 0°. 

(c) Super-synchronous speed, p = 0®. 

( d ) Sub-synchronous speed, shift =® — p. 

(e) Supcr-synchroDoiis spera, shift == — p. 


the secondary m.m.f. to bring this about and conditions are as shown 
in Mg. 9.9(6) where Ei= — {F^ — F^). Similarly at super- 
synchronous speeds the primary current must increase for the same 
torque and conditions are as in Mg. 9.9(c) where F^ = — (F^ + F^). 

If the brushes are given a shift p against the direction of 
rotation the space vector diagrams for sub-synchronous and super- 

6—(T,io4) 
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synchronous speeds become as shown in Fig. 9.9(d) and (e). The 
primary m.m.f. can thus be expressed by the general vector 
relation— 


Fi = - (F, -h F3) 


= - (Fa + 




Fig, 9.10. CtrimENT Complexob Diagbams 

(а) Induction motor, 

(б) Sub-synchronous speed. 

(c) Super-ssmchronous speed. 

(d) Sub-aynchronouB speed, shift — — p. 

{«) Super-synchronous speed, shift = — p. 


■where )3 = 180 — p for sub-synchronous speeds and fi = — p for 
super-synchronous speeds. 

CuERENT CoMPLEXOB DIAGRAM. The expressions for the primary, 
secondary and tertiary m.m.f.’s in terms of the corresponding 
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currents can be substituted into the above general expression 
giving— 

I 'T^' = - I ^ 1„T.' + ^ e>^) 

77 iTr"" 77 / 


1/ = - {I,(ir//T/) + UT.'fT,') e^^} 

= - {I^' + 1,'(T^'IT^') 

= -1/(1 + p).(9.4a) 

where p = {T^jT^) e’^ and is a complex quantity. 

Wliere there is no brush shift this becomes 

//=-//(l±p) . . . (9.46) 


where p = the negative sign refers to sub-synchronous 

speeds and the positive sign to super-synchronous speeds. 

The current complexor diagrams for the oases of Fig. 9.9 are 
shown in Fig. 9.10. It can be seen that the effect of giving the 
brushes a shift p against the direction of rotation is to tend to 
improve the primary power factor at sub-synchronous speeds and 
to make it more lagging at super-synchronous speeds. 


liCakage Fluxes and Reactance E.M.F.’s 

As there are two windings in the rotor slots the disposition of the 
leakage fluxes and the determination of the leakage reactances is 
more complicated than in the ordinary induction motor. 


Secondary^ irn 





-Main Air-gap Flux 
-Set up by Ij r /1 


I I -Set up by 


^Lj ~Set up by IjT/ 


Fib. 9.11. Leakaob Fbuxes 

Leakage Fluxes. The fluxes in the slot portion of the conductor 
may bo represented as in Fig. 9.11. In the overhang, conditions are 
even more complicated but, to a first approximation, they may be 
treated similarly to those in the slot. 
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In practice ^>^^3 and are small and may usually be neglected 
so that in the rotor the leakage flux < 6^13 linking both primary and 
tertiary bindings is the only one that need be considered. 

Secondaby Leakage Reactance. The secondary lealvage react¬ 
ance arj 2 can be calculated in the usual way* from 

^V.2 = ■"■ebers 

where A 2 is tlie permeance of the secondary leakage flux path in 
weber/ampere-turn. 

Thus 

= oy(^/-2)K^{T^r 

PEiMARy Leajsage Reactance. If there were no secondary 
current the leakage flux associated ndth the primary winding would 
be produced by I-yT^ and the primary leakage reactance would be 

where is the permeance of the flux path for <h 2 ;,i 3 . 

Since, however, the leakage flux associated with the primary 
winding is set up by the combined action of the primary and tertiary 
m.m.f.’a it may be uTitten, neglecting magnetizing current (so that 
Ii — Ij) and neglecting brush shift, 

(1)^13 = ± IdV) 

Reference to Pig. 9.9 shows that the currents in the slot are in the 
same direction (positive sign) for sub-synchronous speeds and in 
opposite directions (negative sign) for super-synchronous speeds. 

The e.m.f. induced in the primary w'inding by tliis flux is given 
by— 

^Z1 ~ ~ i ^ 2 ^ 3 ) 

If brush shift is allowed for this becomes 

= ja>(V2)A,!r/(I,2V - 73T3'e^^) 

= jco( V2)Ai(T/)H/x - 

= i^ziih — 4'P) .... (9.6a) 

where p = 

Remembering that =1/(1 + P), this may be written 
^zi ~ ~ 

= Pzi^S ~ P/(i + P)} 

~ + P)} • • • (9.5b) 

* Say, Tfie Performarice and Design of A.G, Machines, pp. 1S5-195 
< Pitman). 
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The effect of the tertiary ^vinding is thus to change the effective 
primary reactance from .ri to xj(l + p). With no brush shift this 
becomes .rj/(l ^ p) where p is positive for super-synchronous and 
negative for sub-synchronous speeds. 

Tertiary Learage Reactance. TJie e.m.f. induced in the ter¬ 
tiary winding is 

X {T:,'IT,') 

= ix,{I,~Up)T,'fT,' 

-Igain neglecting magnetizing current, 

+P) ~h'p}T,'IT,' 

= ixJ,(T,'IT^'){T^'jT^') . . . (9.6) 

The apparent reactance of the tertiary binding is thus 

= {aTi referred to secondary) (T^jT^') 

The Complexoi Diagram 

The coraplexor diagram cannot be drawn in a logical sequence as 
with, say, the induction motor because the direction of the injected 
e.m.f. complexor, which governs the secondary current, and there¬ 
fore also the primary current, is itself, to some extent, governed by 
the primary current. 

Motor avith No Brush Sheet (p = 0). Diagrams for the motor 
nmning above and below synchronous speed are given in Fig. 9.12. 
The main air-gap flux is represented by 0 as in the induction motor. 
The primary and secondary e.m.f.’s and lag the flux by 90° 
but are not shown on the diagram although — is given leading 
0 by 90°. Below synchronous speed s is positive so that sE^, lags ^ 
by 90° while above synchronous speed s i.s negative and aE^ leads 
O by 90°. 

The tertiary injected e.m.f. is made up of two parts, E, produced 
by the maiu flux and another component produced by the 
leakage flux giving a total of Ej^. Below synchronous speed 
Ej leads by 90° = 180°) and above synchronous speeds it lags 

O by 90° = 0°). 

The resultant of Ej^ and sE^ overcomes the secondary-circuit 
impedance drop IgZaj. The impedance Sj-t comprises the whole 
secondary-circuit resistance (secondary and tertiary winding and 
brush resistances) and the leakage reactance of the secondary 
winding only (sx^), the effect of the tertiary winding reactance 
having already been allowed for in Ej^. 

At sub-synchronous speeds the effect of Ej^^^ is to cause to lag 
as s is positive also lags so that the power factor of the 
secondary current tends to be poor. 

The current 

= ^a' + -^a'P = — h'P (since p = pe-is" = ~ p) 
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and it can be dra'WTi as shown in Fig. 9.10(6). Adding the no-load 
current Ig gives the primary current /j. 

The effective current producing the primary leakage flux is 
Jj — Jg'p (eq. (9.5a), page 146). For sub-synchronous speeds and 
ft = 180° (p = — p) this becomes + I^'p as shovTi dotted. The 
primary leakage e.m.f. is at 90° to this. Adding this to — E^ gives 
El, the e.m.f. induced in the primary winding by the combined main 
rotor leakage fluxes. Since this same combined leakage flux is also 
and linked with the tertiar 3 ’‘ winding it also induces Ejf so that 
Ei'jEji = TijTg and also (7j -|- IiP)Xj^i must be parallel to 
Adding the primary resistance drop Iiti to gives the terminal 
voltage F and makes the diagram complete. 

At super-synchronous speeds E, is vertically downwards and sE^ 
upwards (s negative) so that Ej^ is similarly reversed as shoivn in 
Fig. 9.12(6), and ZaZo, leads E„ as shown in Fig. 9.12(6). The secondary 
reactance is negative, i.e. it acts as a capacitive reactance since s 
is negative, so that Zj leads I'll® secondary power factor is thus 

leading. The rest of the diagram is drawn similarly to that for 
sub-synchronous speeds. 

The two diagrams illustrate the tendency of the motor to run at 
lagging power factors at sub-synchronous speeds and at high or 
leading power factors at super-synchronous speeds. 

Motor with Brush Shift p. If the brushes are shifted against 
the direction of rotation by an angle p as described on page 130 the 
complexor diagrams for sub- and super-synchronous speeds are as 
sho'wn in Fig. 9.13(a) and (6), the current complexors being as given 
in Fig. 9.10. 

It can be seen that the effect of the brush shift is to make the 
power factor approximately unity at low speeds and lagging at high 
speeds. It is found, in practice, that if a satisfactory low-speed 
power factor is obtained by brush shifting the high-speed power 
factor may be excessively lagging; it is therefore desirable to make 
the brush shift variable between, say, 8° negative at low speeds and 
about zero or slightly positive at high speeds. This can be done by 
suitable gearing so that the rocker whose movement is against the 
direction of rotation moves more rapidly than the other. 

Machines which may have to rim in either direction must, of 
course, have their brushes in the neutral position. 

Power Relations 

From the complexor diagram the relations between the stator, 
rotor and mechanical powers can be obtained as was done for the 
doubly-fed motor on page 109. The relevant part of the complexor 
diagram is drawn to a larger scale in Fig. 9.14, the e.m.f. induced 
in the tertiary by the rotor leakage flux being neglected, 

Stator input (Z*) = FZ^ cos <f)i 

= Bill cos ipi + Iih\ 
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Resolving the primary current complexors on to E ^— 

cos T /4 = /(, sin a + 7/ cos yjn — I^p cos (180 — /i + i/’o) 

= 7o sin a -[- cos y, — cos 02 

Thus 

P = sin a. + E^I^ cos ip^ — E^ITp cos 02 + /^“ri . (0.7) 

Considering the secondary circuit and resolving e.m.f.’s on to /j— 
■sE^ cos yio, — Ej cos (180 — ^ -h ^> 2 ) = /j?-. 



Referring to primary, 


sE-^ cos tpi — E^p cos (180 — /3 -f ^ 2 ) = 

sE^I^' cos ip 2 — Eipl^' cos 02 = . (9.8) 

Adding expressions (9.7) and (9.8)— 

P = PJo sin oc + (1 — s)EtI 2 cos + (fi)\ + 


i.e. stator input == iron loss + 


mechanical 

output 


+ 


primary and secondary 
copper losses 


Neglecting losses, the primary input power is thus equal only to 
the mechanical output. This may be compared to the doubly-fed 
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motor in which the stator has also to carry the power returned to 
the supply through the regulator when the motor is running at 
sub-synchronous speeds. 

Por a given stator input and a variable speed the torque thus 
decreases with an increase of speed—this corresponds to the 
constant-h.p. drive referred to on page 51. 


Equivalent Circuit 

Prom the complexor diagram it is possible to Avrite down general 
equations regarding the behaviour of the motor similar to those of 
ec(. (4.7), page 55. Solving these for the primary current in terms 
of the applied voltage V gives an expression for the impedance of the 
motor in terms of the various motor constants and the slip; from this 
expression an equivalent circuit can he developed. 

CmcxnT Eqtjation.s. Primary circuit voltages— 

V = Ipq + - PV) + El . (9.9a) 

Avhere p = {T^fT„‘)&^P. 

Primary circuit currents— 

I, = To + V (1 + p) . . . ( 9 . 96 ) 

Magnetizing circuit— 

El = loC^'o d" ~ ^ 0^0 • • • (9.9c) 


where and aig are the magnetizing resistance and reactance 
(equivalent-series circuit). 

Secondary cirouit— 

sE, - + jljsa-ia - ia:i,p(Ii - pI/)(y„7T/) - pE, (9.9d) 

Substituting for I„' from (9.96) in (9.9a), 

V = A- j^ii^i ~ — Io)/(l + P) + Ej 

Since = E^/Zo thi.s becomes 


= IiK + j + P)} + El. Y • 


(9.10) 


whereY=^l + j^^^Y^- 

Rewriting (9.9d) ivith E 2 = EiiT^'IT^') and Ij == X^{T-i^lT^), 

+ P)Ei (ra + j5.Tia) - ja;iiP(Ii - pl^') 

= 1/ (?-2 + — ja:mP{Io + Izdl + P) — Plz'} 

= Iz' ^ (’•a 4- isxj^i) - ja^mP J ^ 
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Eeferring and to the primary, by multiplying them by 
(T^jT^y, 

(s + p)Ei = l^{r^ + - ja:iiP(Ei/z„) - jx^ipla' 

{s + P + jp(j;ii/Zo)}Ei = I,'{r2' + j(,sa;;r3' — VXlx)} 
Substituting for in (9.96) from this, 

El (a + P + jP-e i,i/Zo)Ei , _j_ 

' Zo H - P^ii) ^ ^ 

Hence 

E _ k _ 

' 1 , (1 + P)(a + P + jP XliM 

Zq ~ ps^il) 

Substituting for Ei in (9.10), 

y _ T L 14 ^Li I_Y_ 

j 1 + P i P)('^ + P + ]‘P ^m/Zp) 

The expression in the curly brackets is the impedance of the motor. 
Writing p = (T^'IT^je’^ in rectangular co-ordinate,s, i.e. 

p = »» + 

where m = (T^jT^) cos fi and n = ^(T^jT/) sin j3, gives 


V = Ii 


»'i +j 


+ 


^Ll 


1 -j- m + jw 


}_ , (1 -1- m 4- ]'w){s + w + jn + + jw)} 

Zo r^' + jfsaiia' - + ]n)] 


, 11- ^£1 m 4- J« 

where Y = 1 + j — ■ 4—^-^ 

* Zn 1 -i- m + ]n 


Y 

V 


Multiplying some of the terms in the denominator and transferring 
to the denominator gives finally— 






^£1 


1 +m + in 


(1 + m -f jTO){s + wt(l -f jxj^i/zp) + jTO(l + ia;xi/Zo)} 
YZo yW + ■n^Li + i(™£2' - "««£l)} 


(9.11) 
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Rearranging the last term in the denominator gives 


V = I, 


J 




1 + m + jhi 


Y^o _Y(r/ + wa:x,i) _ 

(1 + TO + jn){s + wi(l + j^Sii/^o) + i”'(l + j'^ii/^o)} 

, ■ __ 

'• (1 + TO + jH.){s + 7W(1 + iaJil/Zo) + jK(l + ja:^i/Zo)}_ 

. (9.12) 


It can be seen that the quantity in the square brackets represents 
an impedance jq + ixj^il{l + m + j«) in series 'with two parallel 
cirezuts of impedances ^nd 


_ Yl^a' + nxLi) _ 

(1 + m + j«){s + to(1 a - ja;£i/Zo) + jw(l + ja:£i/Zo)} 

, •_ - ^^xi) _ 

■' (1 + TO + jw){5 + TO(1 4- jWZo) + i’Hl + 


The equivalent circuit for the motor can thus be drawn as shown in 
Rig. 9.15(a), the magnetizing impedance being represented by its 
more convenient parallel circuit. This enables the performance of 
the motor to be calculated for any value of slip s provided the 
various parameters for the motor are known. 

The primary and referred secondary currents and can be 
found by ordinary circuit calculations. The total rotor power can 
be found from the l 2 ^r loss in the right-hand branch, and the mech¬ 
anical output by subtracting the secondary-circuit copper loss from 
this. The torque can then be obtained from the mechanical output 
and the speed. 

A more accurate treatment can be made by using tensor analysis.* 

Simplification of Equivalent Circuit. With machines of 
normal design certain approximations can be made which simplify 
the diagram and still give reasonably accurate results. 

The ratio ajj^i/Zg is usually much less than 1 so that can be 

neglected relative to 1 and y can be assumed equal to 1. 


* W. J. Gibbs, ‘’The Equations and Circle Diagram of tlie Schraga Motor,” 
J. Instil. Elect. Engrs., 93, Pt. II, p. 621 (1946). 
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The expresaion thus becomes 



_ fa' + _ (sxj,/ - nix j-j _ 

(1 +7ft + jw)(s + m + jw) ' ■^(14-wi + j?!')(« + ^» + j«) 


and the equivalent circuit is as shown in Fig. 9.15(6). 



Tig. 9.15. Ecjxjivaij:nt Cibcuitb op Schkagb Motor 

(а) Complete equivalent circuit. 

(б) Approximate equivalent circuit. 

(c) Approximate equivalent circuit with no hruah shill (n = 0). 
(il) Further approximation to circuit (c). 
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Many motors are designed for operation with no brush shift 
= 0° or 180°); in such cases n = sin /? = 0 so that the 

expression becomes 


y=h 


+ i 


^L1 I_ ^ __■ 

1 + m ' 1 _ 1 _ 

_ 4 - ^sZl2 - mxj^i) 

(1 + m)(s + m) ■' (1 + m){s + m). 


The equivalent circuit can thus be drawn as m Fig. 9,16(c). 
The last term in the denominator can be written 

• (aasxa' - fn^Li) ^ + ^Li ) 

^ (1 -f- 7n}(s + m) 1 + 7ii ^ (1 + 7n)[s + m) 


Movmg the magnetizing branch to the supply terminals, as is 
common with the induction-motor equivalent circuit, then gives the 
circuit of Fig. 9.15(a!). The equivalent circuits give rise to circular 
current loci as shown in Fig. 9.16. 



Pig. 9.16. Eppect on CmciiE Diagbam of Varying ISj and p 

(o) Effect or varying E,- with no brush shift. 

(i) Effect of varying p with JSj = ± 0-4Ej. 


It can be seen from these circles that the power factor is likely to 
be high or leading at high speed and low at low speeds. By giving 
the brushes backward shift the power factor is made more lagging 
at high speeds, thus avoiding any tendency to excessive lead at top 
speed, and improved at low speeds, particularly at low loads. Power- 
factor curves plotted against torque are given in Pig. 9.19. 
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Approximate Current Loci 

The approximate equivalent circuit of Fig. Q.\5{d), although, not 
suitable for accurate calculations, can be used to draw approximate 
circle diagrams which give a useful picture of the general behaviour. 

The main branch of the circuit consists of a constant resistance 
and constant reactance in series with a variable resistance and 
reactance. The ratio of the variable resistance to the variable 
reactance is constant so that the expressions of Appendix 2 can be 
used to write down the following expressions for the co-ordinates 
of the centre— 




It must be remembered, however, that the circuit on which this 
is based assumes no brush shift. 


Effect of Variable Parameters 

It has been assumed in developing the circles of the preceding 
section that the various resistances and reactances are constant— 
this is not true in practice and considerable divergence from the 
theoretical circles may result. 

As with other machines, the reactances may generally be regarded 
as constant. This is even more justifiable with commutator motors 
than with, say, a plain induction motor as the flux densities are 
generally low and saturation is therefore less likely to cause varia¬ 
tions. 

Resistances are complicated by the fact that brush contacts occur 
in both primary and secondary circuits, and the brush contact 
resistance decreases with increase of current. In the primary 
winding the brush resistance is generally low compared to the 
winding resistance and its variation can be neglected. In the 
secondary winding, however, the winding resistance is usually very 
low due to the low voltage and heavy current, and also there are 
two brushes in series in each phase. The brush resistance may there¬ 
fore be as great as, or even greater than, the winding resistance, and 
variation of resistance with current may have an important effect 
on the characteristics. 

The effect of the variable resistance on the cmrent locus is illus¬ 
trated in Fig. 9.17. Curve (a) shows the calculated locus for a super- 
synchronous speed using the light-load value of resistance and eurve 
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(b) shows a similar calculation using the full-load value; the actual 
locus obtained on test differs from both of these. 

It is thus evident that the circle diagram is not suitable for 
performance calculations although it is valuable for giving a general 
indication of the behaviour and the effect of making changes in 
various parameters. To calculate the performance of a motor it is 
thus necessary to use analytical methods and to make a preliminary 



Fig. i).17. Efi'ect of Vamable Brush Rbsistauce on 
CA iOULATBD CURRENT LoCUS 

estimate of the secondary cmTent for each condition calculated in 
order to find the secondary resistance to be used in the calculation. 
With practice and experience, however, this can be done quite 
accurately and a good prediction of performance obtained. 

Typical performance characteristics are shown in Kg. 9.19, page 
164. 

Operation at Synchronous Speed 

The conditions when the motor is running at exactly synchronous 
speed are of interest. As the slip is now zero the flux is stationary 
relative to the stator phases, and the e.m.f. induced therein is also 
zero. To obtam synchronous speed, however, there must be a small 
injected e.m.f. from the tertiary winding to overcome the secondary- 
circuit impedance drop, and there must therefore be a small brush 
displacement ds- The conductors between the brushes which are 
producing this e.m.f. are running in a stationary field, and the e.m.f. 
is therefore of zero frequency, i.e. a duect e.m.f. and the stator 
currents are direct currents. The conditions are illustrated diagram- 
maticaUy in Pig. 9.18 from which it is seen that the conductors 
supplying phase A are in the maximum flux while those supplying 
phases B and G are in a much smaller flux and are negative relative 
to those of phase A ; the currents in the stator phases are therefore 
unequal. The actual position of the flux relative to the brushes at 
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the moment when the speed reaches synchronism is quite fortuitous 
and, of course, not necessarily that shonm on the diagram. 

The effect of this phenomenon on the torque can be found as 
follows. 

The e.m.f. induced between brushes in a secondary phase due to 
a brush separation is, from eq. (2.9), page 24, given by 

E, = 2{T„la)f^^ sin {ds/2) cos ^ volts 



where /3 is the angle between the centre-line of the brush displace¬ 
ment and the flux axis and therefore also the angle between the flux 
axis and the stator-phase axis. 

The current in a stator phase is 

Zg = (EJr^ (since = 0) 

_ 2{TJa)f^<^ sin (g,/2) cos /? 

The torque due to a phase is proportional to the current in the 
phase times the flux component which is coaxial with that phase, i.e. 

oc Zj® cos /? 

Since cc (!> 6^ cos ^ this becomes 

TMjjj^ oc cos“ ^ 
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If the above refers to phase J the corrospoucling angles for the 
other two phases will be /j + 2Tr/3 and ji -]- Itt/S, so that the total 
torque for the whole machine will be 

T2I = cl)20,{eos2 p + cos2 (/? + 27r/3) + cos^ 0 + Itt/S)} 

= th-. 30J2 

Hence for a given brush separation the total torque is independent 
of /?, i.e, it is independent of the relative position of the flux and the 
stator phases at the moment of attaining synchronism. There is 
thus no tendency for the machine to remain in synchronism and no 
discontinuity in the torque curve as the speed passes through 
sjmehronism. 

Effect of Dissymmetry. If, due to faulty brush settings, the 
angle 6^ is not the same at all three brushes but is 6^ for phase A, 
for phase i? and 0^ + Sq for phase C, the expression for the 
torque becomes 

TiM az cos'^ /J -h (0, 4- Sjj) eos^ {ff + 27t/3) 

+ (0, + 5c) cos^ {p + Hr/3)} 

o: {I fl. +1 (^ij + <5c)(l + 2 sin*> P) + ^ (<5^ - <5^) sin 2^| 

The second and third terms of this expression are dependent on 
the position of the flux relative to the stator phases, and variations 
in torque generated will thus occur in the neighbourhood of syn¬ 
chronous speed as the flux slowly rotates. These variations result in 
corresponding variations in speed and secondary current and are 
somewhat similar to the hunting of a synchronous machine. Opera¬ 
tion over a small range of speed near synchronism may thus be 
impracticable. 

Other causes of dissymmetry, such as bad brush contacts or faulty 
connexions, may cause similar effects. 

Commutation 

In addition to the reactance e.m.f. in the coil short-circuited by 
the brush there is a rotational e.m.f. due to its movement relative 
to the air-gap flux. The flux is always moving at synchronous speed 
relative to the conductors, so that the e.m.f. induced is independent 
of the motor speed; it is, however, mor’dng past the brushes at slip 
speed so that the e.m.f. induced in the coil at a particular brush will 
depend on the magnitude of the flux being cut at the moment 
considered. When the flux axis is coincident with the coil axis, i.e. 
the flux is fully linked with the coil, the e.m.f. will be zero; when 
the flux is at 90° to this position the e.m.f. will be a maximum and 
in this position will have a value of 

= 2’nfiT/f) volts 
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It will vary sinusoidally at slip frequency between this value and 
zero so that the r.m.s. value will be 

= W2)TTf^Tc(5) volts 

It may be noted that this is different from the e.m.f. obtaining in 
the series and doubly-fed motors where the frequency is that of 
supply and the magnitude is proportional to slip. 

As with other commutator motors the magnitude of this voltage 
must be Umited to three or four volts so that it imposes a limit to 
the flux per pole that may be employed. 

At S 3 mchroniam the flux is stationary relative to the brushes as 
described in the last section, and the position of its axis is quite 
fortuitous. If the short-circuited coil happens to have its sides in a 
position of zero flux then commutating conditions will be similar to 
those of a d.c. machine, i.e. only the reactance e.m.f. will be present; 
if, however, it is in the position of maximum flux then conditions 
will be relatively bad. It is thus evident that conditions differ in 
the three phases and also differ at the two brushes of a phase. 
These differences tend to accentuate the unbalancing of the currents 
mentioned in the last section. 

Control Gear 

Equipment is required for starting and stopping and for variation 
of speed but the cost and complication is generally less than with 
other types of motor. 

Staeting. a motor with the usual 3 : 1 speed range can be started 
by direct switching on to the supply provided the brushes are in the 
low-speed position; in this way about twice full-load torque is 
obtained with about 1J times full-load current. AU that is required, 
therefore, is a main switch or contactor with an interlock to ensure 
that it cannot be closed unless the brushes are in the low-speed 
position. 

For motors with a narrower speed range than 2:1 and for motors 
where a very gentle start is required, resistors may be added to the 
primary or secondary circuit and cut out in the usual way. 

Speed Conteol. The following methods are available for moving 
the brushes to give speed variation— 

1. By a simple handwheel mounted on the motor frame. 

2. By a handwheel connected to the brush rockers through shafts, 
gears or chain drives, thus enabling a limited remoteness of control 
to be effected. 

3. By a pilot motor. A f.h.p. induction motor is mounted on the 
main motor frame and connected to the rockers through gearing. 
Two push buttons are provided, one for forward motion (raise 
speed) and the other for reverse motion (lower speed), thus enabling 
completely remote control to be effected. Limit switches are neces¬ 
sary at each end of the brush travel to switch off the pilot motor 
and prevent its stalling. It may be noted that with this arrangement 
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the rate of brush travel, and therefore of speed change, is fixed and 
outside the control of the operator. 

4. By a pilot motor -with pre-set controller. In many cases it is 
desirable for the operator to have a controller giving a definite motor 
speed for each notch. This can be effected by having tvo drums, 
one coupled to the controller handle and the other reduction-geared 
or connected by a aelsyn to the pilot motor. Movmg the controller 
handle to a particular position starts the pilot motor, and as soon 
as the pilot-motor drum has rotated through the same angle the 
motor is stopped. 

Where an occasional very low creeping speed is required, as in 
paper-making machinery, it is preferable to use resistors in the 
secondary circuit rather than design the motor for a very vide 
speed range. 

The speed of operation of the brush gear should be such that 
about twice full-load current in the secondary is not exceeded. This 
gives a time for the change from minimum to maximum of approxi- 
matelj' 2'\/h.p. seconds, e.g. 20 sec for a 100 h.p. motor. 

General Design Features 

As with the doubly-fed motor the basic design constants are 
similar to those of the induction motor. It must be remembered 
that the tertiary winding is in the same slots as the primary and adds 
60 per cent or more to the total ampere-concluotors around the rotor 
periphery; the values for the primary winding alone are therefore 
lower than in the induction motor. 

Fltjx peb Pole aOT) Limiting Output. The e.m.f. induced in the 
short-circuited coils, which is constant at all speeds, should not 
exceed three to four volts even if a suitable discharge winding is 
fitted to assist commutation. As shown on page 34, this limits the 
flux per pole for 50 c/s machines to 0-02 weber, and the corresponding 
maximum output is about 25 h.p. per pole. 

Pbimaby Winding. Star or delta connexion can be used depend¬ 
ing on the number and size of conductors required—it is generally 
found that for voltages up to 440, which is the usual upper limit for 
the Schrage motor due to the primary being supplied through slip 
rings, the delta connexion gives a more convenient size of conductor. 
A double-layer lap or wave winding, short-pitched by about l/6th 
of a pole-pitch to minimize 6th and 7th harmonics as with induction 
motors, is usual. 

Sboondaby Winding. It is desirable to keep the commutator 
voltage low so that the secondary currents are correspondingly high. 
A double-layer lap winding, wMch has several parallel paths and 
which can also be appropriately short-pitched to minimize har¬ 
monics, is therefore suitable for the secondary. The number of 
phases, which in the preceding theory has generally been supposed 
to be three, is open to the designer’s choice, and 2, 3, 6, 7, or even 
more, phases are used with three-phase motors. 
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The advantages of a greater numher of secondary phases are— 

1. The change of current during commutation is less as explained 
on page 30. 

2. The waveform of the secondary m.m.f. is improved, particu¬ 
larly when short-pitched coils are used. 

The disadvantage is, of course, the greater number of brush arms 
required on the commutator, although this may enable a shorter 
commutator to be used. 

Tertiaby Wendirg. To assist commutation single-turn coils are 
generally used so that the numher of commutator segments is 
necessarily large. To keep the number to a reasonable value the 
secondary voltage must be low and the current correspondingly high. 
A number of parallel circuits through the ivinding is therefore 
desirable, and a simplex lap (a, — p) or a duplex lap {a = 2p) 
winding is usual on macliines above about 5 h.p. 

On smaller machines a wave winding is permissible and has the 
advantage that only one pair of brushes per phase, instead of one 
per phase per pole-pair, can be used, tlms simplifying the mechanical 
arrangement of the brush gear in the limited space available. 

To ensure satisfactory commutation, especially in the neighbour¬ 
hood of synchronous speed, it is necessary for the various parallel 
circuits to share the current equally. Equalizing connexions between 
every third or fourth commutator segment are therefore desirable. 

A further essential to secure good commutation is some form of 
discharge winding since oompoles for neutralizing the reactance 
e.m.f. in the short-circuited coils are impracticable. Kesistance con¬ 
nectors (page 37) are sometimes used but experience shows that 
the best results are u.sually obtained with the Robinson discharge 
winding (page 38) for machines up to about 50 h.p., where simplex 
tertiary windings with an e.m f. in the short-circuited coil of 2 to 
2-5 V are used, while for larger machines the duplex arrangement 
described on page 38 is appropriate and permits e.m.f.’s in the 
short-circuited coil up to about 4-5 V. 

Performance Characteristics 

The curves of Rig, 9,19 show performance characteristics of 
typical motors. 

Spebd-torqtjb Oubvbs. Curves (a) show the speed-torque curves 
over the normal working range of torque, these being similar for any 
size of motor and not appreciably affected by brush shift. The drop 
from no-load to full-load is somewhat greater than that for an 
induction motor of corresponding size on account of the resistance 
of the brushes and of the tertiary winding. A typical drop is about 
100 r.p.m. at all speeds for a 100 h.p. 8-pole motor. 

Ebeiciency. The curves of (6) follow the usual shape, the efiioi- 
ency being highest at synchronous speed when there is no tertiary 
winding loss and little stator iron loss. 

PowEE Eactoe. If there is no brush shift the cm'ves of (c) are 




Fig. 0.19. Typical Pbrformancjb Characteristics 


(o) Speed-torque. 

(b) Efflciency, 

(c) Power factor (symmetrical brush position). 

(d) Power factor (unsymmetrical brush position). 

(e) Secondary ciurrent, 

(/) Speed-torque curves with generator action. 
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obtained showing high power factors at super-synchronous speeds 
and low values at sub-synchronous speeds. With a brush shift of a 
few degrees the curves of Fig. (d) are obtained showing an all-round 
improvement. 

Secondary Current. The curves of (e) show that udth no brush 
shift the secondary current is approximately proportional to the 
torque but with large brush shift (8°—10°) the currents on no load 
are considerable; they lead the secondary e.m.f. E 2 at super- 
sjnolironous speeds and lag at sub-synchronous speeds. 

Gener.4tor Operation. If the machine is driven above no-load 
speed the injected e.m.f. E^ exceeds the secondary e.m.f. sE^ and 
the secondary current is reversed—^generator action results as with 
an induction motor driven at slightly above synchronous speed, the 
torque characteristics over the range of positive and negative 
torques up to about three times full-load value being as shown in 
Fig. 0.19(f). Operation is now on the lower part of the circle 
diagrams of Fig. 9.16, and it can be seen that the power factor is 
low at all speeds. To obtain a good power factor at low' speeds the 
brush shift would have to be in the opposite direction to that for 
motor operation, i.e. ivii/i the rotation instead of against. As with 
the induction motor the machine can normally only generate when 
connected to a system capable of the supplying the magnetizing 
current. 

Applications 

The Sohrage motor can be applied, almost without exception, to 
any industrial drive requiring a variable speed, and some cases 
where it has proved particularly successful are indicated below’. 

Cranes and Hoists. The Schrage motor (and also the doubly-fed 
motor) has the following advantages over the slip-ring induction 
motor. 

1. External resistors are not necessary so that the overall efficiency 
is greater. 

2. The speed at any controller notch is approximately independent 
of the load, making operation easier for the crane driver. 

3. The characteristics are such that approximately full-load 
braking torque is available at speeds only slightly above the no-load 
speed corresponding to the brush setting in use. Safe control of 
descending loads at any speed is thus obtained without the use of 
mechanical brakes. 

Disadvantages are the greater initial and maintenance costs and 
also the fact that the moment of inertia of the rotor is considerably 
higher. 

The top speed of the motor is usually about 1,000 r.p.m., a some¬ 
what higher figure than for other types of crane motor, and the 
speed range is about 20:1 giving a low speed of 50 r.p.m. corre¬ 
sponding to a hook speed of about 1 ft/min. 

Fans and Centrifugal Pumps. Fans and centrifugal pumps 
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often require to be driven at variable speeds, typical examples being 
boiler-house fans. The torque required is proportional to the square 
of the speed, so that at low speeds the torque is very low, leading to 
high power factor and efficiency over the whole range. 

Papeb-making IVIachineby. The chief item of a paper mill is the 
machine on which the paper is actually formed. It is an example 
of a coincidental drive in that the relative speeds of each of the 
group of machines comprising the complete unit must remain the 
same or the paper will be torn, but these relative speeds must be 
adjustable to suit different qualities of paper. Furthermore, the 
speed of the whole unit must be adjustable over a wide range. For 
large machines, above about 100 in. wide and running at over 


Feature 
Supply Voltage 
Construction 

Size of Motor 

Brushes and 
Commutator 

Enclosure 

Commutation 

Output 

Speed Characteristics 


Table 9.4 
Sehrage Motor 


Limited to 660 V since 
it must be fed 
through slip rings. 
Self-contained 


Larger than induction 
motor of same out¬ 
put. 

Requires, except in 
very smalt motors, 
six brush sets per 
pole-pair and these 
have to be movable. 

Total enclosure prac¬ 
ticable on small 
motora only due to 
high rotor losses. 


Commutator winding 
handles only slip 
power 


Limited to about 120 
h.p. for 6-pole and 
250 h.p. for 12-polo 
machines. 

Shunt characteristics 


Doubly-fed Motor 


Any valuo can bo used for 
which the stator can. be 
wound, e.g. 3-3 or 6'6 kV. 

Requires a separate regu¬ 
lator of a size compar¬ 
able with that of the 
motor. Also heavy 
cabling is needed be¬ 
tween the regulator and 
motor. 

About some size as induc¬ 
tion motor. 

Brushes aro fixed. 


Total enclosure easier on 
account of fixed brushes 
and leads and lack of 
slip rings, and also 
relatively lower rotor 
losses. 

Commutator winding 
handles total power 
making commutation 
more difficult, especially 
at starting. 

Uli to 500 h.p. 


Slightly steeper charac¬ 
teristics, especially at 
low speeds, due to regu¬ 
lator impedance. 
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600 ft/min, it is desirable to drive each of the component machines 
by a separate motor vith suitable electric control to fulfil the above 
requirements. The Schrage motor has been used for this service for 
many years with entire satisfaction. 

Ring Spinning Rhames. Most ring spinning frames in this 
country are driven by squirrel-cage induction motors at an approxi¬ 
mately constant speed, this speed being adjustable when desired by 
changing gear or pulley ratios. Increased production can, however, 
be obtained by varying the speed as the layers of yarn on the 
bobbins are built up. The Schrage motor with an automatic speed 
regulating device has been used for this purpose and, although more 
expensive, has resulted in 10—12 per cent greater production and 
about 50 per cent less breakages of yarn. The size of motor required 
is usually 5-10 h.p., and it is totally enclosed. 

Comparison between Schrage and Doubly-fed Motors 

These two motors have been seen to have similar characteristics 
so that they are often in competition when a motor is being selected 
for a particular variable-speed drive. Table 0.4 gives a comparison 
of some of the salient features. 

EXERCISES !) 

1. A 4-pol6 ai’inatui's has 104 coils each having 4 turns aiul is running at 
1,600 r.p.m. in a stationary field of 0-02 Wb per pole. The e.m.f. between two 
brushes, symmetrioally spaced relative to the flux axis, is 200 V. Find the angle 
(meoh. degrees) of brush separation, assuming the flux to bo sinusoidally 
distributed over the pole. 

If the armature is rotating at 3,000 r.p.m. and tho field at 1,600 r.p.m. in 
the same direction, find the r.m.s. value and the frequency of tho e.m.f. be¬ 
tween the brushes. 

2. A 3-ph., 400-V, 6-pole, 50-c/s Schrage motor has a star-connected primary 
winding with 230 effective turns per phase, a 3-phas6 secondary with 40 
effective timis per phase, and a lap-connected tertiary hardng 198 total turns. 
Find tho approximate no-load speed of tho motor for a brush-separation of 
45° (elec.). 

3. A 6-pole, 3-ph., 60-c/s Schrage motor has a lap-coimected tertiary winding 
and a 3-ph. secondary winding. The primary winding has 100 effective tiumsiu 
series per phase each carrying 10 A; the secondary winding has 40 effective 
turns in series, each carrying 30 A. The motor is running at a sub-synchronous 
speed with no brush shift and a brush displacement of 20 mech. degrees. 
Determine the number of tum.s on the tertiary winding. 

4. A 6-pole Schrago motor has the following double-layer lap windings— 



Priraai’y 

Secondary 
(4 parallel 
circuits) 

Tertiary 

(duplex) 

Xtimber of phases 

3 i 

3 

_ 

Number of turns (total) 

180 

240 

180 

Coil span (per cent) 

83-3 

80 

100 
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If the secondary winding carriea 70 A and the ijrush separation is 80° (olec.) 
in a direction to give sub-synchronous running, determine the primary 
current. Neglect magnetizing current and assume no brush displacement. 

If the primary leakage reactance when rumiing as an induction motor is 
O'On, estimate the leakage e.m.f. in the primary winding when rumiing as 
above. 

3. The lap-connected tertiary winding of a -I-pole Sclirago motor has 72 
slots with G condiiotora per slot and the 3 sets of bru-shes per pole-pair have a 
displacement of 00°. The secondary phase cuiTCnt is 100 A. Draw the current 
distribution diagram and the m.ra.f. wave for a pole-pair when the current in 
one phase is at its peak value. Sketch the fundamental of tlie wave and com¬ 
pare with the calculated value. 

6. A 10-pole, oO-e/s Schrage motor has the following particulars when run¬ 
ning at approximately 400 V with a secondary current of 1 00 A lagging the 
.secondary e.m.f. by 30°— 

Effecti\-e primary turns'/ph. (atar-connected) — .70 
Effective secondary turns/ph. (3-phaae) ■= 30 
Primary resistance drop = 1 per cent 

Primary reactance drop =10 per cent 

Kccondary circuit resistance = 0'2 Cl 

Magnetizing and iron-loss ewrent = 15 A at 80° 

The brushes are adjusted so that the tertiary e.m.f. set up by the main flux 
is 75 V at 180° to the .secondary e.m.f. Assuming a primary e.m.f. duo to tlio 
main flux of 370 V, draw the comple.xor diagram and find the .secondary 
reactance, the primary power factor and the speed. 

7. The following particulars refer to a 400-V, 50-c/s, 8-polo, delta-connected, 
120/40-li.p., 1,0.50/350-r.p.ni., Schrage motor with a brush .shift of — 5° (elec.). 
The ratio of diametric commutator e.m.f. to the secondary e.m.f. per phase is 
E/Ej = 0'S2. All paramotens are referred to one phase of the primary winding. 

rj = 0-11 r/ + r,i =■ 0-41 n 

O, = 0-5 Cl 

= 1.5-7 n 

Determine, using the equivalent circuits of Fig. 9.15(o), (b), (c) and (d), the 
input current, power factor and power, the output power and torque and the 
secondary current when running with a brush displacement of 132° (high 
speed) and a slip of — 0 4. 
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THE OSNOS (NO-LAG) MOTOR 
Principle and Construction 

The Osnos motor may be regarded as a special case of the Schrage 
motor, although, as mentioned on page 100, it was developed earlier. 
The construction is similar to that of the Schrage motor but the 
tertiary e.m.f. collected from the commutator is not variable and is 
usually injected into the secondary circuit at an angle leading the 
secondary e.m.f. by about 90"', so that power-factor improvement but 




Fig. 10.1. (ioNNBxioNs or Osno.s Motor 

no speed control is obtained. The motor, as normally designed, thus 
runs at approximately synchronous speed but with unity or leading 
power factor. 

As a fixed e.m.f. is to be collected from the commutator, only 
three sets of brushes per pole-pair, spaced at 120°, are necessary as 
sho\vn diagrammatically in Fig. 10.1, and the position of these is 
normally fixed by the manufacturer. 

Since the motor runs at nearly synchronous speed, the value of 
the secondary e.m.f. sFj is smaU. The tertiary injected e.m.f. will 
be less than this and in practice is usually between about 2 per cent 
of the standstill secondary e.m.f. for large machines and 10 per 
cent for small machines. The number of turns required on the ter¬ 
tiary winding is thus very small. 

Tertiary E.M.F. 

From eq. (2.11), the e.m.f. between brushes is, for a windhig with 
full-pitch coils, 

^=(V2)(T»/ia>sin(0/2) 

In this case 6 = 120° so that sin (6/2) = ^^3/2 and 
E = (V3/V2)(J'«/a)/i'l) volts 
160 
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The equivalent-star value is thus 

E = {ll\/2}{Tala)fi<^ volts per phase . (10.1) 

Tertiary M.M.F. 

If /j is the secondary current per phase, the fundamental of tlie 
tertiary m.m.f. is, from eq. (1.5), 

jPg = (3l\/2TT^){IJa)(TJp) ampere-turns . (10.2) 

As the number of turns on the tertiary winding is small compared 
to the number on the secondary winding, the effect of this m.m.f. 
on the air-gap flux is negligible. 



Fia , 10.2. C0MPI.EXOB Diaosam 
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Complexor Diagram 

The complexor diagram is shown in Fig. 10.2 and is similar to 
that for the Schrage motor (page 147), except that the injected 
e.m.f. due to the main flux is leading hy 90°, and the primary 
current component to counteract the tertiary m.m.f. is very small. 

The cmrent thus leads sE^ by a considerable angle. The small 
m.m.f. due to the tertiary winding demands a primary current of 
liiT^'jT^) = li'p leading by 90°, so that the total primary 
current, including the magnetizing component Jq. is almost at unity 
power factor. The reactance e.m.f. in the primary winding is set up 
by the total effective current in the primary slots (Jj — T^'p) and 
leads it by 90°. The reactance e.m.f. set up in the tertiary winding 
by the effective current in the primary slots is (Jj — IiP)xj^^T^'JT^' 
= E^^, giving the total injected e.m.f. Ej^ as shown. 


Equivalent Circuit 

The behaviour of the motor can be calculated from the general 
expression for the Schrage motor given on page 154. This expression 
can, however, again be simplified by making approximations 
resulting chiefly from the fact that the tertiary winding has only a 
very small number of turns relative to the primary and secondary 
windings. 

The term (xx^Jz^) is small relative to 1 so that y can be assumed 
equal to 1. Also pi can be neglected relative to (1 + m) as it is 
usually less than 0-1. Expression (9.11) can thus be written 


V = Ii 



'-Ll 


1 + m 


_ 1 _ 

1 I (1 + m)(s + m + jw) 

Zo - ^ta), 


(10.3) 


Re-arrangmg the last terra in the denominator, this becomes 


V = Ix rx + j 


‘-ii 


1 + TO 


+ 


1 + 


jn(l + to) 


+ 


(1 + to)(s 4- to) 


Zo r/d-ma^x + -mxxi) 


Since m is small relative to 1 and the reactance terms are small 
relative to the term j?i(l + + ](8Xxi —mx^y)} 

is approximately equal to \(njr 2 ) which is independent of slip. Xjjy 
may also be neglected relative to r/ in all except very small 
machines. 
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The expression can thus be written 


V = Ii + j 


‘ii 


1 -|- m 


1 . --p 

Zo 


(1 m){s + m\ 


+ ] 


sxr-i — mxTf 

(1 + 7n)(s + m) 


The last term in the denominator can be written 


(1 + m){s + m) 1 + 
so that the expression finally becomes 


V = Ii r^+j 


1 + Wi 


1 


(1 + m){a + m) 


+ 


i_J_ + 

Zfl . ^ 


'‘Li 


(1 + m)(a + m) 1 + m 


^ (1 + m)(s A- m)) 
. (10.4) 


The quantity in the curly brackets represents the impedance of 
the motor and can be represented by the circuit shown in Fig. 10.3(a) 
—^this is therefore an approximate equivalent circuit for the motor. 
As with the ordinary induction motor the circuit can be further 
simplified by moving the shunt branch to the terminals, giving the 
circuit of Fig. 10.3(6). 

The value of m is always small and will be zero if /3 = 90° in 
which case the circuit is sirnilar to that of an induction motor except 
for the term r^ln which acts as though a capacitor were connected 
at the motor terminals, i.e. it causes the usual induction-motor 
circle diagram to be shifted to the left. 

Approximate Current Loci 

The circuit of Fig. 10.3(6) has a shunt branch and a main branch, 
the latter comprising a variable resistance and reactance in series 
with a constant resistance and reactance. The ratio of the variable 
resistance to the variable reactance is r ^’and is a 
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constant. It is shown in Appendix 2 that the locus of the current 
complexor in such a ch'cuit, when supplied at a constant voltage, is a 
circle, the co-ordinates of whose centre are given by— 




O V, -^Ll + •^L2' I ^l(l + ’'l) 

^ ^ TT"™ r + 

p ^ p^. + ^Li) 


(10.oa) 


(10.56) 





ti-m 


i£k 

1+m 



Fig. 10.3. Apphoximatb Equivalent Cibouits 

(fl) Circuit from eq. (10,4). 

(ii) Final approximation. 


If m — 0, i.e. if /3 = 90°, these become = 7/{2(a;^i + K^g')} 
and = 0 as for a plain induction motor; the only effect of the 
tertiary winding is thus to alter the shunt branch causing the circle 
to be shifted towards the left. Conditions are similar to those with 
the Scherbins phase advancer, and the current locus can be drawn 
as described on page 91. The following example iUustrates the 
procedure. 

Example 10.1. Draw the current loci for a 20-h.p., 420-V, 4-pole, 
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60-c/s, Osnos motor having the following particulars and with values 
of p equal to 0, 7r/4, 7r/2, 37r/4, tt and 37r/2. 


Primary w'incling, delta connected 
Exciting circuit reactance 
Exciting circuit resistance 
Primary winding resistance 
Primary w inding reactance 
Secondary circuit resistance 
Secondary circuit reactance 


.e,„ = 77 D/ph. 
r,„ = 550 D/ph. 
)\ = 1-8 D/ph. 

= 4-1 D/ph. 
r^' — 2-6 D/ph. 
.Tjr,2' = 3-9 D/ph. 
= 0-07 


From cqs. (10.5a) and (10.56) the co-ordinates of the centre are— 


" 4-1 -h 3-9 f, , 1-8(1 + m)m\ 

^ 1 + 1 2-0 / 
26-2(1 -f ?/i) ... 

“ 1 4- m(l + wi)/l-45 

P, = X m(4-l + 3-9)/2-6 
= P* X 3-08m A/ph. 


Magnetizing and core-loss current 

= 420/550 - j(420/77) = 0-76 - j5-45 A/ph. 

Current in r^jn branch 

= 7, = 420w/2-6 = 161w A/ph. 


The values of the co-ordinates of the centres of the circles are 
calculated as shown in Table 10.1 for the given values of p. 


Table 10.1 


p 

m 

= p cos ^ 

n 

= ^sin^ 

A 

1 +m 

(1 -f 7ti)m 

.4 * 

P. 

(amperes) 

P. 

(amperes) 

0 

0-07 

0 

0 

1-07 

0-075 

1-051 

26-6 

5-75 

W4 

0-049 

0-049 

7-9 

1-049 

0-051 

1-035 

20-5 

3-98 

ir/2 

0 

0-07 

11-3 

1-0 

0 

1-0 

26-2 

0 

Sirli 

- 0-049 

0-049 

7-9 

0-951 

- 0-047 

0-907 

25-9 

- 3-90 

IT 

- 0-07 

0 

0 

0-93 

— 0-065 

0-955 

25-5 

- 5-5 

3jr/2 

0 

- 0*07 

- 11-3 

1-0 

0 

1-0 

26-2 

0 


* .4 = 1 + (1 -I- m)m/l-45 


The circles for the six values of /? are shown in Eig. 10.4. It can 
be seen that, although an angle p = 7r/2 gives the maximum leading 
reactive current at no-load, p = 7r/4 gives a better power factor 
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over a rauge of load. The angle normally employed is therefore 
generally between 40° and 60°. Angles greater than 7r/2 are, of 
course, impracticable as they make the power factor worse than that 
of the plain induction motor as shown by the circle for 37 r/ 2 . 

Analytical Treatment 

The equivalent circuits of Fig. 10.3(a) or 10.3(6) can be used for 
the analytical calculation of the behaviour as illustrated in Example 
10.2, which refers to the same machine as Example 10.1. 



I’m. 10.4. CcBMENT Loci fob Osno.s .'\IoTon wi’nr 
Vabious Vaiues of P 


Example 10.2. Calculate for the 20-h.p. Osnos motor of Example 
10.1 the primary current and power factor, the torque and the h.p. 
output when rumiing at a slip of 0-03, the brushes being adjusted 
to give (i = 60°. Find also the standstill current and power factor. 

For an injection angle P = 50°— 

TO = 0-07 cos P = 0-045 
n — 0-07 sin p = 0-0535 

For the shunt branch— 

Ijzo = l/r„ + l/ja;„ = 1/550 + l/j77 = 0-00182 - jO-013 mho 

= 0-0132 /— 82-1 mho 

H0IIG0 

XjJzo = 4-1 X 0-0132 = 0-054 

7—(T.ID4) 
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ThivS is small relative to 1 so that )' = {!+ 3:j^ilZ(,) can be assumed 
equal to 1. Also in — jO-0536 is small relative to 1 so that expression. 
(10.3) is appropriate for a reasonably accurate calculation. The 
eSect of the other approximations is discussed later. 

The calculation of primary current according to expression (10.3) 
is shown in Table 10.2. 


Table 10.2 



s = 0'03 
(On load) 

s = 1 
(StandatiU) 

1 + TO 

1 1-045 

1-046 

4 + TO + jn 

0075 + jO-0535 
= 0-0923/35-6“ 

1-045 -f jO-0535 
= 1-045/2-95° 

r^' + nxj^i 

2-6 + 0-22 -= 2-82 

2-6 -f 0-22 = 2-82 

i 

j(0-I17 - O-lSl) 

= - jO-067 

j(3-9 - 0-184) 

-= j3-716 

rj' + nxj,i + 1(4.1;^/ - 

2-82 - jO-067 
- 2-82/- 1-35° 

2-82 + j3-716 
= 4-68/53-9° 

(1 + m)(a + TO + jn) 

1-045 X 0-0923/36-6° 

1-045 X 1-046/2-96° 

rt + - iTKCj^i) “ 

2-82/- 1-36° 

= 0-0343/36-65° 

- 0-0274-f jO-0200 

4-68/53-9° 

= 0-234/- 60-95° 
= 0-16 - jO-lSil 

l/*o 

0-00182 - jO-0130 

0-00182 — j0-013U 

llza + a 

0-0292 -f j0 0070 
= 0-.30/14-6° 

0-152 - jO-202 
= 0-255/- 63-5 ‘ 

l/(l/i„ + a) 

33-2/- 14-0° 

= 32-2 - j8-4 

3-93/53-5° 

= 2-34 + j3-15 

n + ja^ii/il + TO) 

' 1-8 + j3-92 

1-8 + j3-92 

Total impedance/phase (ohms) 

34-0 — j4-48 
, = 34-3/-7-6° 

4-14 + j7-07 
= 8-2/59-8° 

Current/phase (amperes) 

12-3/7-.5° 

61-3/- 59-8° 


The line currents are thus 20-6 A at 0-99 power factor leading 
when the motor is on load at s = 0-03, and 89 A at 0-5 power 
factor lagging when at standstill. 

Power input = 3 X 420 X 12-3 X 0-99 = 15,300 W 
The torque in synchronous watts is equal to the rotor input, and 
this is the above total input minus stator copper loss and loss in the 
shunt branch (core, friction and windage loss). 

Stator copper loss — 31% = 3 X 12-3® X l-S 

= Slow 
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Voltage across shunt branch = V — I{i\ + + m,)} 

= 420 - ]2-3/7-5^(l-8 + j3-92) 

■= 420 - 53-0 /72-9° 

= 420 - 15'6 - joO'G 
= 407 V 

Shunt circuit loss = 3i’-/r„, = 3 X 407^/560 = 950 W 

Torque = 15,300 - 810 — 950 = 13,540 W 

= 13,540 X 0-117/25 
= 63-2 Lb-ft 

Output = rotor input (1 — s) 

= 13,540 X 0-97 
=: 13,150 W 
= 17-6 h.p. 

Efficiency = (13,150/15,300) x 100 = 86-0 per cent 

If a similar calculation is made according to the equivalent 
circuit of Fig. 10.3(a) the phase current becomes 13-0/7-1® ffir 
s = 0-03 and 49-3/— 59-4° for s = 1, while for the circuit of Fig. 
10.3(6) the currents are 12-8 /9-5° a nd 47-6/— 57-6° respectively. It 
can thus be seen that the approximations are justified. 

Design Features 

The design is similar to that of a Schrage motor except for the 
tertiary winding which may require special consideration on account 
of the very low voltage which it has to generate. 

Terttahy Whtding. Whereas in the Schrage motor the design of 
the tertiary winding is governed by the maximum voltage between 
segments which ^viLl permit satisfactory commutation, in the Osnos 
motor the difficulty is usually to devise a winding which will give a 
sufficiently low voltage and at the same time permit the use of a 
large flux per pole without excessive voltage between segments. 
Praotical Avindings are illustrated in Fig. 10.5. 

With the simple lap winding shown in Fig. 10.5(a) the equivalent- 
star e.m.f. is, from eq. (10.1), 

Ej = (l/v'2)(ro/a)/i®fcj volts per phase . (10.6) 

where is the coil-span factor if the winding has short-pitched coils. 
The value of Ej can thus be made small by the use of short-pitched 
coils, the limit being a coil having a span of one slot pitch. The 
e.m.f. induced in the coil short-circuited by the brush, i.e. the 
segment e.m.f., is given by 

^rb = volts 


(10.7) 
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aud is similarly reduced by short pitching. With a permissible 
segment voltage of 2, the maximum flux per pole for a 50-c/s 
machine having single-turn coils of varying pitches is shown below. 


Per-cent Pitch 

i 100 

! 

1 66-7 

1 

.">0 ; 

33-3 iO 

1 

Plux/Pole {Weber) 

1 O-OOl) 

i 

1 

j 0-0104 

j 

0-UI27 

1 

1 

0-0 IS 0-030 

1 


The above values of flux per pole can be doubled, for the same 
values of e.m.f., by using a duplex winding (Fig. 10.5(6)). 



re) CC) 

Pig. 10.5. Tertiaky Windings 

(а) Simple lap winding. 

(б) Duplex lap winding. 

(c) Simple bar winding. 

(d) Fractional-length bar winding. 

(e) Full-turn bar winding. 

(/) Full-tum bar winding with 2 bars/alot. 

A simpler arrangement consists of single conductors from each 
commutator segment joined to a common ring at the far end of the 
machine as shown in Fig. 10.6(c). The e.m.f. between brushes is 
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now that clue to the two conductors in contact with the brushes, i.e. 
due to a single coil having a span equal to the brush pitch. For a 
brush pitch of 120“ = V3/2 and T = 1 so that 

E, = iV2)7Tf^ X (V3/2) = 3-84/0 volts . (10.8) 

The voltage between segments is due to two adjacent conductors, 
i.e. to a coil with a span of one slot pitch. Thus 

sin (y/2) . (10.9) 

where yi is the slot-pitch angle. 

If the e.m.f. obtained by this is too great, only a portion of each 
conductor can be used by making the common coimexion part of 
the way along the core, in one of the ventilating ducts, as shown in 
Fig. 10.5(d). 

If the brush e.m.f. from a single turn is not great enough it can 
be increased by using a full turn, of any desired span, instead of a 
single conductor, the arrangement then being as shown in Fig. 
10.5(e). If kg is the coil-span factor of the turn the e.m.f. will be 
that of Fig. 10.5(6) multiplied by 2 / 1 ;^. The brush e.m.f. will be 
similarly increaseci. 

A decrease of the segment e.m.f. without appreciable change in 
the e.m.f. between brushes Ej can be effected by the arrangement 
of Fig. 10.5(/). The e.m.f. between brushes is the same as for case 
(e) but the segment e.m.f. is halved due to two conductors being in 
the same slot. 

The limiting voltage between segments is usually about 2V, 
although a lower value is generally used with bar-type windings. 
The maximum flux per pole and the injected e.m.f. can thus be 
found as in Example 10.3. 

T.\bi.e 10.3 

Type of Winding j Coil Span 

' i T 

(o) Simple Lap ..... 1 slot I 

I d slots 

1 3 slots 

(hj Duplex Lap . . . . .1 1 slot 

I 2 slots j 
3 slots 

(c) Bai- Winding ..... 120’ 

(d) Bor Winding (mid-coi-o conn.) 120’ 

(e) Bar Winding (joined at comm. end). 10 slots 

14 slots 
18 slots 

(/) Bar Winding (joined at comm, end 10 slots 
with 2 eonds. in same slot) . . 14 slots 

I 18 slots 

I 





0075 

0-0600 

6-7 

0-149 

0-0304 

6-7 

0-221 

0-025 

6-7 

0-075 

0-120 

6-7 

0-149 

0-061 

6-7 

0-221 

0-041 

1 6-7 

0-076 

0-060 

11-6 

0-075 

0-120 

11-6 

0-679 

0-044 

11-6 

0-866 

0-035 

11-6 

0-974 

0-031 

11-6 

0-679 

0-088 

23-2 

0-866 

0-70 

23-2 

0-974 

0-62 

1 23-2 
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Example 10.3. A 50-c/s Osnos motor has 21 slots per pole on its 
rotor and the Toltage between segments is limited to 1 V. Deter¬ 
mine the maximum allowable flux per pole and the brush e.m.f. 
(equivalent-star value) for the various types of winding illustrated 
in Dig. lO.o. 

Single-turn coils are assumed for the lap windings so that 
Taja, = 42. The slot-pitch angle is ^ = 180/21 = 8-56° (electrical 
degrees). 

Various possibilities are illustrated in Table 10.3. 

Applications and Performance 

TjTpical performance curves are shown in Fig. 10.6 from which it 
is seen that the power factor is nearly unity or slightly leading over 



Fig. 10.0. Typical Chabactebistics ot 2.'50 ii.i-, 0 .sno.s Motor 

the whole range of load. Due to the component of Ej in phase with 
Fj, the speed is slightly higher than that of an induction motor 
and may be slightly above synchronous speed at no load. 

The motor is started as an ordinary induction motor, with resistors 
in the rotor circuit, giving a starting torque of 2 to 21 tirae.s full-load 
torque with 1 to 1| times full-load current. The pull-out torque is 
somewhat higher than that of a corresponding induction motor, e.g. 
about three times full-load torque. 

The fact that the motor operates at about unity power factor 
results in a lower stator current than would obtain in an induction 
motor of similar rating—for low- and medium-speed motors the size 
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of the stator ^vinding may therefore be less and the stator copper 
losses lower, thus counterbalancing, to some extent, the extra cost 
of the commutator. 

It can be seen that the performance of the Osnos motor is in many 
respects similar to that of a Bynchronous-induction motor but it has 
the advantage of not requiring a separate exciter. Owing to the 
supply being fed to the rotor, the supply voltage is limited to about 
650 V and design difficulties limit the output to about 500 h.p. at 
1,500 r.p.m. or slightly larger at lower speeds. 

KXERCISES 10 

1. Draw curves of power factor to a base of primary current up to 40 A for 
the following motor, neglecting all leakage reactances, tertiaiy lu.m.f. and 
primary re.qiatance, (a) with no injected e.m.f. and (6) with an injected e.m.f. 
between brushes of 2fl'4 V leading the secondary e.m.f. by' 90°. 

Motor data: 30-h.p., 420-V, 3-ph., delta-coimocted primary. 

No-load cm-rent = 0'7 — jO-O A/ph. 

Secondary circuit resistance == 2-6 LI. 

2. The data refer to a 100-h.p., 420-V, 4-pole, 3-ph., 5(J-c/8, delta-connected 
Osnos motor having an e.m.f. of 18 V between bru-shes leading the secondary 
e.m.f. by 60° injected into the stator circuit. 

Exciting circuit resistance = 100 ft/ph. 

Exciting circuit reactance =15 H/ph. 

Stator resistance = 0-1 fl/ph. 

Stator leakage reactance = 0-8 £l/ph. 

Secondary circuit resistance = 0-3 fl/ph. (referred to primary) 

Secondary circuit reactance = 0-7 fl/ph. (referred to primary) 

Determine the primary current and power factor and the h.p. output when 
running at synchronous speed, and the speed when numing at no-load. 

3. A I50-h.p., 60-o/s Osnos motor has a flux per pole of 0-02 Wb, IS slots 
per pole on the rotor and 16 cornmutator segments per pole. Determine the 
voltage between brushes spaced at 120° (elec.), and the voltage between 
adjacent segments for the following arrangements of tertiary winding— 

(a) Simple lap winding with single-turn coils and a coil span of 2 slot pitches. 

( b ) Duplex lap winding with single-turn cods and a coil span of 2 slot pitches. 

(c) Bar winding joined at remote end. 

(d) Bar winding joined at commutator end and having coil span of 12 slot 
pitches. 

4. A 6-pole, 60-o/s Osnos motor has a flux per pole of 0-02 Wb and a tertiary 
winding with 84 lap-connected single-turn coils. The required injected e.m.f. 
(equivalent-star value) is 6 V. Determine the percentage coil span the tertiary- 
winding coils should have. 

5. A SO-o/s Osnos motor has a tertiary winding consisting of bars connected 
to the commutator at one end and to on end ring at the other. If the injected 
e.m.f. between the brushes is to bo 7 V, what must be the flux per pole ? 
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THE THREE-PHASE SERIES MOTOR 

If a three-phase motor having a series characteristic, i.e. the speed 
falling with increasing load, is required the three-phase series motor 
is available. The stator of such a machine is similar to that of an 
induction motor, and the rotor carries an ordinary commutator 
winding with three sets of brushes per pole-pair spaced at 120° 
(elec.). The stator and rotor are connected in series as shown in 
Pig. 11.1 from which it is evident that the flux will be dependent 



FlO. 11.1. Dt.^GTIAMMATIO RePRESRNTATION of THREE-PHASn 

SEBIB.S Motor 

on the ciwrent resulting in the “series” speed-torque characteristic. 

Speed control is effected by simultaneous movement of all the 
brushes round the commutator. 

To ease commutation difficulties and for other reasons explained 
later (page 201) there is usually a transformer connected between 
stator and rotor in order to reduce the voltage applied to the com¬ 
mutator; if this is a phase-shifting transformer it can give the same 
effect as movement of the brushes and so can be used for speed control. 

Although not widely used in industrial practice the series motor 
is useful for drives in which the load increases \vith speed as with 
fans, centrifugal pumps and compressors or where a large starting 
torque is required as with transporters or turntables. 

Magnetomotive Forces 

The motor can conveniently be represented diagrammatically as 
in Fig. 11.2, the rotor being represented by an equivalent-star 
winding as described on page 14. 

1S2 
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The currents in both stator and rotor windings set up rotating 
m.m.f.’s moving at synchronous speed as described in Chapter 1; 
the connexions are so arranged that both m.m.f.’s move in the same 
direction so that the resultant m.m.f., w'hich sets up the air-gap flux, 
also moves at synchronous speed. The relative positions of the 
m.m.f.’s depend, however, on the relative positions of the stator¬ 
winding axes and the brushes. For most purposes it may be assumed 



(b) CC) 


Fig. 11.12. Space Vector Dl4.grams of M.M.F. roR Ditfebent 
Brush Positions 

(a) Neutral position. 

(b) Short-circuit p(»itiOD. 

(c) HunnlDR position. 

that the distribution of both stator and rotor m.m.f.’s over the gap 
surface is sinusoidal so that they may be represented by space 
vectors having magnitudes as calculated from eqs. (1.3) and (1.5). 

Effect of Brush Position. If the position of the brushes is 
adjusted so that the two m.m.f.’s act along the same axis and assist 
each other as shown in Fig. 11.2(a), the resultant m.m.f. acting in 
the air gap will be ^2 shown by the space vector 

diagram. A flux acting along this axis will thus be set up but, since 
it is in the same axis as the rotor m.m.f., there will be no torque 
produced on the rotor and the machine will not rotate. The magni¬ 
tude of the flux wfll be suflfleient to generate e.m.f.’s in the windings 
equal and opposite to the applied voltage, and the current which 
flows will be Just large enough to set up this flux, i.e. between 10 
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and 20 per cent of full-load current—the conditions are thus some¬ 
what similar to those obtaining in a transformer on open-circuit. 
This brush position is thus called the no-load or neutral position. 

If the brushes are moved through 180° to the position shown in 
Fig. 11.2(&) the stator and rotor m.m.f.’s still act along the same 
axis but now oppose each other—^the resultant m.m.f. is now 
— F^ and will set up a relatively small flux (zero if F-^ = F ^; 
the effective reactance is thus low and the current high. Conditions 
are therefore similar to those of a transformer on short-circuit and 
this is knorvn as the short-circuit position. 

If the brushes are displaced by an angle a from the neutral 
position as shown in Fig. H.2(c) the m.m.f.’s act along different 
axes and produce a resultant m.m.f. as sho\vn in the vector diagram. 
This resultant sets up a flux which has a component at 90° to the 
rotor m.m.f.; a torque is therefore produced and the motor rotates. 
The value of a for normal running is bet-ween 140° and 170°. 

Although the motor is normally started by movement of the 
brushes from the neutral position it is more convenient, when dis¬ 
cussing the theory of the machine, to measure the brush displace¬ 
ment as the angle 8 (= 180° — a) from the short-circuit position, 
this angle being normally between 10° and 40°. 

DiBECTioir or Rotation. If the motor is stationary in the neutral 
position conditions are as though there were a N pole on the stator 
opposite a S pole on the rotor; these will attract each other and 
there will be no tendency to rotate. If, how'ever, the brushes are 
moved, say, anticloolovise the S pole on the rotor will be moved in 
this direction; the attraction between the two poles will therefore 
tend to pull the S pole back towards its original position and the 
motor wiU rotate ui the opposite direction to that in which the 
brushes were displaced from the neutral position. Similarly, if the 
brushes had been moved clockwise, rotation would have been anti¬ 
clockwise. Reversal of rotation of the motor can thus easily be 
carried out by moving the bru.shes, but in one case the motor would 
be running in the same direction as the rotating field and in the other 
case in the opposite direction to it. If the motor is allowed to run 
in the opposite direction to that of the field, rotor iron losses are 
excessive and the commutation is poor so that, in practice, the 
brushes are always displaced from the neutral position in a direction 
against that of the rotating field, and reversal, if required, is effected 
by interchanging two of the stator supply leads as in the induction 
motor. 

Vector and Complexor Diagrams 

To avoid confusion in drawing the complete diagrams for the 
motor it is desirable to separate the space vector diagrams for the 
m.m.f.’s from the complexor diagrams for the currents and voltages. 

Motoe, RTONTNa BELOW Synchbonotjs Steed. If the brushes are 
shifted by an angle a from the neutral (high-impedance) position, 
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i.e. 0 from the short-circuit position, the space vector diagram of 
the m.m.f.’s mil be as shovra in Fig. 11.3(a); the horizontal axis is 
chosen to bisect the angle between the stator and rotor m.m.f. 
vectors so that the resultant m.m.f. is at an angle f to the 
horizontal. It is assumed also that the ratio of rotor efiective turns 
to stator effective turns [T^jT^') is K which, in the diagram, is 
slightly less than 1. For a given current all these m.m.f.’s are of 



Fie. 11.3. Vector and Compcexor Diagrams ioe Sub-sttnchronous 

Speed 


(a) Space diagram of 

(b) CoDiplexor diagram of currents and voltages. 


constant magnitude and rotating at synchronous speed, and the 
resultant sets up the flux fl). 

Tliis rotating flux <5 sets up in the stator conductors an e.m.f. 
E^ — {^^/2)^TfT■^^ and, as in the induction-motor complexor 
diagram, this may be drawn at 90° to O os shown. Since the brushes 
have been moved an angle a against the direction of the rotation 
of the flux, the flux will cut the corresponding rotor phase before 
cutting the stator phase by a time depending on this angle, i.e. the 
rotor e.m.f. will lead E-i by the angle cr. At standstill the magnitude 
of the rotor e.m.f. will he given by E^ = {■\/2)7rfT2 0 = KE^. At 
synchronous speed the rotor conductors mil be moving at the same 
speed as the flux and so the rotor e.m.f. will be zero; at a slip s it 
wdU be sE^ = sKE^. 

When the current in a particular phase of the stator is at a peak 
value it can be seen from m.m.f. diagrams that the direction of the 
m.m.f. Fj produced by it is 90° displaced from the centre-line of the 
phase in the same direction as the flux rotation; the resultant m.m.f. 
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lags this spatially by {90 — (0/2 + ip)}. The e.m.f. thus lags the 
current by {180 — (0/2 + so that the current complexor can be 
drawn on the complexor diagram as showm. 

The resultant generated e.m.f. is the sum of Ej^ and sE^ = Ej^. 
The applied voltage must overcome this and also the resistance and 
leakage reactance drops of both windings, these being in phase and 
in quadrature respectively with the current as indicated. It is often 
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convenient to utiUze, not the generated e.m.f.’s E^ and sE^, but the 
voltage components that have to be applied to overcome them, i.e, 
Vi and SV 2 , and these are also drawn on the diagram. It may be 
noted that the current 1 always lags the voltage component by 
the angle (0/2 + v^) whatever the slip. 

It can be seen also that the current / has a component in phase 
opposition to E^, showing that power is being delivered to the stator, 
but that it has a component in phase with sE^ showing that power 
is being delivered from the rotor back to the supply; this is in 
accordance with the state of affairs obtaining in an induction motor 
running below synchronous speed where the slip power also appears 
in the rotor circuit. 
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Motoe Running above Synchronous Speed. If the motor is 
allowed to run above synchronous speed, the brush shift being the 
same, the space diagram will be similar to that of Eg. 11.3(a) but 
all the magnitudes v ill be reduced in proportion to the reduction of 
current. The eomplexor diagram will, however, be difierent as 
shown in Eg. 11.4 since the slip is now negative. It can be seen that 
the current has a component in phase opposition to both Rj and sE.> 
showing that power is now being delivered to both rotor and stator. 
An improvement in the power factor can also be noted. 

Circle Diagram 

A simplified locus diagram based on the above, but with resistance 
and leakage reactance neglected, can be drawn and enables some 
simple relations regarding the behaviour of the motor to be observed. 



fiG. 11.5. Locus Diagram of Vomages and Cdbbent 

The terminal voltage V is constant and this is made up of the 
stator and rotor components and sFj which, for a given brush 
setting, are inclined to each other at the angle 0. As the slip s is 
varied the apex of the triangle formed by F^ and sV^ based on V 
therefore moves around a circle subtending the angle 0 as shown in 
Fig. 11.5. 

It has been shown that the current I lags F^ by a constant angle 
0/2 yj. If I is assumed proportional to the flux <D then I will be 
proportional to F^ so that the end of the current eomplexor also 
moves on a circular locus. 

The part of the circle corresponding to the normal working range 
of speed (between s = 1 and s = approximately — 1) depends on 
the ratio T^jT-^' and three cases may usefully be considered. 

Ratio T^'IT^' = 1. If s = 1 (standstill) then F^ = Fj so that 
the working point lies on the horizontal diameter as shown in Fig. 
11.6(a). With T^'jT-i' ==: 1, -y; = 0 so that I lags F^ by 0/2 and is 
therefore horizontal, i.e. it lags F by 90° as would be expected since, 
neglecting losses, no power is absorbed when the motor is stationary. 
As s decreases F^ increases until it reaches a maximum when lying 
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along the diameter shown dotted. Since the current / is proportional 
to the cmrent reaches a maximum when lagging this diameter 
by d/2 and this value of current is the diameter of the current 





I’m. 11.6. Loons DiAGBAm with Du’pbbknt VaiiUEs or 

(a) Katlo Tt'IT,' = K = 1. 

(4) Ratio T.'IT,' = 0 5. 

(f) Ratio r.'/Tj' =. 2. 




circle. At 5 = 0, s is zero and coincides with V ; I then lags 
V, the applied voltage, by d/2, this being the power factor at 
synchronous speed. At s = — 1 the end of again lies on the 
horizontal diameter and / is in phase with the voltage F, i.e. the 
power factor is unity. At speeds above that corresponding to 
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•s = — 1, / will lead F by a small angle. The working range between 
= 1 and s = — 1 is shown by a heavy line on the loons diagrams. 

Ratio = 0'5. Whens = = O-SFj^ and the operating 

point is as shown in Fig. 11.6(6). I again lags F by 90°. At s = 0, 
I lags F by 6/2 + tp, i.e. by a greater angle than when T^jT^' = 1. 

Ratio T^jT-y' = 2. Conditions are now as shown in Fig. 11.6(c) 
and it can be seen that power-factor conditions are improved. 

The diagrams of Fig. 11.6 thus show that a ratio for T^'jTy 
greater than 1 is desirable in order to obtain a good power factor; 



(a) Space vectors. 

(b) Complexora. 


it is shown later, however, that such a ratio may lead to instability. 
That part of the circle below the s = 1 point corresponds to rota¬ 
tion in the opposite direction to the field which, as already explained, 
is not employed in normal practice. 

Power 

The power handled by the stator and rotor can be determined by 
considering the current in relation to the stator and rotor voltages. 

The relevant parts of the diagrams of Fig. 11.3 may be redrawn 
as shown in Fig. 11.7. AN in the vector diagram is parallel to Vy 
and therefore at 90° to BO. Also the voltage Fj leads 7 by (6/2 +f)- 
The power delivered to the stator is thus 

Fil cos (6/2 -f- v*) = X ANjAB 
Since sin 6 = (2jFyF^ X area of ABO 

= {2IFyF^)mAN. Fj, 

AN = {FyFJF^) sin 6 = {FFy^jFji) sin 6 
Hence stator power = yyI{KF.^jFyF^ sin 6 = VylK(FylFj^) sin 0. 
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In the rotor sV^ = sifFj and it leads the current by 
180 — (0/2 — y) = 180° — Z, NAC. The rotor power is thus 
sFg/ cos (180 — /_ NAG). But 

cos (180 ~ /_ NAC) — — coa NAC = — ANjF^ 

= — sin 0 = - (FJNj^) sin 0. 

Hence rotor power = — sV^{FJFj^) sin 0 

= - sKVJiF^IFji) sin 0 

The total power supplied is the sum of the stator and rotor powers 
and is, neglecting losses, equal to the mechanical output. Thus— 

Mech. output = V^IK{FilFjj) sin 0 — sKViI(FJFji) sin 0 

= VJK(F,IFs) am 6(1 -s) . . . ( 11 . 1 ) 

The relations bet^ween stator power, rotor power and mechanical 
output are thus in the ratio l:s:(l — s) exactly as m the induction 
motor. The shp pow'er in the rotor is, however, returned to or taken 
from the supply as a result of the change of frequency effected at 
the commutator. 

Torque 

If a flux 0 is hnking a coil of T turns to produce an e.m.f. F, the 
e.m.f. may be written E = Ix where x is the effective reactance of 
the coil and I the current setting up the flux. Thus 

(D = El{(^2)7Tm = /.r/{(V2)v/T} = IT . xl{{^‘2)7rfT^] 

= Fxl{{V2)nfT^ = kFx 
where k = l/((V2)7r/T2}. 

Flux may thus be related to the m.m.f. producing it and to the 
coil reactance. 

The stator e.m.f. set up by the flux O can thus be ivritten 
E, = (V2)nfT^'kFj^ = Fj^/T,' 

The torque is proportional to the flux and the component of the 
rotor m.m.f. in quadrature with it. Referring to Kg. 11.7, AN 
represents the quadrature component of the rotor m.m.f. and has 
been showm (page 189) to be given by AN — {KF^^/Fji) sin 0. 

The flux has been shown to be given by O = kFj^ so that 

TM = kFj^ X (KFj^jFji) sin 0 = hKF^x sin 0 {11.2) 

Condition poe Maximum Toeque. For a given value of K the 
expression for the torque is a maximum when /_ AON = 90°, i.e. 
when cos 6 — F.^ — KF^ or when K = cos 0. 

Putting this value in the torque expression (eq. (11.2)) gives 

TM = sin 0 cos 0 

which has a maximum value when 0 = 45° and coa 0 = 0-707. 
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For a given stator, therefore, the number of rotor conductors to 
give the maximum torque ivould be T^ = 0-7071’/, and the brush 
shift from the short-circuit position should be 45°. In practice such 
a low ratio and such a large angle would give a poor power factor 
as seen from the locus diagrams of Fig. 11.6, and a ratio near to 1 
and angles between 10° and 30° are usual. 

Torque-slip Curves. By substituting for in terms of F and s 
in eq. (11.2) it is possible to obtain the torque-slip or torque-speed 
curve, resistance and leakage reactance being neglected for simplicity. 

From the voltage and m.m.f. diagrams of Fig. 11.7, a ssumin g 
y = Vr, the following relations can be obtained— 

V'i = Fi" + sW/ - 2F1SF2 cos d 

= Vj^il +a^K^-2Ks cos d) . . (11.3) 

and _ OF-^^F^ cos d 

= Fj^(l -^K^-2K cos 6) 

But Fi = Fj^jT-^' = (-fWFiOVfl + — '2K cos 6) 

Substituting this in eq. (11.3) gives 

F2 = {Fi^x^l{T^y}{l +K^-2K cos e)(l -f - 2Ks cos 8) 

The value of obtained from this may now be substituted in 
the torque expression (eq. (11.2)). 

TM = kKx sin 6 _ V^T-^'Y _ 

-\-K^-2K cos 0)(1 + - 2K8 cos 8) 

_ IcKV^^T^Y sin. 8 

.T(r-f A'2 - 2K cos (9)(1 + s^K^ - 2Ks cos'0) 

By putting s = 1 —/r//i. the above equation can be expressed 
in terms of speed as follows— 

n, fr cos 0 11 kV^T^Ysind sin® 0) 

____ ^ J\^Kx(TM){1-YK^--2Kcos6) 

. (11.4) 

A set of typical torque-speed curves is shown in Fig. 11.8. 
Stability 

It can be seen from the curves, and also from the fact that eq. 
(11.4) has an optional sign before the root, that there are two values 
of speed for a given torque; for speeds below that corresponding to 
maximum torque the motor is unstable in that a decrease in speed 
is accompanied by a decrease in torque or, conversely, that an 
increase in torque is accompanied by an increase in speed. The 
motor can thus not normally be run at speeds below the critical 
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maximum-torque value, and this limit is indicated by the dotted 
curve in Kg. 11.8. 

The unstable range can also be observed on the circle diagrams of 
Fig. 11.6. As the complexors of cuiTent and voltage move round the 
circle from the standstill position they increase until they become 
diameters; until these positions are reached the torque, which is 
proportional to P‘, is increasing with an increase of speed and the 
motor is therefore unstable. If, however, the standstill position is 
on or beyond the diameter the motor is stable at all speeds. 



0 0'40 0'80 V2 he 10 


Times F. L. Torque 
Pifi. 11.8. Speed-torque Curves 


Using eq. (11.4) it can be seen that the critical speed, occurs 
when the quantity under the root vanishes, the speed then becoming 
univalued and given by 

'^chh = 1 “ (<^03 ®)/-^ ■ • . (11.5) 

It is evident that the value of K has an important effect on 
stability and three cases may usefully be considered. 

Case 1: K = cos 6. This relation has been shown (page 190) to 
give maximum torque, and inserting it into the speed equation 
(11.4) gives— 

// kV^{T,r 

^ V \{TM) . a:. sin 0 cos 0 

The limiting stable speed, i.e. the speed at which the above 
becomes univalued, is zero. The motor is thus stable over the whole 
range of speed, a typical curve being shown in Fig. 11.9 for a motor 
with 6 — 30°. 


— tan^ 0 
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The same conclusion can be reached by considering the circle 
diagram (Pig. 11.5) since if lies along a diameter K = sVJV^ 


cos 6. 

Case 2 : .S’ = 1 . The speed equation beoomes- 


^ir = l 


cos 


, i( k-r^(T,ysine 

e ± I { ,, - -—~ 310 “ e 

^ |23;(Til/)(l — cos 6) 



0 0'2 0'6 }-0 7-4 V & 2-2 


Times F.L Toretue 

Fig. 11.9. Speed-tobque Curves with Dipperent Vaeue.s op 
K(= THT^’W = 30°) 


The limiting stable speed is thus given by n^jn-^ = 1 — cos 0, and 
the speed-torque curve follows the shape shown in Fig. 11.9, the 
curve being drawn to give the same starting torque as in the previous 
case. 

Case 3; .S’ = 1/cos 0. 'VFith normal values of 6, K will be greater 
than 1 and the speed-torque curve will have a more pronounced 
peak value of torque as shown in Fig. 11.9. 

Power Factor 

It has already been mentioned (page 191) that the most desirable 
brush shift with regard to maximum torque may be inadmissible 
on accormt of poor power factor and also that the ratio K has an 
important influence. 

A general expression for power factor can be developed by finding 
the voltage components in phase and in quadrature with the current. 

The in-phase component F cos<^ can be found by dividing the 
power equation (11.1) by I — 

F cos ci = V.K(FJFj,) sin 0 . (1 - s) 

= KiF^xjTi '). sin 0 . (1 - s) 
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The reactive component sin ™ stator winding is 

produced by the flux set up by the component of m.m.f. in the stator 
axis, i.e. by 


cos d = -Fj(l — K cos l9) 


Hence 



= - K cos 0) 


The reactive component s V2 sin fj induced in the rotor 

winding is set up by the m.m.f. acting along the rotor axis, i.e. by 
F 2 — F.^ cos 9 = F^IK — cos 6) 

If running with a .slip s the e.ni.f. induced will liave to be multi¬ 
plied by s so that 

A F'.^ sin = (^Fixl2\')(K — cos 0) 


The total reactive e.m.f. is the sum of these components so that 


Fsin^ = {FixjT-y'){\ — K cos 6) + {sF 2 xlT 2 ){K — cos 6) 

= + « - cos 8(K + s/K)} . . (11.6) 


Hence 

and 


^ , 7 sin _ ^1(1 + 5 ) — {K^ + s) cos 6 

“ Fcosi ~ "■ ■ K%1 - s) sin d 


(11.7) 


The power factor is thus seen to be dependent on the turns ratio 
K as well as on the slip and the brush shift. The expressions with 
the values of K considered when dealing with stability (page 192) 
may usefully be investigated. 

Case 1: K = cos d. The above expression for tan (f> becomes 
tan ^ = tan 0/(1 — s) 

^ "" V{1 + tan^(l - 5)2} 


At synchronous speed, when s = 0, this becomes cos 0, and there¬ 
fore the power factor at this speed can never be unity. The advantage 
of working with a small brush shift from the short-circuit position 
is thus evident since the sjmchronous-speed power factor is equal to 
the cosine of this angle. In Fig. 11.10 is shown a power-factor curve 
for this case on a machine having 0 = 30°. 
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Case 2: -ST = 1. The expression (11.7) for tan^i becomes 


tan ^ = 


(1 + .s)(l — cos 6 ) 
(1 — s) sin 0 


and 


cos 0 = - 

V . 


— cos 


I (1 — s) sin d j 


m 


(1 — s) cos (6/2) 
\/(l + — 2s cos d) 



Eig. 11.10. Power B'aotor at Various Speeds and Values or 
K{e = 30°) 


At synchronous speed the power factor becomes cos (6/2), at 
s = — 1 it becomes unity and at speeds above this it leads, the 
curve for a machine having d = 30° being shoivn in Fig. 11.10. 

Case 3: K — 1/cos 0. The expression for tan ^ becomes 

tan ^ = s sin 6 cos 0/(1 — s) 

1 _ 

5 sin 0 cos 0^1 

—I 

At synchronous speed this becomes unity and above synchronous 
speed the power factor is leading. 

Conditions fob High Poweb Factob. It is thus seen that for 
high power factors at low speeds the value of K must be high, i.e. 
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the rotor must be magnetically stronger than the stator; it has, 
however, already been seen (page 193) that such a condition leads 
to instabUity so that the two requirements are incompatible. If the 
motor is to be stable down to zero speed, the value of K must be 
less than cos d and unity-power-factor operation is not possible. 
The range of stable running and liigh power factor can be increased 
by using a small brush shift d but the available torque falls off 
rapidly when 6 is less than 30°. 

The speed at which the power factor becomes unity can be found 
by equating the reactive e.m.f. given in eq. (11.6) to zero. Thus 
1 + s — cos d{K -f sjK) = 0 


whence 


n^jn^ = 1 


1 - K cos d 
(cos d)IK — 1 



0-9 1-0 )-T 1-2 V3 VS H 

Values of K 


Fig. 11.11. Speeds at which Power Factor becomes Uktty 


At speeds below this the current will lag and at higher speeds it 
will lead. Curves showing the speed for unity power factor for 
motors having brush shifts of 20°, 30° and 40° are given in Fig. 11.11. 

The difficulties which these stability and power-factor relations 
introduce into the design of the simple motor are illustrated by the 
following example. 

Example, 11.1. A three-phase series motor is to be designed to 
have its lowest speed characteristic with 0 = 60° and to be stable 
down to zero speed. Find the required value of K and determine 
the power factor when runnhig at a high speed with 0 = 20°. 

What should be the ratio K to give unity power factor at syn¬ 
chronous speed with 0 = 20° and w'hat would be the limiting speed 
for stable running with this ratio ? 

From eq. (11.5), putting n,. = 0, gives K — cos 0 = cos 60° = 0-5. 

With this ratio and 0 = 20° (cos 0 = 0-94; sin 0 = 0-342) the 
power factor at synchronous speed is given by eq. (11.7)— 

tan = (0-5 - 0-25 X 0-94)/(0-25 x 0-342) = 3-1 
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Hence cos (f> = 0-306, which is an impracticably low value. 

To give unity power factor at synclironous speed, with 6 = 20°, 
the value of K would have to be 

K = 1/cos d = 1/0-94 = 1-06 

The limiting speed for stable ruiming is given by 

= 1 - (cos 6)IK = 1 — 0-94/1-06 = 0-11 

i.e. 11 per cent of synchronous speed. 

It is thus desirable to be able to change the efiective ratio K as the 
angle 6 is varied; this can be done by a variable-ratio transformer 
between stator and rotor or by a motor rvith fixed and movable 
brushes as described on pages 201 and 206. 

Effect of Voltage Drops and Saturation on Characteristics 

In the previous analysis the resistance and leakage reactance 
drops and saturation have been neglected. In general the voltage 
drops tend to increase stability while saturation, which causes a 
reduction of the effective reactance x at high currents, reduces the 
torque for a given current but increases it for a given speed. The 
current locus ceases to be a circle and becomes an elhpse with the 
longer axis passing through the origin. The effect of these items is 
shown in the following section. 

Predetermination of Behaviour 

To use the previously-described complexor diagrams for pre¬ 
determining the characteristics, the magnetization curve, i.e. the 
relation between current and e.m.f. E^ induced in the stator winding, 
must be known. Assuming current to pass through the stator 
winding only, this can easily be calculated from design data or 
obtained by test, giving a curve as shown by curve A in Fig. 11.13(6), 
When the motor is operating the fliux is produced, not hy F^, but 
by the resultant m.m.f. J’n- From the known brush shift and the 
vector diagram of Fig. 11.3(a) the ratio PJEji can be found. For 
a given voltage on curve A, and therefore a given degree of satura¬ 
tion, the current necessary to produce the same voltage when both 
stator and rotor windings are excited can be foimd by multiplying 
the original current ordinate by giving curve B on Fig. 

11.13(6). 

To draw a diagram for predetermining the behaviour, the direction 
of the stator voltage complexor Fj can be drawn vertically along 
OA, as shown in Fig. 11.12, with the line AB (as shown dotted) at 
an angle of 0 to OA and thus representing the direction of the rotor 
voltage complexor sFj. A circle about 0 of radius F represents the 
locus of the end of the applied voltage complexor, and a line OG 
lagging OA by (0/2 + tp) represents the direction of the current. 
On the right is drawn the magnetization curve 'with both windings 
excited (curve B of Fig. 11.13(6)). 
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Neglectifig resistance and leakage reactance drops, consider a stator 
voltage Fj equal to OA '—the current necessary to induce this is 
obtained from the magnetization curve as DF. If A'B' is drawn 
parallel to AB to cut the applied voltage circle at B', then OA'B' 
is the voltage triangle; OB' is the position of the applied voltage 
complexor and A'B' the rotor voltage sV^. 

The slip is obtained from A'B'jOA' = sVjV^ the phase angle 
<!> by the angle between V{OB') and the direction of the current 
complexor, and the torque by 

VJ cos (0/2 + v) = OA'. DF cos (0/2 + ip) 

A 



Fig 11.12. Complexor Diagram tor Fredetermination or 
Characteristics 


If resistance and leakage reactance drops are to be taken into 
account, the two drops can be drawn in phase and in quadrature 
with the current as shoivn by OF and OG giving the impedance drop 
OH. This can be inserted, by trial and error, between the end of 
the sFg complexor A'B" and the applied voltage circle as shown 
by B"£[', giving a new position for the appUed voltage and a new 
value of s Fa given by A'B". Core loss can, for a given flux, be treated 
as an additional resistance and included with the resistance drop. 

The procedure and the effect of the drops and saturation are 
illustrated, for a small machine in which the effects are important, 
by Example 11.2. 

Example 11.2. A 3-phase, 5-h.p., 50-c/s, 4-pole series motor is fed 
from the mains voltage through a transformer which steps the 
voltage down to 60 V. The effective turns on the stator and rotor 
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are equal, the brush angle d is 30°, total resistance (inoluding effect 
of core loss) = 0*12 Q, total leakage reactance = 0-07 Q. The 
magnetization curve ■with current passed through stator winding 
alone is given by curve A of Pig. 11.13(6). 

Prom a vector diagram similar to that of Pig. 11.3, for an angle 
0 = 30° the ratio = 1/(2 sin 15°) = 1-93. 

(a) Neglecting saturation and impedance drop. The air line of 
curve A (Pig. 11.13(6)) may be regarded as the magnetization curve; 
multiplying the current abscissae by 1-93 gives curve B, the stator 
e.m.f. for various currents when both windings are excited. 



0 10 40 60 80 WO no m m m w/ 


Current (A) 

(a) (b) (c) 

Kiel. ll.lM. PKEDtTEBMINATlON OP CH-VHACTIIBISTK ^ 

(a) Neglecting impedance drop. 

(A) ^lagnetization curves. 

(c) Allowing for impcdancp drop 

Since Pi = Pg, the angle tp is zero so that the current coinplexor 
lags V by 0/2 = 15°. 

Selecting a stator voltage of 7i = 50 V the complexor diagram 
may be dra-wn as in Pig. 11.13(a); projecting from this complexor 
on to the air line of curve B gives the current as 69 A. Drawing 
the sFg complexor from the end of Fi and at 30° to it gives the 
position of F and the length of sF^ as 11 V; as F is to the right of 
Fi this gives a speed above synchronism, i.e. the shp is negative 
and equal to — 11/50 = — 0-22. The speed is therefore 

1,.500(1 + 0-22) = 1,830 r.p.m. 

This point is plotted on the lower speed/current curve of Pig. 11.14; 
other points can be similarly obtained by taking other values of 
and the rest of the curve dra'wn. 

(6) Allowing for saturation. At F^ = 50 V the complexor 
diagram remains tlie same, but to find the current the projection 
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must now be carried across to the actual magnetization eiirre giving 
a current of 102 A. This point and the rest of the characteristic is 
shown by the upper dotted curve of Kg. 11.14. 

(c) Allow’ance for impedance drop. The complexor diagram with 
this allowance is shown in Fig. 11.13(c)—^the current is again 102 A, 
correspondiug to = 50 V, so that Ir = 102 X 0T2 = 12-2 V 
and Ixj^ = 102 X 0-07 = 7-14 V. These are drawn respectively in 
phase wth and in quadrature to / giving 7s as shown; fitting this 
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Pig. 11.14. SrEBD-cuanENT Chava-ctebistics 

between the applied voltage circle and the sFg vector completes the 
diagram, and sFj may be measured as +4-75V so that 
s = 4:-75/50— 0‘096 and the speed is 1,500(1 — 0-095) = 1,360 r.p.m. 
This and similar points for other values of give the full curve of 
Fig. 11.14, 

Commutation 

As the coils short-circuited by the brushes are moving in the 
rotating field at a speed of a, rotational e.m.f. is set up 

in them as described on page 32 and given by 

-®r» = volts 

This is zero at synchronous speed when the coils are moving at the 
same speed as the field and, for a given flux (i.e. a given current), 
varies proportionately at other speeds as shown in Fig. 11,15. 
Reference to a complexor diagram of coil e.m.f.’s shows that E^,, is 
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in quadrature with the equivalent-star e.m.f. associated with the 
same brush. 

The reactance e.m.f. is also present as in all commutator machines 
and is proportional to the speed as indicated in Fig. 11.15. The 
reactance e.m.f. is in phase wnth the current so that the total e.m.f. 
in the short-circuited cod showm in Pig. 11.16 is seen to reach a 
minimum at about 75 per cent of synchronous speed. Commutation 



is thus likely to be difficult if the speed exceeds about twice syn¬ 
chronism, and it can also be seen that bad commutation wiU also 
result if the motor is allowed to run in the opposite direction to that 
of the field. 

In order to keep down the value of E^j, the flux per pole must he 
limited, and the total rotor voltage cannot, in practice, exceed about 
150 V. In almost all oases, therefore, a transformer is necessary 
between the supply and the stator or, as described in the next 
section, between the stator and rotor. 

Rotor Transformer 

It has been seen that for stable running at low speeds the value 
of K should be low, while to obtain a good power factor at high 
speeds it should be high. To reconcile these conflicting requirements 
a variable value of K is desirable and this can be done by connecting 
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a varia ble-i’citio series transformer between the stator and rotor as 
showTi in Fig. 11.16. This may not necessitate additional expense 
since, as mentioned above, a main transformer would otherwise be 



Fig. 11.16. Series Motor with Kotor Transi-ormur 



Fig. 11.17. Diagrams with Rotor Transi'Ormbb (Neqi.ectiho 
TBAH sroBMEB Magnetizino Current) 

{a) Vertor dfngrum. 
ib) Complexor diagram. 

necessary to step the supply voltage doivn to a value suitable for 
commutation. Moreover, the rotor transformer has to handle only 
the slip power and may therefore be smaller than a main transformer, 
usually about half the size. 

CoMPLEXOB Diaobam. The complexor diagram is similar to that 
of the simple motor—^the stator current sets up the m.m.f. 
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-IS shown in the space vector diagram of Fig, 11.17(a). The current 
in the transformer secondary, and therefore in the rotor, is 

la — i\{T j,i{T 

so that Fa_ = = K'F^ 

where IP is tlie effective rotor/.stiitor turns ralio, iueluding t!ie 
transformer, i.e. 

K’ = (2V/2’/)(2’W2’r2) 

The voltage is drawm to lead the flux by 90° and is drawn 
parallel to as in the diagram for the simple motor. The magnitude 
of Fa at standstill is F^ and is equal to the transformer secondary 
voltage V the jirimary transformer voltage is therefore 

V — h = K'Vi 

At slip s this becomes sIC'Vj^. The total voltage is the sum of these 
two giving Vji as in the simple motor. 

Efiteot of Tbaftsfobmer Maqnetiziitg CmmENT. Near syn¬ 
chronous speed the voltage across the transformer is small, but at 
speeds dift’ering widely from synchronism it will be large and the 
saturation of the transformer may result in an appreciable magnet¬ 
izing current. 

At sub-synchro'nous speeds the rotor is returning power to the 
supply and therefore supplies the magnetizing current-—this current 
therefore lags F^ by 90°. The actual rotor current is therefore 
+ I-m where I^' is the current to counterbalanoe and 
is the magnetizing current. This is shown in Fig. 11.18(®), and has 
the effect of retarding the position of the secondary m.m.f, by the 
angle (3 to tlie position F 2 . The conditions without the magnetizing 
current are shown dotted, and it can be seen that the resultant 
m.m.f. Fjj, and therefore the flux, are reduced; this increases the 
current for a given torque but improves the power factor. 

At super-synchronoiis speeds the power is being delivered to the 
transformer from the supply, and the magnetizing current is there¬ 
fore supplied from the stator current. Conditions are thus as shown 
in Fig. 11.18(6) from which it is seen that, for a given current, the 
flux and torque are increased and the power factor reduced. 

General Effect of Rotor Transformer. If the transformer is 
designed for high saturation it can have desirable effects on the 
behaviour of the motor—at low speeds the flux is reduced and the 
current increased; the former effect outweighs the latter and results 
in improved commutation, particularly at starting. At high speeds 
the saturation limits the rise of rotor voltage and hence Emits the 
speed at low loads, so that the motor can be arranged to run at a 
safe speed on no-load. The saturation leads to high iron losses and 
ii lower efficionoj'-—^the same speed-limiting effect can, however, be 
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obtained by designing a transformer with an air gap which takes a 
liigh magnetizing current without unduly high flux densities.* 
Advantage may be taken of the use of the rotor transformer to 
have six instead of three secondary phases, thus improving the 



Fia. 11.18. ErPECT or Maguetizino Cobbent on Diaoeam.s 
WITH Rotob Tbansfobmeb 

(a) Sub-synchronous speed. 

(S) Super-sjTichTonous speed 


commutation on account of the smaller current change (page 30) 
and giving a slightly greater output as a result of the higher distri¬ 
bution factor for the rotor winding (0'955 instead of 0‘827). 

On account of the above advantages the use of a rotor transformer 
is general ■whenever a tliree-phase series motor is employed. 

Equivalent Circuits 

The following expressions can be written down, as with the 
motors considered previously, to express the beha-viour, 

* J. W. Hibbei't, “Notes on Characteriatios of Polyphase Series Motors,” 
Beama. J., 58, p. 306 (Nov. 1951). 
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E.m.f.’a ill main circuit— 

I = -h E^ -{- ii?2 

where Zj^ ia the total leakage impedance of the machine. 
E.m.f.’s induced hy air-gap flux— 

E, = £,(2y!r,)e- . 

Magnetizati( in— 

■®1 

From (11.8) and (11.9) 

V = -f ®j{l + .9(T,/3\)e^“) 

= Izr^ + Eia, 

M.m.f.’a— 

Ej, - i\ + i\ 

IJ\ IT., 

/„, = /{I ~ (T,IT^)^-’^] = /a„ , 

From (11.10), (11.11) and (11.12) 

y - I{H + 


. ( 11 . 8 ) 

. ( 11 .!)) 
. ( 11 . 10 ) 

. ( 11 . 11 ) 

. ( 11 . 12 ) 


The quantity in the brackets thus represents the effective im¬ 
pedance of the machine so that the equivalent circuit is as shown 
in Fig. 11.19. This circuit enables the current to be found for a 


I 


If 


UlI TIl2 


Fie. 11.19. Equivaient Circuit 


given slip; if stator iron loss is neglected the rotor input, and hence 
the torque in synchronous watts, are given by the Pr loss in the 
above circuit less the stator /%• loss. 

EQtrtVALHNT CmouiT WITH EoTOH Transfoembb. The equivalent 
circuit of Fig. 11.19 also represents the machine with a rotor trans¬ 
former if suitable modification is made to and and if the 
impedance is made to include that of the transformer, all secon¬ 
dary impedances being referred to the primary. The values of and 
must now^ include the turns ratio of the transformer so that they 
become— 


and 


«i = 1 + .s{T,,IT,,)(TJT,)b’^ 
= 1 - (TJT,,)((r,/Ta)e~^- 



20(1 


A.C. OOlVMUTAWJi MOTORA 


Use o£ Fixed and Movaljle Brushes 

Instead of having a variable-ratio transformer the same effect can 
be obtained with a fixed-ratio transformer and an additional set of 



Fig. 11.2u. aEititH iloTuB WITH Fixno and Movable Brushes 


brushes, one set then being fixed and the other movable as shown 
in Fig. 11.20. 

Effect of Brush Movement. Considering the pair of brushes 
associated with one phase, if they are placed at AA' in Fig. 11.2l((i) 



Flo. 11.21. Bru.sh Movement 


the e.m.f. generated between them and the reactance of the circuit 
will be a maximum, and the m.m.f. will be acting along the axis 
AA'. If each brush be given a shift of j9/2 as sho'vvn in the figure 
the direction of the m.m.f. remains unaltered hut the magnitudes 
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of the m.m.f., e.m.f. and the reactance, and therefore of the effective 
turns ratio, are reduced in the ratio of the chord BB' to the diameter 
AA', i.e. by the factor cos (/S/2). 

In Fig. 11.21(6) both brushes are moved simultaneously tlirough 
the angle 0, and this changes the direction of the m.m.f. but leaves 
its magnitude unaltered. 

If now both movements are combined as in Fig. 11.21(c) the top 
brush moves 0 + /9/2 from A and the bottom brush 6 — ^j'2 from A' 
so that the axis of the m.m.f. has been moved through the angle 0 
and its magnitude has been reduced by the factor cos (j3/2). 

Movement to Give Constant Limiting Stable 
Speed. The limiting stable speed for a simple 
motor is given by njn^ = 1 — (cos 6)IK; if it is 
desired to make this speed constant for aU values 
of 0 then K must vary proportionately to cos 0. 

Suppose Kg is the effective turns ratio with the 
brushes diametrically spaced; this ratio must be 
reduced by adding the shift to each brush in sucli 
a way that K = Kg cos 0. It has, however, been 
shown above that K = Kg cos (|0/2) so that j0/2 
must be made equal to 0. The movement of the 
top brush must thus be 0 + /3/2 = ^ and of the 
bottom brush 0 — /3/2 = 0. The required efieot of 
making the stable speed constant for aU values of 0 
is thus obtained if the top brush is moved an angle 
/9 = 0 and the bottom brush is held stationary. 

The value of this limiting stable speed is given by 

= 1 — cos dl{Kg cos 0) = 1 — IjKg 

For stabihty over the whole speed range K must equal unity. 
The space vector diagram for this condition is shown in Fig. 11.2^ 
The stator m.m.f. is drawn vertically and the rotor m.m.f. is inclined 
at an angle /?/2 = 0 as shown. If OB represents the maximum rotor 
m.m.f. (with diametrical brushes), winch is equal to since Z = 1, 
then Fg = OB cos (/3/2) and moves round a semicircle as shown. 
Adding the stator m.m.f. to Fg gives the resultant m.m.f. Fjj which 
clearly must move round the semicircle having OF^ as diameter. 
Fjj is thus always at 90° to the rotor m.m.f. so that ah the exciting 
m.m.f. is provided by the stator and operation at unity power factor 
is impossible. 

Commutation. Although the magnitudes of the rotational e.m.f 
E^g and the reactance e.m.f. E^,, at the fixed and movable brushes 
are the same, they are not at the same phase angle to each other in 
the two cases so that the resultant e.m.f. in the short-circuited coils 
at the two brush sets, and therefore the circulating currents, are 
not the same. If the two brush sets are placed side by side they 
bear on different parts of the commutator and unequal wear may 
occur. It is preferable, therefore, to arrange for each brush arm to 

B—(T,i04) 



Fig. 11.22. 
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cover the whole axial length of the commutator, and if the rotor is 
wave-wound this can easily be arranged by having all the fixed 
brushes on the bottom half of the commutator and all the movable 
brushes on the top half. Compoles are of course impracticable with 
movable brushes. 

Advaivtage of IhXBD- ANE MovABLE-BEUSH MoTOB. The motor 
with fixed and movable brushes does not provide stability at the 
same time as an improved power factor, and it would appear to 



Torque 1%) 

Fig. 11.23. Chabaotebistios of Thbee-phase Sebies Motob 

show no advantage over the ordinary motor. Its merit lies, however, 
in the fact that for any brush shift the motor is in a state of being 
just stable over its whole speed range so that the highest power 
factor compatible with stability is always obtained. 

Performance 

The various characteristics which have been referred to in the 
preceding pages are summarized below. 

RtnmiNG Cha BA0TEKISTI03 . l^pical speed-torque characteristics 
are given in Pig. 11.8, while current, speed and power factor plotted 
against torque for a typical motor are given in Pig. 11.23. It may 
be noted that the speed-torque curves of the motor with the brushes 
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set for liigh speeds are considerably flatter than those of the d.c. 
series motor so that, -with suitable design, the motor could be used 
where a d.c. compound motor would otherwise be required. 

Starting. No special starting equipment is required as starting 
is effected with the brushes in the minimum speed position, i.e. irith 
0 = 50° or 60°. The starting torque and starting current in this 
position are each about 50 per cent of the full-load values. Moving 
the brushes towards the short-circuit position, i.e. reducing d, 
enables starting torques up to 200 per cent of full-load torcjue to 
be obtained with about 150 per cent of full-load current. 

Speed Conteol. Although speed control by supply-voltage vari¬ 
ation is possible, the simpHcity of control by brush shifting makes 
this method almost universal. Commutation dMculties usually 
limi t the range available to about 3 to 1, i.e. between about 40 and 
140 per cent of sjmchronous speed. 

EXERCISES 11 

1. A 420-V, 60-c/s, 6-pole, 3-pli. series motor has a rotor/atator turns ratio of 

1- 43 and a brush shift of 140° from the neutral position. If the current, in 
amperes, is proportional to the stator voltage and numerically equal to half of 
it, draw the circle diagram-s of voltage and current; plot a curve of power factor 
against speed. 

2. A 3-ph., 420-V series motor with a brush shift of 3S° from the short- 
oirouit position has a rotor/stator effective turns ratio of (a) hO, (6) 0’5 and (c) 

2- 0. Draw the space vector and complexor diagrams and find the stator and 
rotor voltages and the power factor for slips of s = 1 -0,0 6, 0 and — 1 -0 in each 
case. Resistance and leakage reactance may bo neglected. 

3. A 220-V, 3-ph. series motor with three brush sets per pole-pair has lOO 
full-pitch stator turns per phase and a total of 500 full-pitch turns per pole-pair 
on the rotor. Estimate the power factor when the brushes are shifted 40° 
(elec.) from the short-circuit position and the motor is running at one-half 
synchronous speed. 
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CHAPTER 12 

GENERAL RELATIONS 

Development of the Single-phase Motor 

As stated in the introduction, the first recorded mention of a 
single-phase motor was made in 1884 when it was stated that a d.c. 
series motor would work on alternating current. In 1887 Ehhu 
Thomson described his repulsion experiments which form the basis 
of the modem repulsion motor and the single-phase induction motor. 
At about the same time Wightman discussed the principle whereby 
a single-phase machine can be excited by passing a current through 
the rotor winding instead of through the stator winding. Deri and 
Blathy of the Ganz works, Budapest, were also experimenting 
between 1889 and 1891 with single-phase series motors, while in this 
country Atkinson, in 1898, showed how a single-phase commutator 
motor could be made to give a shtmt characteristic. It is thus seen 
that interest was world wide and a very large number of patents 
were taken out for difEerent types of motor. 

Large motors suitable for railway work were developed about 1900 
and gave an impetus to single-phase traction—^this is still an 
important application of the single-phase commutator motor. The 
other sphere of application for the single-phase motor is for machines 
of low output operating in circumstances where a three-phase supply 
is not economically available. 

Types of Motor 

A large number of diSerent types of single-phase motor have been 
devised but only a few have become commercially satisfactory. All 
these motors are made up of two or more of the four essential parts 
or circuits shown in Eig. 12.1. By different methods of connecting 
these circuits different types of motor are obtained, the more 
important being illustrated in Fig. 12.2 and discussed briefly in the 
following notes. 

Plain Series Motor (No. 1). This is exactly similar to the d.c. 
series motor and operates satisfactorily on a.c. or d.c. It is widely 
used as a universal motor in fractional-horse-power sizes for domestic 
and similar applications. When run on a.c., the power factor tends 
to be low but this is unimportant for the small sizes normally 
obtaining. 

Compensated Series Motors (Nos. 2 and 3). The compensating 
winding results in a better power factor and enables larger motors 
to be built. Motors of this type are now used almost exclusively on 

210 
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single-phase traction systems in sizes up to several liundred horse¬ 
power. 

RoTOE-ExcrrED Compensated Series Motors (Nos. 4 and 5). 
The characteristics are similar to those of 2 and 3, but the motors 
require more brushes and are therefore less practicable and not used 
commercially. 

Plain Repulsion Motors (Nos. 6 and 7). This type is used in 
sizes up to 1 h.p. Speed control over a limited range can be obtained 
by shifting the brushes if desired. The single-udnding type is used 


. Direct 
^ Axis 




Quadrature 
_ ^Axis 


i'lci. l:!.l. Essential UmouiTS of Single-pha.se Motor 

Id. stator winding in direct axis. 

2d. Rotor winding In direct axis. 

\q. Stator winding in quadrature axii.. 

2<7. Rotor winding in quadrature axis. 


in all eases except where reversing is necessary, this being effected 
by reversing the connexions of one of the windings of the double- 
winding type. 

Inverted Repulsion Motors (Nos. 8 and 9). These give similar 
characteristics to those of 6 and 7 but have bttle merit as it is 
generally more difficult to design a rotor winding for connexion to 
supply voltage than a stator winding. 

Compensated Repulsion Motor (No. 10). This gives a better 
power factor than the plain repulsion motor, and also better com¬ 
mutation at low speeds. It is the type originally used on the old 
L.B. and S.C. Railway although it was later replaced by the com¬ 
pensated series motor. (With the forming of the Southern Railway- 
in 1923 the use of a.c. traction was abandoned and replaced by d.c.) 

Repulsion Motor -with Seoondar-v Exchtation (No. 11). The 
exciting winding is connected in the rotor instead of in the stator 
circuit, the characteristics being approximately the same as for No. 6. 

Seeibs Repulsion Motors (Nos. 12 and 13). The series and 
repulsion arrangements are combined in order to obtain tbe best 
commutating conditions of each. 



_ Motors with Series Characteristic Motors with Shunt 

Series Motors Repulsion Motors Characteristic 



Fia. 12.2. Types of SiNGL.E-pifA&E Motor 
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The Deki Brush-shifting Repulsion Motor (No. 14). By 
having a set of movable and a set of fixed brushes, a better speed 
control is obtained than with the plain repulsion motor. 

SiNGLE-PHA.SE INDUCTION MoTOE (No. lo). The motor is not 
inlierently self-starting, and a special starting device lias to be 
employed: this type i.s the most common of all the .single-phase 
motors on account of its simplicity and robustness, no commutator 
being required. 

Atkinson Shunt Motor (No.s. 16 and 17). The motor as illus¬ 
trated has no advantage over the single-phase induction motor and 
is, on account of its commutator, more complicated. Arrangements 
for speed control can, however, be made while the power factor can 
be improved by the phase-compensation arrangement of JTo. 17. 

WiGHTMAN Motor (No. 18). This gives .sbnilar characteristics to 
the Atkinson motor but is more difficult to design as the comraiitator 
winding is connected across the supply voltage. 

Torque 

Interaction between the current in the conductors and the iiiix 
density in the air gap gives rise to the torque. Reference to Fig. 12.3 





Ca) Cb) 

Fig. 12.3. Tokquis Pkoduction 

(а) Brush axis in Hue with flux axis; no torque. 

(б) Brush axis at 90® to flux axte: maximum torqur*. 

and the use of Fleming’s left-hand rule to find the direction of the 
force on a conductor shows that when the brush axis is coincident 
with the flux axis there is no resultant torque, since that of corre¬ 
sponding conductors on each side of the armature are in opposition 
whereas with the brush axis at 90° to the flux axis there is a 
maximum resultant torque since the torques of all individual con¬ 
ductors act in the same direction. It may therefore be stated that 
torque is only produced by the component of flux which is at 90° to 
the brush axis. Any flux produced by the armature current itself 
can thus produce no torque. 
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Calculation- of Toeque. The flux and current may be assumed 
to vary sinusoidally with time, i,e. 

O = 4> sin cot 

and == sin {cot -j- \p) 

where ip is the time phase angle between flux and current. 

The flux density in the air gap may also be assumed to vary 
sinusoidally in space around the periphery so that at any moment 
in the cycle 

£q = Bf, CO.S 0 

where d is the angle measured from the centre-line of the flux axis. 



Fig. 12.4. Vabiation op Totau Toequk with Time 

The tangential force on any conductor is thus— 

Fg = BgifL newtons 
= Bg(ial2a)L ne-wtons 

where is the total current entering the armature. 

The total tangential force at any moment will thus be 

F = llFg. Zg = {ial2a)Ll^BgZg = (ij2a)LSz 

where Zg is the number of conductors at position 0, 

B is the mean flux density over the pole-pitch at a particular 
moment in the cycle. 
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Thus— 

F = {iJ2a) sin {cot -f sin cot . L . z 

= (Z/2/4a)!„5,„{cos — cos (2cof + yi)} newtons 

where is the peak value (time) of the mean density. 

Tliis expression, plotted in Fig. 12.4, shows that the force, and 
therefore the torque, pulsate at twice the supply frequency. The 
inertia of the armature is usually sufficient to render these pulsations 
innocuous but there is always a tendency, with single-phase motors, 
towards noisy operation and vibration troubles, particularly if cp is 
large resulting in big negative pulses of torque. 

The mean force is due to the first term in the above expres.sion, i.e. 

F — (lJ2V2a)LzE„^ cos y) newtons 

where is the r.m..s. value of the current entering the armature 
brushes. 

The mean torque is F'f)/2 so that, using ttD = 2p . Y and 
E^prrDL = 2p4», the torque becomes 

TM = {ll2TT^2)(‘pja)Ia^z cos cp newton-metres 

= (0ai7/i/2)(2)/a)4(I)3.cosviLb-ft . . (12.1) 

It may be noted that this is l/V^ times the torque of a similar 
d.c. machine having the same current and maximum flux values. 

Mechanical Power 

The power (in watts) corresponding to the above torque is iirn 
times the torque in newton-metres, i.e. 

P = T3I X 2Tm 

= {ll-\/2){pla)IJ^zn cos cp 

Substituting E^, the e.m.f. of rotation due to the conductors moving 
in the flux O, (eq, (2.12)), this becomes— 

P = EJ^ cos ip w’atts . . . (12.2) 

General Complexor Diagrams 

As with other types of machine the single-phase motor can be 
investigated by complexor diagrams or by analytical methods, In 
both cases the flux in the air gap is produced by the resultant 
m.m.f. due to the currents in the various windings; it is, however, 
most convenient to resolve this main flux into two components 
acting respectively along the direct and quadrature axes of Pig. 12.1. 

The complexor diagram will therefore comprise complexors repre¬ 
senting these main flux components, the currents in the various 
windings, the transformer and rotational e.m.f.’s due to the windings 
linking with or rotating in the main flux components, transformer 
and rotational e.m.f.’s in the leakage fluxes and the resistance drops. 
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Li Fig. 12.5(a) are the complexors relating to the mam direct-axis 
flux; there is a transformer e.m.f. in the stator winding, Efsa* ^.nd 
a transformer e.m.f. in the rotor udnding, Efad, between brushes dd' 


^rad 


^raq 


Imd 


.^d 


^ra.d 

(at Brushes q q') 


Y -J^TIfTa^d ~ ^mdChd'^’dzd*—) 

f — ^md djnd 

^tsd = J2UfT^ = ^md (hd'^^2d'^ ") 

—^mdIwd 


(a) 






Eraq — Cf;q + l2q + '") 
(at Brushes dd') 


' Tq “ Xm(j (1,^ +J2q + --) 

= Xmq Imq 

^tsq ='/2Ff Tg #(j =Xmq (Ijq+f2q+") 
— ^mq fmq 


(b) 






CC) 


Fiq. 12.5. EliEMENTS OF COMPLBXOB DiAGRAlVIS 

(a) Complexor'? related to direct-axis flux. 

(&) Complexors related to quadratiirc-axia flux, 
le) Complexors related to lealcage flux. 


due to these windings being linked with the direct-axis flux compo¬ 
nent O^; these lag the flux by 90°. There is also, between brushes 
qq' a rotational e.m.f., E^^^, due to rotation of the rotor in the 
quadratrrre flux component O,; this is in phase with or phase 
opposition to the flux Og depending on the direction of rotation. 

* Suffixes i or r signify that the e.iu.f. is set up by transformer aotion or by 
rotation, suffixes s or o that it is induced in the stator or rotor (armature) and 
suffixes d or q that it is produced by the direct- or quadrature-axis component 
of the flux. 
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The magmtude of these e.m.f.’s can be calculated from the e3q)res- 
sions of Chapter 2. The flux is produced by magnetizing ampere- 
turns wliich are the resultant of the ampere-turns of all the winings 
on the direct axis; these are represented by the magnetizing current 
in phase ■\Yith the flux, this being given by -{- I,/ -f- -{- 

. . all currents being referred to the stator winding. 

In Fig. 12.5(6) are shown the corresponding complexors for the 
quadrature axis. 

Transformer e.m.f. Ej^ due to the leakage flux lags the flux, and 
therefore the current producing the flux, by 90°; it is usual, how¬ 
ever, to represent this e.m.f. as a leakage reactance drop Ixj^ leading 
the current by 90° as in Fig. 12.5(c). The resistance drop is, of course, 
in phase with the current. 

By selecting the appropriate complexors from the above a com¬ 
plete complexor diagram for any type of motor can be built up. 



Iron Loss, It has been assumed above that the main flux com¬ 
ponents Oa and O, are in time phase with the resultant m.m.f. 
producing them; actually the flux lags the magnetizing m.m.f. by 
a small angle y due to iron loss. The hysteresis efiect results in a 
distortion of the magnetizing current and a small phase shift ahead 
of the flux it is producing; this can be represented approximately 
by a small component of current leading the flux by 90° as shown 
in Fig. 12.6. Eddy currents set up in the laminations are approxi¬ 
mately in phase with the e.m.f. producing them since the resistance 
of the eddy-current path is relatively high; the eddy currents may 
thus be drawn lagging the flux by 90° and a corresponding current 
Ice leading the flux by about 90° is drawn from the primary. The 
total iron loss can thus be represented by a component of current 
leading the flux by 90°. 

Analytical Treatment and General Circuit Equations 

As any motor consists of two or more of the circuits shown in 
Fig. 12.1 it is possible to -write down, from KirchhofE’s second law, 
an equation for each circuit relating the e.m.f.’s and voltage drops; 
the e.m.f.’s are most conveniently expressed in terms of the mutual 
and leakage reactances, as described on page 18. Inserting the 
particular boimdary conditions relating to the connexions of the 
machine under consideration enables the equations to be solved and 
the behaviour of the motor determined. To obtain greater accuracy 
two additional circuits corresponding to the paths of the currents 
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in the coils short-circuited by the brushes may be added as in 
Kg. 12.7 so that there are six possible oircmts. 

In developing the equations all currents, voltages and impedances 
are most conveniently referred to a common reference winding, e.g. 
the direct-axis stator winding. The six equations can thus be 
obtained as follows. 



Fig. 12.7. Circuits fob Oexerai, Equations 


Statob Winding in Direct Axis. The mutual direct-axis flux 
<I>d links the stator winding in this axis as well as the rotor and brush- 
circuit windings so that the e.m.f.’s set up in the stator winding are— 

— fo its self inductance 

—■ <111® to mutual induction from circuit 2d (rotor 

circuit) 

— due to mutual induction from circuit 3d (brush 

circuit) 

In addition there is an e.m.f. of self inductance caused by the leakage 
flux of the stator winding which is — and a resistance 
voltage drop Treating all the e.m.f.’s as voltage drops the 

voltage to be applied to overcome them is 

^Id — Ild^ld + + i^mdi^ld + ^id + Izd') • (12.3a) 

Rotor Winding in Direct Axis. Similar conditions obtain in 
the rotor winding except that in addition to the transformer e.m.f. 
resulting from the flux there is a rotational e.m.f. due to rotation 
in O,. The mutual reactance x,^ relating to this flux diflers from that 
of the direct-axis flux if the machine is not mechanically symmetrical 
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in the two axes. The sign of the rotational term is conventionally 
taken as positive for e.m.f.’s induced in the direct axis by quadrature- 
axis flux, movement from the quadrature to the direct axis being 
regarded as positive on the normal eomplexor diagram. The 
equation is thus— 


~ ^2d'^2d “h 


i^indi^id “1“ ^2d “k ^2d ) 

+ Ex,nq(Ii,q + + fg,') • (12.36) 


Stator Winding in Quadrature Axis. The corresponding 
expression for the quadrature axis is similar in form to (12.3a)— 


"T + A^a') (12.3c) 


Rotor Winding in Quadrature Axis. The sign of the rotational 
term is here negative since the e.m.f. is induced m the quadrature 
axis by the direct-axis flux, i.e. backwards as compared to (12.36). 

Ban = /oa “k i^i25 Aa^ "k + A^ -k A^ ) 

“ EXmd[Axd + A^a + -fg/) • (12.3d) 


Brush Circuit in Diregt Axis. There is no applied voltage in 
this circuit so that the sum of the drops is zero. 

= Au'''u + "k ja:md(-ri<i + ^id' + ) 

+ Ex^{Axq + A^q' + Agq') . (12.3e) 


Brush Circuit in Quadrature Axis 

fl ~ A^q ^3q ~k A^ fl- i^mqi^lg "k A^q “h A^q ) 

-Sx„dAxd+A^' + A,,') . (12.3/) 


These six equations contain ten variables; if four of these are 
fixed by the boundary conditions relating to the particular type of 
motor under consideration, the remainder can be found by solving 
the equations, and the behaviour of the motor determined. 

A further refinement to the above is to add terms for the rotational 
e.m.f. set up by the rotor leakage flux, i.e. jSxj^^Aid hi the direct 
axis and — in the quadrature axis. 

It must also be remembered that the actual values of voltage, 
current and impedance are related to the above referred values by 
the relations— 

V = V'lk; A = rk; and s = z'/k^ 

where k = (effective turns in reference winding)/(efiective turns in 
winding considered). 

Iron loss cannot usually be introduced into the above very easily, 
and is generally included with friction and windage loss and sub¬ 
tracted &om the gross output. 
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THE PLAIN SERIES MOTOR 
(FRACTIONAL H.P. UNIVERSAL TYPE) 

General Construction 

Since reversing the polarity of the supply to an ordinary d.c. 
series motor does not affect the direction of the torque, it might he 
expected that such a motor could operate from an a.c. supply; this 
is, in fact, the case, although operation would be unsatisfactory on 
account of the high iron loss caused by the alternating flux in the 

solid poles and yoke. For sizes of 
less than about ^ h.p., however, 
satisfactory operation can be 
obtained if the poles and yoke are 
laminated; with larger sizes cer¬ 
tain other modifications to the 
design, as compared to that of a 
d.c. motor, are necessary and such 
motors are discussed in the next 
chapter. 

The fractional-horse-power a.c. 
series motor is therefore similar in 
construction to a d.c. motor of the 
same size except that its magnet 
frame is laminated; such motors 
have the special merit that they can 
run satisfactorily on either a.c. or 
d.c. supplies and are called universal motors and used in large 
numbers for driving small domestic and similar apparatus. Typical 
sizes range from 1/100 to 1/4 h.p. 

The connexions are shown in Fig. 13.1 from which it can be seen 
that only two of the circuits illustrated in Fig. 12.1 (page 211) are 
employed, i.e. the stator winding in the direct or exciting axis which 
produces the exciting flux and the rotor winding in the quadrature 
axis which produces a quadrature flux 0^. 

Due to the salient-pole construction the space distribution of the 
flux may deviate considerably from a sine wave (page 1), but as 
rotor torque and e.m.f. are dependent on the total flux and not on 
its distribution this has little effect on the behaviour. 

The rotational e.m.f. is proportional to the main flux and the 
transformer e.m.f.’s to dO/di; as these make up the major part of 
the sinusoidal supply voltage, the time variation of the flux is 
approximately sinusoidal. To produce this the current must be non- 
sinusoidal and, with normal values of saturation, may contain up to 
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30 per cent of third harmonic. This gives rise to a negative torque 
but this can usually he neglected and in what follows sinusoidal 
quantities are assumed. 

Complexor Diagram 

Assuming the air-gap flux to be resolved into its two components 
and the former may be used as the starting point for the 
diagram as shown in Fig. 13.2. The main current sets up this flux 



and leads it by a small angle y due to the iron losses as explained on 
page 217. This exciting flux <1)^ sets up an e.m.f. in the stator 
winding which lags the flux by 90° and is given by 

Em = volts 

where is the effective stator turns and is equal to the actual 
turns if, as is usual with these small machines, salient poles are used. 

The stator cmrent also sets up a leakage flux which gives rise to 
an e.m.f. which can be conveniently treated as a leakage reactance 
drop leading the current by 90° in the usual way. 

The current I also sets up the quadrature-axis flux 0, in phase 
with the exciting flux. This flux sets up a transformer e.m.f. in the 
armatme (from eq. (2.8a), page 21)— 

Eta, = (V' 2 )/,(lP„/a )03 volts 
T(j being the total turns on the armature. 
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Tlie rotation of the armature in the flux Ojj sets up a rotational 
e.m.f. between the brushes— 

Erad = (V^)fr{Tah)^a volts 

Tliis e.m.f. has its peak value at the same moment as the peak 
value of the flux; drawing the dots and crosses on Pig. 13.1 in 
accordance with the conventions mentioned on page 13 and using 
Fleming’s left-hand rule shows the direction of rotation to be clock¬ 
wise. The right-hand rule can now be used to find the direction of 
the e.m.f. in the conductors, and it wU] be found to be opposed to 
the cm'rent. The e.m.f. 1^0° to the flux producing it. 

The applied voltage has to overcome aU these e.m.f.’s and also 
the resistance drop Ir which is in phase with the current. 

The coUs short-circuited by the brushes are linked with the full 
exciting flux, and are rotating in the quadrature flux, and therefore 
have e.m.f.’s induced in them as described later; these e.m.f.’s cause a 
circulating current which lags by a considerable angle behind the 
fluxes as shown. A further component of primary cmrent is 
necessary to neutralize the m.m.f. of this, as in the ordinary trans¬ 
former, so that the total current is I as shown. 

It can be seen that the power factor of the motor is inevitably 
less than unity, but the efiect of the iron loss and the brush circu¬ 
lating current is to improve it slightly, although at the expense of 
efflciency. 

Circle Diagram 

The transformer e.m.f.’s are all proportional to the fluxes and 
therefore, if saturation is neglected, to the current. The sum of 
these e.m.f.’s can therefore be treated as a reactance drop Ix where 
X is the total reactance of the motor, due to the quadrature-flux 
linkages with the armatiue turns and the exciting and leakage flux 
linkages with the stator turns. 

If OA, in Fig. 13.3, is drawn to represent the constant applied 
voltage V, the intersection of OB, representing the transformer 
e.m.f.’s, and BA, representing the rotational e.m.f. and the Ir drop, 
lies on a circle since the angle OB A equals 90°. 

The current complexor is parallel to BA so that angle BAO is 
the phase angle, <f). If a vertical OD is drawn through 0, the angle 
DOB is also so that if OD is made to represent the position of the 
applied voltage complexor, then OB can represent the current com¬ 
plexor both in magnitude and phase. If the original voltage scale 
were 1 cm = Y volts, then the current scale for OB is 1 cm = Yfx 
amperes. 

If BB' represents the Ir drop, then B'A represents the rotational 
e.m.f. As the speed falls, i.e. as the load rises, B'A gets smaller and 
B moves round the circle towards A, the power factor decreasing 
continuously. 

Motor Iottjt. If OB represents the current, a perpendicular 
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dropped from B on to OA represents the power component of 
current, and therefore the input to a scale of 1 cm = VYjx watts. 

Torque. As torque cc /O cc P cc OB^, and since triangles OBA 
and OEB are similar, OBjOE = OAjOB and 

052 = 0E .OA^V .OE 

i.e. torque is proportional to OE. 

The torque can be expressed as a percentage of the full-load 
value, or a torque scale can be found by calculating the value for a 
particular current and flux from eq. (12.1). 



Output. If iron, friction and windage losses are neglected, or 
allowed for as described later, the output can be written— 

Output = input — copper loss 

The copper loss is 

I \ = I . Ir 
oc OB . BB' 

QC area of triangle OBB' 
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output oc area of triangle OAB — area of triangle OBB' 
oc area of triangle OB'A 
oc B'E' since base OA is constant. 

The ratio 

BB'lOB = Irjl = r = tan 0 

so that d, and therefore the angle OB'A (= 90° + 6), are constant 
and the point B' moves on a circular locus as shovui dotted with its 
centre slightly below OA. 

The output, neglecting iron, friction and "windage losses, is thus 
proportional to the vertical ordinate B'E', the scale being the same 
as for the input. 

The iron, friction and "windage losses cannot be represented 
geometrically on the diagram, but if they are obtainable from design 
or test data they can be represented by the vertical ordinate E'E" 
and the output is then B'E". 

Speed. The rotational e.m.f. is proportional to speed x flux, i.e. 
B'A oc speed X OB so that speed cc B'AjOB. 

If OB' is projected to out, at F, a line drawn through A at an 
angle 6 to the vertical, the triangles OAF and OB'A are similar so 
that B'AjOB' = FAjOA. 

Since OA is constant, speed is proportional to FA. It can be 
expressed as a percentage of the fuU-load speed, or a scale can be 
found by calculating the speed from the rotational e.m.f. equation 
on page 222 for a particular value of current. 

That part of the circle lying below the horizontal corresponds to 
operation as a generator. 

From the above chcle diagram a set of typical characteristics can 
be dra"wn as in the foUo’wing example. 

Example 13.1. A 1/5 h.p., 260-V, 50-c/s universal motor has a total 
resistance of 30 £2 and a total reactance of 155 Q. Using the chcle 
diagram and neglecting hon, friction and windage loss, draw curves 
of horse-power, torque, speed and power factor to a base of current. 

Choosing a scale of, say, 1 cm = 20 V the hne OA forming the 
diameter of the chcle can be drawn and a semi-chcle constructed 
on it. The current scale is then 1 cm = 20/155 = 0-129 A. 

Points B at various positions round the semi-chcle can then be 
located, and for each position of B the corresponding current 
measured. By drawmg the vertical through O the phase angles can 
also be measured for each current, and the power factors determined. 

For one current the Ir drop can be calculated and the point B' 
located, enabling the chcle OB'A to be drawn. The power scale is 
1 cm = 250 X 0-129 = 32-2 watts = 0-043 h.p. 

Vertical ordinates fi:om B' to E' on the base line give the output 
to this scale and enable the h.p. curve to be plotted as sho-wn in 
Fig. 13.4, and the fuU-load position (0-2 h.p.) determined. The line 
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OE at the full-load position gives fuU-load torque, and other torques 
can be expressed as a fraction of this. 

The line AF can now be drawn at an angle 0 (= BOB') to the 
vertical, this angle being the same for any position of B. Projecting 
OB' for the full-load position to cut AF gives the full-load speed. 



Pig. 13.4. CKAiiA.CTEiiis’rics or 1/5 h.p. Series Motor 


and other speeds may he expressed as a percentage of this. The 
complete set of curves is shown in Pig. 13.4, and they are seen to 
he generally similar in shape to those of a d.c. series motor. 

Commutation 

Reference to Pig. 13.1 shows that the coils short-circuited by the 
brushes are linked with the exciting flux and are rotating in the 
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quadrature flux As described in Chapter 3 (page 31) there will 
thus be three e.m.f.’s induced hi them— 

the transformer e.m.f. lagging the flux by 90° 

the rotational e.m.f. phase ivith O, 

the reactance e.m.f. E^j, in phase with the current 

These e.m.f.’s are shown in Fig. 13.5 and their resultant causes 
a circulating current lagging slightly behind E^ as shown. This 



FiCi. 13.5. E.m.f.’s in Coils Short-cikouited by Brushes 

current sets up additional loss and also influences the behaviour of 
the motor to some extent. 

With fractional-horse-power motors, provided the voltage E^ does 
not exceed about 7 volts per coil, the impedance of the coil and the 
brush contact resistance are suflflciently high to keep the circulating 
current down to values which will not cause trouble, and no special 
steps are taken to assist the commutation process. Some compensa¬ 
tion can be obtained by a brush shift of 10°-20° agamst the rotation. 

With larger motors the problem must be examined in greater 
detail as in the next chapter. 

Operation on A.C. and D.C. Supplies 

If the motor has to run on either a.c. or d.c. supplies as when 
driving portable apparatus such as vacuum cleaners or electric drills, 
it is desirable that the speed-torque curve should be nearly the same 
in both oases. 

It is shown in eq. (12.1) that for equal current and peak flux 
values the torque with alternating current is l/y^B times that with 
direct current; the peak flux value for the same current is, with 
alternating current, ■\/2 times that with direct current, so that the 
torque with direct current is the same as that with alternating 
current of the same r.m.s. value. 

Since the peak flux with alternating current is •\/2 times that with 
direct current of the same value, the peak a.c. rotational e.m.f. is 
y'2 times the d.c. rotational e.m.f.; the r.m.s. a.c. rotational e.m.f. 
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is therefore the same as the d.c. value for the same speed. Since 
both e.m.f.’s are proportional to speed the relations between the 
a.c, and d.c. speeds may be written— 


^radl^dc ^aci'^'dc 


Referrhig to the complexor diagram of Fig. 13.2 it can be seen 
that approximate!j' 

^ y cos<f> —Ir 


1 f run on direct current, 


so that 


=-V-Ir 

_ cos (f) — Irj V 
'“''“'I -IrjV 



0 A 8 12 16 

Torque (Ofj-fi) 


(I3.1a) 


Fig. 13.6. Spbbd-tobqiie Ccuves of Univeesai. Motob 
{1/4h.p., 8,000 e.p.m.) 


The full-load value of IrjV is generally between 0-1 and 0-15 so 
that, if this is neglected, the speed ratio becomes 

»lacKc = COS^ . . . (13.16) 

For a given current value the peak flux on alternating current 
may be somewhat less than v'2 times the d.c. value because of 
saturation, so that the a.c. speed will be closer to the d.c. speed 
than given by the above relations. Curves for a typical motor are 
shown in Fig. 13.6. 
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Analytical Treatment 

The six general eqs. {12.3ffl) to (12.3/) can be simplified for the 
plain series motor since circuits \q, 2d and 3? do not exist and Id 
and 2q are comiected in series carrying the main current I. The 
circuits thus become as in Fig. 13.7 and only the follo'wing three 
equations occur— 

Stator winding in direct axis (exciting winding) 

^id = ■ (13.2a) 

I 



Fig. 13.7. CiKouiTS op Simple Series Motor 

Rotor winding in quadrature axis (armature winding) 

+ A/) • (13.26) 

Brush circuit in direct axis 


0 = lii'ri' + + ja;,„tf(/ + I 3 /) + Sx^I (13.2c) 

These contain four unknown quantities, Fo,, 7 and Jg^' so 
that another equation must be obtained from the boundary con¬ 
ditions, i.e. 

y = y^d + y^^ • • • (i3.2d) 

Solving these gives, from (13.2a, b and d), 

y = 7{ri + r« + Sx^a + K^li + + ^md + 

H" Izdi^^md "b j^md) ■ (13.3) 

and from (13.2c) 

Isd = - + jXmd)l{r3 + i(»i3' + ^md)} • (13.4) 

Putting J"! + »‘2 = the total motor resistance 
and Xj^i + — ^L’ total leakage reactance 
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and substituting in (13.3) for I^' from (13.4) gives 

7 = J |r + Sx^ + j(a:jr + + x^) 

“■'•s'+W + arJ / • ^ 

The last term of the expression represents the effect of the 
currents in the coils short-circuited by the brushes; if r^' and Xj^^' 
are so great as to make these currents negligible this term becomes 
zero. It can often be neglected, in which ease the following relations 
can be obtained— 

I = F/(r + + ja;) = VIV{{r + (13.6) 

where a; = + x^. 

This lags the voltage hy tan-*- {xj{r + jSa:„,d)} so that the power 
factor is 

cos -^ = (r + SxJilV{(r + Sx„^)" -f *=} . (13.7) 

Power Output and Torque. The mechanical output is the pro¬ 
duct of the rotational e.m.f., the current and the cosine of the phase 
angle between them (eq. (12.2)). The angle in this case is zero so that 

P = SIx„,i . I = <Sx,„dF2/{(r + <Sr,„s)® + x®} watts (13.8) 
and the torque is 

TM = PjS = x„,jF®/{(r + Sx^g)^ -f x^} synch, watts . (13.9) 

Effeot of Iron Loss. The equations so far given take no account 
of the iron loss. This loss is approximately proportional to the 
square of the flux, and therefore to the square of the current so that 
it can be represented by an additional resistance r^. 

The flux <I>^, instead of being given by Ix^al2nfT-^ wiU be given 
by I(r„ + ]'x.md)/2w/ri so that the e.m.f. of rotation -s^l be 

^rad j^(^c j^Twd) Me) 

Substituting this for the terms involving S in the previous 
equations gives— 

Current, 

I = Yl\/{{r + Px„a)“ + (x - Sr^f} amperes . . (13.10) 

Power factor, 

cos (jy = {r + 'Sx„g)/v'{(>' + + (x— . . (13.11) 

Output, 

P = Sx^aVmi'^ + + (» ~ . (13.12) 

Torque, 

TM = x^V^liir + Sx^i)^ + (x - Sr,f} synch, watts. (13.13) 
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Example 13.2. Calculate the performance of a 1/6-h.p., 230-V, 
2-pole universal motor when running at 50 c/s. The motor has the 
following parameters: r = 64 O, x= 140 D, = 112 Q. and 
r, = 32 Q. 



Taking a speed of 4,000 r.p.m. (S = 4,000/3,000 = 1-33) 

I = 230/V{(64 + 1-33 X 112)2 _j„ (144 _ 1.33 ^ 32)®} 

= 230/236 = 0-975 A 

cos 9 ^ = (64 -f 1-33 X 112)/236 == 0-90 

P = 1-33 X 112 X 2302/2362 = 142 W = 0-190 h.p. 
TM = 112 X 2302/2362 = 106 synch, watts 
= 106 X 0-117/50 


== 0-248 Lb-£b 
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To obtain the net output the friction and windage loss must be 
subtracted from the above; this may be about 40 W for a motor 
of this size at 4,000 r.p.m. so that the net output = 102 W = 0-137 
h.p. The overall efficiency is thus 

102/(230 X 0-975 X 0-90) = 60*5 per cent 

Similar calculations can be made for other speeds giving the 
characteristics shown in Tig. 13.K. 

Determination of Machine Parameters 

Ebom Design D.4.ta. Resistances can be calculated from vire 
sizes and lengths in the usual way while brush drop and brush 
resistance can be computed from the curves of Fig. 3.10 (page 41). 
Leakage reactances can be calculated from the slot and overhang 
permeances, and the mutual reactances can be found from 

and = (V2)7r/TO,// 

The quadrature flux, d),,, is difficult to determine for a salient-pole 
machine but it is relatively small and may be taken as about 0-23),j. 

Feom Test. Measurements of rotor impedance and power input 
with the rotor stationary and rvith special narrow brushes so that 
no coils are short-circuited by them gives s = r + ja: from w'hich r 
and z may be determined. If the above test is repeated with normal 
brushes the additional power consumed represents approximately 
that due to the loss in the short-circuited coils. 

Design Features 

The general construction of a small a.c. series motor is similar to 
that of a d.c. motor of similar size except that the magnet system 
is laminated. There are, however, certain special features concerned 
■with its commutation and the maintenance of a good power factor, 
which means similarity of speed when running on alternating and 
direct current. 

Design foe Good Power Factor. Reference to the complexor 
diagram of Fig. 13.2 shows that, neglecting resistance and leakage 
reactance drops, the phase angle is given by tan“^ {Efsa + 

To obtain a small phase angle and, consequently, a good power 
factor Efs^ and should therefore be small and large; this 
leads to the folio-wing requirements— 

Small few stator turns low supply frequency low 0^ 

Small .Ejoa- few rotor turns low supply frequency low 

Large E^q ^: many rotor turns high rotational frequency high 

It can be seen that most of these items are conflicting and, 
assuming a given supply frequency, only those in itahes can be used 
to design a motor with a good power factor. To keep the number 
of stator turns to a minimum necessitates the minimum possible air 
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gap and a value between 1/100 and 1/200 of the rotor diameter, i.e, 
O-lo to 0-03 in., is usual; to avoid excessive flux distortion on load, 
however, which would lead to high iron loss, the ratio of stator to 
rotor turns should not he less than a value between 0-7 and 1-0. 

The quadrature flux can be kept low by using sahent poles which 
gives a high-reluctance flux path in the quadrature axis. 

The rotational speed is generally high, values up to 10,000 or 
15,000 r.p.m. being common. 

Attention to these points enables motors with satisfactory 
“universal” characteristics to be built, although for low-speed 
motors (below 4,000 r.p.m.) where is small it may be necessary 
to fit a field tapping for use when running on alternating current. 

CoMMUTATioir. To secure good commutation the e.m.f. induced 
in the short-circuited coils by the direct-axis flux should be kept 
below about 7 V. It is found that coils of 20 or 30 turns enable this 
to be done and this will necessitate between 12 and 24 commutator 
segments. 

Output Coefficient. As with other types of machine, the output 
coefficient is a suitable starting point for a design. The output of 
the motor is 

F = E^^I cos ip watts 

•yj being the angle between current and flux, allowing for the iron 
and brush circulating-current loss. Cos ip is not usually lees than 
0'96 and may be regarded as 1-0. 

Thus P = {■s/2)(TJa)pnM 

Since <5 — SnDLj'lp and (J/2a)2?’„ = octtD this becomes 
P = {7r^|^/2)EacD^Ln 

so that G = PID^Ln = (7T^IV2)Bac . . (13.14) 

Typical values of the specific magnetic and electric loadings are 
S = 0-25 — 0-35 Wb/m^ and ac = 6,000 — 10,000 A-conductors/m. 
These figures give values of output coefficient (watts/between 
10'6 X 10® and 26 X 10®, D and L being expressed in metres. 

Performance and Applications 

Typical performance curves are shown hi Kgs. 13.4 and 13.8; 
power factor is good and starting torque is 3 to 4 times ftiU-load 
torque. 

The usual applications of the universal motor are for vacuum 
cleaners, sewing machines, portable drills, mechanical computing 
machines and other smaU-power drives. The series speed-torque 
characteristic may be a defedte advantage in certain cases, e.g. on 
a drill where a small drill will run at a high speed, and on a vacuum 
cleaner since the motor speed will rise under conditions which 
decrease air volume, thereby tending to counteract the effect. For 
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circumstances where a universal motor is desired but a constant 
speed is necessary a governor-controlled motor can be employed; 
the governor operates a switch above a certain speed and inserts a 
resistor in series with the motor; in tins way speeds can be held 
constant up to about 1-5 times full-load. 

Accuracy is essential in estimating the power required by the 
driven load; with an induction motor little ill effect results if a 
1/4 h.p. motor is used for a drive requiring only 1/6 h.p. but a series 
motor under such conditions would run at quite the wrong speed. 

Since these motors are widely used in domestic premises, radio 
interference is a serious problem, and suppression methods as 
described in Chapter 3 (page 41) are desirable. 

exercises 13 

1. A 2-pole, 50-c/s, 230-V, f.h.p. series motor ha.s 400 field turns and 1,200 
armatui'6 turns. At full load the current is 1 A, the exciting flux is 0*0008 tVb 
and the speed is 7.000 r.p.m. The total resistance is 20 £1 and the leakage re¬ 
actance is 30 Cl. Eraw the coinpiftxor diagram and find— 

(а) The transformer e.m.f. induced in the amature by the quadrature flux. 

(б) The magnitude of the quadrature flux. 

(c) The h.p. output. 

(d) The speed at ■which it would riui if supplied with a direct voltago of 

230 and taking 1 A. 

2. A universal f.h.p. series motor has a resistance of 30 Cl and a total 
inductance of 0*5 H. When connected to a 250-V, d.e, supply and loaded to 
take 0*8 A it runs at 2,000 r.p.m. E.stiniate the speed and power factor when 
connected to a 250-V, a.o. supply and loaded to the same current. 

3. A |-h.p., 10,000-r.p.in., oO-c/s, IIS-V series motor with a cylindrical stator 
has a total resistance of 1*6 n and a total reactance of 10 Cl- Plot, to a base 
of current, curves of speed, torque, h.p. and power factor using (a) a graphical 
method baaed on the oomplexor diagram and (6) an analytical method. 

4. The data refer to a rii-k.p., 2-pole, oO-e/s series motor having aalient 
poles— 

Total resistance = 23’6 U. 

Total leakage reactance = 68 Cl, 

Mutual reactance = 121 £2 in direct axi.*,. 

Mutual reactance = 72 £2 in quadrature axis. 

Iron, friction and windage loss = *10 W. 

Calculate the current, power factor and output when running at 6,000 r.p.m. 
Neglect the current in the coils short-circuited by the brushes. 

o. A 1-ph., 2-pole, series motor has 16 slots each carrying 4 coil sides with S 
turns per coil. The pole covers 0*67 of the pole-pitch. If the full-load current 
is 6*6 A draw the armature m.m.f. wave and estimate the minimum number of 
field tm*ns necessary to avoid reversal of the resultant m.m.f. under the trailing 
pole-tip. If the number of field turns used is 40 per cent more than the above 
and the length of the air-gap at the pole-tip is 0*03 in. estimate the flux density 
under the leading pole-tip. Neglect saturation and fringing. 

6. Work out the main features of a design for a i’j'h.p., 230-V, 50-o/a, 2-pol6, 
6,000-r.p.m., nniversal motor. Use specific magnetic and electric loadings of 
0*3 Wb/m® and, 7,000 A-oonductors/m respectively. 



CHAPTER 14 


THE COMPENSATED SERIES MOTOR 

Fob motors above the fractional-liorse-power size it is necessary to 
have better power factor and better commutation than are obtain¬ 
able with the plain series motor described in the last chapter. By 
attention to the appropriate details it is possible to build motors 
giving 1,000 h.p. or more, the chief application of such motors being 
for single-phase traction such as is employed on the railways of 
Central Europe and Scandinavia. 

The Compensating Winding 

Reference to the complexor diagram of Fig. 13.2 (page 221) shows 
that the low power factor is in part due to the voltage induced in 
the rotor ndnding fay the quadrature flux. The special feature of 




Fig. 14.1. Compensateo ,Sebuos Motors 

(o) CoQductIvely compensated. 

(6) Inductively compensated. 

the compensated series motor is the compensating winding fitted on 
the stator to neutralize the rotor in.m.f. and thus eliminate the 
quadrature flux and the e.m.f. 

For compensation to be correct at all loads the compensating 
winding must carry currents proportional to the main current, and 
two methods of connexion are available as shown in Fig. 14.1. In 
the conductively compensated machine the winding carries the main 
current so that the effective turns per pole T^' are given by 
IT^' = (7/2a)/(Ttt72p). WiththeiwdMdiueZycompemsa^edmachinethe 
compensating current is induced in the winding by transformer 
action as in a transformer with a short-circuited secondary winding. 
Any convenient number of turns can therefore be used; this may 
lead to a simpler design, although compensation cannot be quite 
complete due to the leakage fluxes. In both cases the turns must be 
uniformly distributed over the whole of the stator periphery if 
complete compensation is to be achieved and a typical arrangement, 
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including the compoles to be described later, is shown in Fig. 14.2. 
The exciting winding is usually placed in slots in order to minimize 
leakage flux, but it may be concentrated in a single large slot. 


Compensating Winding 

/ / / r 


Exciting Windini „ , 

j ,—r— Compole 

I /— Winding 

/ / f / 



/ / / / /^\ 


Fig. 14.2. ARaiNOuMEUT or VVtndesos m Slots 


Complexor Diagram 

Assuming the quadrature flux to be completely neutralized, the 
complexor diagram can be drawn as shoivn in Fig. 14.3, this being 
in most respects similar to that for the plain series motor shown in 
Fig. 13.2 (page 221). The main current 1 leads the exciting flux 
by a .small angle, usually between 3° and 9° due to iron loss and 


E-rad. 



brush circulating currents. E.m.f.’s in the stator winding and 
E.^ag in the rotor winding are set up as before, together with the 
stator leakage reactance drops and the resistance drop for the whole 
machine. There are, in addition, leakage reactance drops due to the 
rotor and compensating windings. In the conductively compensated 
machine these drops appear across their respective wdndings, while 
in the inductively compensated machine the drop in the compen¬ 
sating winding is reflected into the rotor winding. 
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Circle Diagram 

The cii'cle diagram described on page 222 for the plain series 
motor applies also to the compensated motor; with these larger 
motors it is, however, desirable to be able to construct the diagram 
from simple test data and this can be done as follows. Selecting a 
point 0 and drawing a horizontal line through it as in Fig. 14.4 gives 



I.I."I.. 

0 20 40 60 

Fig. 14.4. Offlom Diagram fob 10 h.p. CoirPENSATBD Series Motor 


the lin e along which lies the diameter of the circle. A locked rotor 
test at normal voltage would give the line in practice it is 

not possible to carry out this test at normal voltage on account of 
the heavy currents which would occur, particularly in the coils 
short-circuited by the brushes, and a current of about half full-load 
value should not be exceeded, the full-voltage value being obtained 
by proportion. The circle can then be drawn through 0 and the 
point with its centre on the horizontal. The power input and 
power factor for various input currents can thus be determined. To 
find the speed a second point on the speed line must be determined, 
and synchronous speed may conveniently be selected. 
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At synchronous speed (/, = 

^tsd = volts 

and E,„^ = (V2)(2’a/«)/tO^ volts 

Neglecting resistance and leakage reactance drops we have 
tan <t> = EtJE,,^ = w . T^ajTa 

If, therefore, the turns ratio TJT„ and the number of pairs of 
parallel paths can be found, the power factor at synchronous speed 
can be determined and the point /,^o located on the circle. The 
number of pairs of parallel paths, a, is equal to the number of pairs 
of poles for a simple lap winding or to 1 for a simple wave winding. 
The type of winding can usually be seen by inspection, the lap 
winding being almost universal. The turns ratio can be obtained 
by a simple test involving the application of a suitable low voltage 
Vg to the stator winding, and the measurement of the voltage 
between adjacent commutator segments for a pair of segments in 
the neutral zone, i.e. linked with the whole exciting fiux. If this 
segment voltage is then VJV^ = TJT,.. 

If the number of commutator segments (wliich may be counted) 
is C, then = GT,. so that 

(T,IT,)C= VJV, 

and tan ^ = {7,/7(.)(7Tff/C') 

Setting off Is-qB' equal to the resistance drop corresponding to 
the current 0/s=o enables the synchronous speed point to be located 
on the speed line and a speed scale constructed. 

To find the output the iron. Motion and windage losses must be 
determined or estimated—^they can be found on test by running the 
motor with separate excitation as in the case of a d.c. series motor. 

Example 14.1. The following test figures were taken on a 10-h.p., 
26-o/s, 4-pole, 225-V compensated series motor having a lap-con¬ 
nected rotor winding. 

Looked-botob. Test. 60 V, 30-5 A, 0-645 kW. 

Hence cos j) = 0-358 (<j) = 69°) 

and current at normal voltage = 30-5 X 225/60 = 115 A. 

The point can thus be located and the circle drawn as shown 
in Fig. 14.4. The efiective resistance of the motor is 
645/30-5* = 0-695 Q 

Volts per Com. With 26 V applied to the stator the volts per 
coil was 1-54 V. The number of commutator segments was counted 
to be 212. 

Thus at synchronous speed 

tan ^ = (w X 26 X 2)/(212 x 1-64) = 0-5 
^ = 26-5° 
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Setting this angle off on the diagram gives the point from 
which the current at synchronous speed is measured to be 56 A. 
The resistance drop is thus 56 X 0-69o = 39 V and can be set off 
giving Projecting OB' to cut the speed line gives the 

synchronous speed point (750 r.p.m.) and enables the speed scale to 
be constructed as shown. 

Commutation 

Since, in the compensated motor, the quadrature flux has been 
eliminated, the only e.m.f.’s induced in the coils short-circuited by 
the brushes are the reactance e.m.f. in phase with the current 
and the transformer e.m.f. lagging the flux 0^ by 90° as described 



Fig. 14.5. Brush J-l.M.F.’.s and Compole Flux 


on page 33 and as shown in Fig. 14.5. The transformer e.m.f. is 
proportional to flux, and therefore approximately to current, while 
the reactance e.m.f. is proportional to both current and speed. 

Since the impedances of the short-circuited cods are relatively 
smaller with the larger motors the currents induced by the trans¬ 
former e.m.f. may cause bad commutation if the e.m.f. E^ is allowed 
to exceed 3 or 4 volts per coil, and this imposes a limit to the flux 
per pole which may be used in designing the motor. Early motors, 
particularly those for 25 c/s, made use of resistance connectors 
(page 37) for Hmiting the brush circulating currents, but with 
traction motors there is danger of these being burnt out due to 
delay in the starting of a heavy train. Modem motors therefore 
usually employ compoles, the flux &om which induces an e.m.f. in 
opposition to those mentioned above in much the same way as in 
a d.c. machine. 

Use oe Compoles. The e.m.f. induced in the short-circuited cod 
by the compole flux is in phase with, or in phase opposition to, that 
flux and for complete neutrahzation must be equal and opposite to 
Fj. The phase of the compole flux must therefore be as shown 
in Fig. 14.6. 

Various ways of connecting the compole are possible—^if connected 
across the supply the compole fluxlag the applied voltage by 
90° so that it will induce an e.m.f. having components opposed to 
both Ei^g and The flux wdl be constant so that the component 
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opposing will be proportional to speed instead of to exciting 
flux, while the component opposing will be proportional to speed 
instead of to the speed and current. 

Alternatively, the compole may be connected across the rotor; 
the flux is then approximately constant, so that the e.m.f. induced by 
it is proportional to speed and is opposed to Ef^^ with no component 
opposed to E^^. 

Neither of these connexions fuUy meets the requirements, and a 
better although not perfect alternative is the shunted eompole now 
in common use. 

The Shunted Compole. The compole is shunted by a resistor 
as shown in Fig. 14.6(a) and connected in the main eircuit. The 
cmrent in the compole lags the main 
current as shown in Fig. 14.6(6) and the 
resulting compole flux, which is in phase 
with the compole current, will induce 
e.m.f.’s having components opposed to 
both E^^g^ and E^,,. Since flux is propor¬ 
tional to current the component opposing 
^xb win be proportional to both current 
and speed, so that neutralization of this 
can be complete but the component 
opposed to Eta can neutralize it at only 
one value of speed, and not at all at start¬ 
ing. The compole is normally designed to 
give a flux lagging by between 30“ and 
60“ behind the main flux and to give 
complete neutralization at normal load. 

Commutation AviU thus be satisfactory at 
normal loads but poor at starting. The 
loss in the resistors is usually between 1 
and 2 per cent of the output. 

To give good commutation over a wider range of speed, two 
settings of the compole resistor may be used. Also, to improve 
commutation at starting, the main field may be weakened by a 
tapping; this results in a higher starting current for a given torque 
but reduces the circulating current and gives a net improvement. 

Harmonics in the current wave tend to flow in the ohmic resistor 
so that their effect is not compensated by the compole flux; this is 
avoided by shunting a part of the resistor with an inductor so that 
the shunting effect decreases with an increase of Jffequency. 

Analytical Treatment 

Expressions for both types of compensated motor can be obtained 
by inserting the appropriate boundary conditions in the general 
eqs. (12.3) on pages 218 and 219. If complete compensation is 
assumed, however, the conditions are similar to those of the plain 
series motor outlined on page 228 but with made zero and the 
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Pig. 14.6. 

Shttmted Compole 
(a) Circuit dlagrum. 

{b) Current complexora. 
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resistance and leakage reactance of the compensating winding 
included in the rotor impedance. 

Control 

The most common application of the compensated series motor is 
for traction, and speed control is therefore necessary. The usual 
method is by a variable voltage obtained from tappings on a trans¬ 
former, this transformer being necessary in any case to step the 



voltage down to the low value required for the motors. Typical 
locomotives have between 10 and 20 tappings giving motor charac¬ 
teristics as shown in Kg. 14.7. 

The tappings may be arranged on the low- or high-voltage 
windings of the transformer—^the former involves heavy-current 
tapping switches and, since a single switch cannot handle more than 
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about 1,000 A, special arrangements to ensure the division of the 
current through several tapping switches have sometimes to be 
employed; although high-voltage tappings may lead to insulation 
difficulties, the modem tendency is to use them for high-power 
locomotives. 

In the design of the tapping switches an essential feature is to 
ensure a smooth acceleration, and interruption of current during a 
tap change is quite inadmissible. Some form of on-load tap-changing 
equipment is therefore necessary.* 


Braking 

For traction purposes either rheostatic or regenerative braking is 
desirable and, as with d.c. motors,| both may be effected. 
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J6 ’iG. 14.8, ReOENBBATIVE BbaJOKC with PKASE-SHirT Netwobk 
FOB Fieijj Voltage 

(a) Connexion diagram. 

(&) Coraplexor diagram. 


Rheostatic Brakihg. The motors are connected as separately- 
excited generators and loaded on resistors, the fields being excited 
from a low-voltage tapping on the main transformer or from one of 
the motors operating as a series generator. In the former case the 
braking energy will be at supply frequency while, in the latter, 
direct currents wiU be generated. 

Regenerative Braking. To enable the motor to act as a gener¬ 
ator and return power to the line, it is necessary to ensure that the 
frequency of the regenerated power is of supply frequency, and the 
field winding must therefore be excited from the supply. Also the 
power factor of the regenerated current must be near to unity so that 
the current must be approximately in phase opposition to the e.m.f. 

* Say, The Performance and Design of A.O. Machines, Ch. V (Pitman). 

■f Taylor, Dtilization of Electric Energy, Ch. II (English Universities Press). 
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[Erai) and the flux. To ensure the correct phase for the flux, there¬ 
fore, the voltage applied to the exciting winding must be 90’ 
displaced from the applied voltage. One arrangement is shown in 
Pig. 14.8, the correct phase for the voltage applied to the field being 
obtained by suitable choice of values for R and X as shown by the 
complexor diagram. Alternative arrangements giving a similar 
result employ a capacitor in aeries or parallel with the field windings 
or a separate exciter. 

An alternative arrangement using an auxiliary inductor ui series 
with the motor is shown in Pig. 14.9(a). The transformer voltage 
is equal to the sum of the rotational e.m.f. sii^d the e.m.f. E^ 
induced in the choke (= — IX). The voltage 7^ apphed to the field 


^rad 



Tia. 14.9. Regenerative Braking TTsing Auxiliary Choke 

(а) Connexion (Uagrain. 

(б) Complexor diagram. 


winding is in phase with 7^, and the exciting flux lags this by 
90° as shoivn in the complexor diagram, Pig. 14.9(6). Since E^^^g is 
in phase with the flux, the e.m.f. induced in the inductor must be 
as shown and lags the current by 90°. It is thus seen that there is a 
component of the current opposed to Va, and power is therefore 
being supplied to the transformer at a power factor of 

cos ^ = E^JE, 

The power regenerated is V^I cos (j>. 

Since / — EJX the power may be written 

P = 7,{EJX){E,JE,) = V,E,JX 

Braking torque is proportional to 

Pjn = V^E,JnX oc 7<.wO>Z oc 7„7,/Z 

i.e. it is constant for any given transformer tapping and can be 
controlled by varying 7„ using the tappings normally employed for 
speed control. 
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A further improvement on this involves a phase control circuit 
for the field vinding as in the previous scheme, so that can be 
made to lag by less than 90“ with a corresponding improvement 
in power factor. 

Design Features 

Governing factors in the design of compensated series motors are 
the necessity of securing a good power factor and a low value of 
e.m.f, induced in the coils short-circuited by the brushes. 

Output Coefficient. The output coefficient is again a suitable 
starting point for a design and, as shown on page 232 for the plain 
series motor, is given by— 

G = kWID^L?i = (7r=/V2)S„, X 10-3 X r]' 

where r}' is the efficiency allowing only for losses included in the 
rotor power. 

Typical values of specific loadings are discussed later, 

PowEB Factoe. a good power factor is more essential with the 
compensated than with the plain series motor on account of its 
larger size. Reference to the complexor diagram of Fig. 14.3 shows 
that the phase angle is approximately (neglecting resistance and 
leakage reactance drops) given by 

tan <l> = EiJE,^ 

To attain a high power factor, therefore, should he large and 
should be small, and this leads to the following conditions— 

Large Fra,;; many rotor turns high/, high 
Small : few stator turns low /j low 

The flux requirements are conflicting but from the others it can 
be seen that a high speed and large number of poles, a low supply 
frequency, few stator turns and many rotor turns are desirable. If 
the fuU-load speed is made three to five times synchronous speed 
and attention is given to the other points, full-load power factors 
between 0-9 and 0-95 are obtainable. It may be noted that the 
improvement efiected by a large number of poles may be partially 
ofl-set by increased leakage due to the small number of slots per pole. 
The power factor at starting is, of course, very low, between 0-1 
and 0-2. 

Commutation. A further limitation is imposed as with all a.c. 
commutator motors, by the maximum permissible induced e.m.f. in 
the coils short-circuited by the brushes. This e.m.f. should not 
exceed 3 to 4 volts and is given by 

^ibd = volts 

To keep this to a low value a small flux per pole, a low frequency 
and a minimum number of turns per coil are thus required. With 
motors of more than a few h.p. single-turn coils are universal so 
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that the maximum permissible flux per pole is given by the values 
of Table 3.2 (page 34). 

Fbequeitoy. ITor industrial purposes the frequency is fixed at 50 
or 60 e/s but for traction it is possible to use a separate supply 
network operating at a lower j&equency. Railways in Central 
Europe and Scandinavia use 15 or 16f c/s and a.c. railways in 
America use 25 e/s, so that motors with a good power factor and a 
reasonably large flux per pole are available. Motors operating at 
60 c/s have, however, recently been built for use on 50 c/s traction 
schemes in France and elsewhere. 

EoTon WrwDXurG. In addition to using single-turn coils, a Jap 
winding is desirable so that there shall be only one turn between 
adjacent commutator segments. To minimize the reactance voltage 
the same rules as for a d.e. machine should be observed, i.e, an odd 
integral number of slots per pole, an odd number of tm'ns per slot, 
a fractional pitch, the use of split coils to minimize mutual induction 
between coils undergoing commutation, and the use of equalizing 
connexions. 

EibIjD AT/Rotoe, at Ratio. A small number of field turns and 
a large number of rotor turns have been seen to be desirable, and 
ratios of 0-2 to 0-3 can be adopted since the distorting effect of the 
armature m.m.f. is eliminated by the compensating winding. 

Am Gap. The need for keeping down the field results in 

the minimum possible air gap, and values between 2 and 4 mm 
(0-08 and 0*16 in.) are usual compared to 4 to 6 mm for a d.o. 
machine of similar size. 

SpEomo Loadisos. The requirement of a low field m.m.f. neces¬ 
sitates low flux densities and therefore a low specific magnetic load¬ 
ing ; values (at the peak of the wave) between 0-4 and 0-7 AVb/m^ are 
usual. The elimination of flux distortion by the armature m.m.f. 
enables the electric loading to be pushed well up to the heating limit, 
and values between 35,000 and 60,000 A-conductors/m are usual, 
the higher values being used if forced ventilation is available. 

CosiMUTATOB. The use of single-turn coils leads to a large number 
of commutator segments (up to 500). The smallest practicable 
segment width is about 0-45 cm but even with this the diameter of 
the commutator will he almost as great as that of the rotor; i.e. 
about 0-9D compared to about 0'6D for a d.c, machine. 

Bbushes. To avoid short-circuiting more than two coils the brush 
width should not exceed 2 segments, i.e. f to ^ in. Even if high- 
resistance brushes are used the circulating currents induced in the 
short-circuited coils may be comparable with the full-load current 
so that the permissible load current under the brush should not be 
more than about half the values given in Table 3,3 (page 41), i.e. 
16 to 20 A/in.* To carry the heavy currents a large number of 
brushes may therefore he required; the large number of poles 
enables, however, a con'espondingly large number of brush arms to 
be used so that a long commutator is not necessary. 
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Oui;put Limitations 
The output is given by 

P =: = (^m'aia)pn,^al 

Hence 

output per pole = P/2p = (lj\/2)(TJa)nr^J 
Inserting (7/2a)2P„ = irDac = {vln^)ac 

and a),j = Pfts/\/27r/iPe = (since P, = 1) 

gives output/pole — 7> x ac X "watts 

Inserting limiting values 

y = 30 m/sec 

ac = 50,000 A-conductors/m 
^thd = 6 V 

h.p. per pole = l,925//j 

The limiting outputs are thus 115 h.p. at 16f c/s, 77 h.p. at 25 c/s 
and 38-5 h.p. at 50 c/s. 

It can be seen that a lo'vv frequency is desirable if large motors 
are required and also that a large number of poles, e.g. up to 24, 
may be needed, especially for 50 c/s motors. 

LtraTiNG Voltage. The necessity of using single-turn coils 
imposes a limit to the rotor voltage "^vhich can be used. The rotor 
voltage may be "written 

-Eras = (v'2)(Ta/a)pn^0j = {TJa)pnrEJnfj^ 

Since single-turn cods are used the number of commutator seg¬ 
ments C is equal to Pa so that 

Cw^ = PaWc = -ItD, = V^tlr 
"where = -width of segment, 

Uj — peripheral speed of commutator. 

Thus = (u>„)(p/a)(PiM/7r/i) 

Inserting the limiting values gives— 

Kdd = (3,000/0-76) . 1.6/v/i = 7,600//i 

The limiting rotor voltages, "which are slightly less than the 
terminal voltages as seen from the complexor diagram, are thus— 


Frequency (o/s) j 

i 

16| ; 

i 

26 

50 

Voltage . . .! 

1 

^ 465 

302 

152 

Field turns per pole . j 


16 

1 

8 
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It is thus evident that for traetion purposes, ■where a high-voltage 
is desirable for the trolley 'wire, a transformer '^vOl have to be 
employed on the locomotives. 

Reference to the complexor diagram sho'ws that for a good po'wer 
factor the field voltage should not exceed about J of the rotor 
voltage at full load; since the voltage per turn must not exceed 
4 to 5 volts (the same as for the short-circuited coils), the maximum 
permissible number of field timns per pole is fixed and given above. 

Modem motors can be built -with a 'weight of about 8 Lb/h.p, 
ivhicli is little more than that of a d.c. traction motor. 



Performance and Applications 

Typical performance curves for a 300-h.p., 170-V railway motor 
are sho'wn in Fig. 14.10. It is seen that the power factor approaches 
unity over the working range, but the efiioienoy is a few per cent 
lower than a d.c. motor of corresponding output, this being due 
largely to commutation losses. 

Almost the only application of the large single-phase series motor 
is for railway traction on the lines of Central Europe, Soaudinavia 
and, to a lesser extent, U.S.A. The low voltage for which the motor 
must he designed necessitates a transformer on the locomotive; 
this, however, enables a high tuoUey-wix'e voltage to be employed 
(11-16 kV) with a consequent reduction in distribution losses as 
compared to the standard d.c. systems. The design difficulties 
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arising from commutation have, in the past, required the use of a 
low frequency (16f c/s in Europe and 25 c/s in U.S.A.) so that the 
railway distribution network has had to be supplied from special 
low-frequency generating stations or through frequency converters 
from the 50 c/s industrial network. Modern developments, however, 
have enabled satisfactory 50 c/s motors to be designed so that the 
rail%vay network can be fed directly from the 50 o/s industrial net¬ 
work ; locomotives using those motors are, how'ever, in competition 
Avith rectifier locomotives in which the 50 c/s supply is transformed 
and rectified on the locomotive and fed to ordinary d.c. motors. 

EXERCISES 14 

1. A IG-pole, l,2o0.h.p., 46S-r.p.m., ISJ-c/s compensated series motor has » 
flux per pole at full load of 0 063 Wb and its stator winding has 48 turrcs 
arranged in two parallel paths. The rotor winding is lap connected with 676 
turns. Calculate, using appropriate values of distribution factor, the stator 
and rotor e.m.f.’s when running at full load and normal speed. 

2. Draw the complexor diagram and find the applied voltage and power 
factor of a 26-o/s, 6-pole compensated .serie.s motor nmning at 1,000 r.p.m. and 
taking 60 A, the motor having the following particulars— 

I'seful flux per pole at 60 A = 0-0076 Wb. 

Total stator flux per pole at 60 A = 0-0078 Wb. 

Wave-connocted armature with 848 conductors and 2 turns per roil. 

field winding = 15 turns per pole, all poles being in series. 

Total resistance = 0-31 £1. 

Armature leakage reactance = 0’53 £1. 

Friction, windage and iron-loss component of current = 5 A. 

Component of current supplying loss in short-circuited coila = 8 A. 

Find also the e.m.f. in the short-circuited ceils. 

3. A 145-h.p., 276-V, 'Zo-ajs, 6-poIe compensated series motor has a lap- 
connected armature with 252 single-turn coils. The field coils have 3 turns per 
pole and all pole.s are in series. 

Total resistance = 0-03 £2. 

Total leakage reactance = 0-063 £2. 

Full-load current = 500 A, 

Full-load flux = O'Oo Wb. 

Iron-loss component of full-load current = 18-6 -4. 

Component of full-load current supplying loss in short-circuited 

coils = 37-5 A. 

Draw the complexor diagram and plot, to a base of current, curves of speed, 
power factor and torque. 

4. A16-pole 1,000-A compensated series motor has 576 single-tum coils form¬ 
ing a lap-connected armature winding. The compensating winding is arranged 
in two parallel paths and is located in. 5 slots per pole, the slot-pitch being 1/120 
of the stator periphery. Determine a suitable number of turns for the com¬ 
pensating winding and draw the in.m.f. waves for the armature and compen¬ 
sating windings. What is the maximum uncompensated m.m.f. ? 

6. A 50-o/s compensated a.c. series motor has a limiting peripheral speed for 
its commutator of 33 m/sec, a segment width of 4 mm and a maximum per¬ 
missible e.m.f. in the short-circuited coil of 3 V. Estimate the flux per pole, the 
rotor voltage and the number of field turns per pole. If the electric loading is 
60,000 A-eonductors/m how many polds would be needed for a motor to give 
200 h.p. ? Assume a simple lap winding. 
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General Principle 

A further simple way of arranging the circuits of a single-phase 
motor is shown in Eig. 15.1(a) and gives the plain repulsion motor. 
Two stator windings with their axes at 90° are provided, while the 
rotor has one pair of brushes located along the axis of one of the 
stator ■windings. The brush axis is generally known as the quadrature 
or transformer axis while the axis at 90° to this is the direct, exciting 
or speed axis. 

The current in the direct-axis stator -winding sets up an exciting 
flux along this a xi.s while the same current flo-wing in the quadra- 



fa) (b) 

Fio. IS.l. Types op Repulsion Motor 

(a) Double-winding motor. 

0) Single-winding motor. 



ture-axis stator winding sets up an m.m.f. which, together with the 
m.m.f. of the rotor winding, sets up a quadrature-axis flux 
These fluxes set up e.m.f.’s in the rotor and, since the rotor winding 
is short-circuited on itself, currents flow which interact with the 
exciting flux to produce torque. 

Since the flux is produced by the main current, as in the series 
motor, the repulsion motor has a series characteristic; the motor is 
commonly used in sizes up to about 5 h.p. where such a characteristic 
is required and also it is used in connexion with the starting of 
single-phase induction motors as described on page 297. 

Motor -with Single Stator Whtding. The above arrangement 
can be simplified by combining the two stator windings into a single 
winding as sho'wn in Eig. 15.1(6). The exciting- and quadrature- 
axis components of the m.m.f. of this -winding correspond to the 
m.m.f.’s of the two separate windings of Eig. 16.1(a). Except where 
reversal of rotation is required this type, being simpler, is generally 
used. 
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Brush Position 

The brushes inay be made adjustable or continuously movable, 
and it is therefore necessary to consider the efiect of brush position. 
As mentioned above, the single-winding motor is the moat common 
and is considered in what follows. 

High-impeda^’cb Bbitsh Posmoif. If the brushes are placed 
with their axis at 90° to that of the stator winding as shoum in 
Tig. \5.2{w), there -will be no mutual induction between the two 
windings, no e.m.f. induced in the rotor winding and no rotor 
current. The only m.m.f. acting will be that due to the stator 
current, and this will- be simply a magnetizing m.m.f. so that the 
impedance of the motor will he high. Since there is no rotor current 
there can be no torque, and the motor wiU not run udth the brushes 



Fig. 1.5.2. Bbush Positions 

(а) High-impedanco position. 

(б) Low-impedance position. 

(<■) Running position. 


in this position. The conditions are similar to those of a transformer 
on open circuit, and this brash position is commonly called the 
open-circuit, high-impedance or neutral position. It should be noted 
that the coils short-circuited by the brushes are fully linked with the 
flux, and it is therefore not desirable to leave the motor switched 
on with the brushes in this position. 

Low-iMPEDAirOB Brush Posmoir. If the brushes are moved to 
the position shown in Pig. 15.2(6) where their axis is coincident with 
that of the stator winding the mutual induction between the wind¬ 
ings is a maximum, and any flux produced by the currents in the 
windings completely links both of them. An e.m.f. will thus be 
induced in the rotor winding and a rotor current set up. The con¬ 
ditions are similar to those of a transformer on short circuit, with a 
low impedance and heavy current, and this position is known as the 
short-circuit or low-impedance position. As the axes of the two 
m.m.f.’a are coincident there is again no torque and the motor will 
not run. 

RtrumiNG PosiTioiT. If the brushes are displaced by an angle a 
from the low-impedance position the stator m.m.f. can be resolved 
into tw'o components, IT, cob a. along the quadrature axis and 
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i'l’jSina along the direct axis as shown in Mg. 15.3. The latter 
produces a direct-axis or exciting flux and the interaction 
between this and the rotor current gives torque so that the motor 
AviU start and run. 

The directions of the two m.m.f.’s are in opposition when in the 
low-impedance position and the conditions may then be represented 



Fig. 15.3. Resolution of 
Rtatob M.jM.F. 



Fio. 15.4. DianoTioN 
OF Rotation 



0 20’ 40’ 60° 80° mo° 

dj = An^le from Low-Impedance Position 

Fig. 15.5. Effect of BausH Position on Starting Toequn 
FOB IJ H.F. 1,600 B.r.M. Motob 

as in Mg. 16.4. It can be seen that there are two N poles adjacent 
and these will repel each other—^the direction of rotation will thus 
be the same as that in which the brushes are moved from the 
low-impedance position. 

Starting and Speed Contbol. The magnitude of the torque 
available, and therefore the speed, depend on the position of the 
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brushes. The magnitude of the starting torque -with diSerent brush 
positions for a typical l|h.p. motor is show-n in Fig. 15.5 while 
Fig. 15.6 shows t3’pieal speed-torque curves for various brush 
positions. The position giving the maximum torque is usually with 
a between 15° and 40°. 

It can thus be seen that starting, speed control and reversal can 
be effected by movement of the brushes without any auxiliary 



Torque per Unit 

Fia. 15.6. Speed-tobqxte Citbvks op Plain Repulsion Motos 


starting or control equipment. It should be noted, however, that 
power factor and commutation are poor if the brushes are moved 
far from the optimum position, so that the majority of simple 
repulsion motors operate with a fixed brash position. 

If starting is, however, carried out by brush shifting, the starting 
position will, on account of the lower current taken, be the high- 
impedance position, and the direction of rotation will thus be 
opposite to that of the movement of the brushes, a fact which gives 
rise to the name repulsion motor. 
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Complexor Diagram 

By neglecting resistance and leakage reactance drops and the 
magnetizing current necessary to set up the quadrature flux 0, a 
simplified complexor diagram can be drawn upon which a more 
complete diagram can subsequently be based. 





Fig. 15.7. Simpiuted Complbxob Diagram for Rbptosion Motor 


Sduplifibd Diagram. The complexor 0^ of Pig. 15.7 represents 
the exciting flux. The rotor conductors are rotating in this and have 
set up in them a rotational e.m.f. 

^raa = (V^K^aMfr^ Volts 
which is in phase with 0|j. 

The flux 0^ sets up a transformer e.m.f. in. the rotor 

’^olts 

Neglecting impedance drops, there are no other e.m.f.’s in the rotor 
so that = Erad and they are opposite in phase as shown. The 
transformer e.m.f. must, however, lag the flux which is pro¬ 
ducing it, by 90° so that this flux must be drawn vertically down¬ 
wards and can be seen to lag 0,, by 90°. 

Assuming, for simplicity, a double-winding motor (Fig. 16.1(a)), 
the quadrature flux 0, induces a transformer e.m.f. in the quadra¬ 
ture-axis stator winding, 

volts 
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lagging Og by 90°. Also tbe exciting flux <5^ induces a transformer 
e.m.f. 

^tsd ~ iV^h^sdfi^d volts 

in tbe direct-axis stator uunding, lagging (J)^ by 90°. Again neglecting 
impedance drops, the applied voltage must be equal and opposite 
to the sum of these two stator e.m.f.’s as shown. 

Since, in the direct axis, there is no m.m.f. other than that 
produced by the main current I, the m.m.f. due to this sets up the 
exciting flux, and the current I must therefore be in phase "nith 



I'm. 16.8. Moke Complete Comple.xok Duor.4.m 


In the quadrature axis the flux is produced by the resultant of the 
m.m.f.’s due to I and the rotor current Since magnetizing 
current to set up this flux is neglected, the currents I and 
(referred to the stator) must be equal and opposite as in a short- 
circuited transformer. can thus be drawn and it can be seen that 
it is opposed to which is correct for motor operation. E,adl^ 
gives the rotor power which, neglecting rotor iron, hiction and 
windage losses, is equal to the mechanical output. 

Moee Complete Oomplexob Diageam. A more complete corn- 
plexor diagram based on the above can now be drawn as in Fig. 15.8. 
The flux the rotational e.m.f. and the current I can be 
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drawn as before. If the impedance drop be allowed for, the 
e.m.f.’s and E^^ will no longer be equal and opposite but will 
have a resultant equal to shown. The e.m.f. E^^ is thus 

advanced slightly in phase and the flux Oj, which must lead E^^ by 
90°, is advanced by an equal angle and is no longer at 90° to O^. If 
is the magnetizing current (referred to the stator) required to 
set up Oj it is in phase with <I>u and 'iviU be the resultant of I and 
Ija as shown; Jg, lags by the impedance angle of the rotor. 
The appHed voltage can be found as before but with the inclusion 
of the stator resistance and leakage reactance drops. 

For a single-winding motor the diagram is similar except that the 
e.m.f.’s induced in the stator 'winding by the two fluxes are— 

^tsQ = cos CL and Eud = {■\/2)iTTJ^<i>d sin a 

A refinement can be added by allowing for iron losses, and the loss 
in the coils short-circuited by the brushes which cause the fluxes to 
lag, by small angles, their respective magnetizing currents. 

Relation between Direct (Exciting) and Quadrature Fluxes 

Considering the rotor ch'ouit and neglecting resistance and leakage 
reactance drops, it has been seen that 

^rad — 

i.e. (V2)77/,ir/0, = (A/2)7rAT„'a), 

so that =fx^Q and d)J3>a = /r/A 

At synchronous speed, therefore, the two components of the flux 
are equal in magnitude and displaced by 90° from each other in 
time and space. The resultant field in the air gap is therefore a true 
rotating field of constant magnitude. 

Below synchronous speed the exciting flux is the greater while 
above it the quadrature flux is the greater—^there 'will stiU be a 
rotating field under these conditions but it does not remain constant 
in magnitude as it rotates, i.e. it is an elhptic field (page 12). At 
standstill the quadrature field is, neglecting resistance and leakage 
reactance drops, zero so that the resultant is a pulsating field. 

Commutation 

As in the series motor the commutation process is complicated by 
the fact that the coils short-circuited by the brushes have induced 
in them e.m.f.’s additional to the reactance e.m.f. produced by the 
changing current. Reference to Fig. 15.1 shows that the short- 
circuited coils are linked 'with the exciting flux 0^ and wiU therefore 
have induced in them a transformer e.m.f. = (y'2)7rT5A®(i 
lagging Oa by 90°. 

Also during the commutating period the short-circuited coils are 
rotating in the quadrature flux and have induced in them a 
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rotational e.m.f. E^iq = which is in phase opposition 

to Oy. Since 0^ and O, are at 90° in time the e.m.f.’s and iirso 
are in phase opposition, and the resultant e.m.f. in the short- 
circuited cods is 

= W'2)rrT,{f,<I>a ~fr%) 

= {V2)nTqMl ~/A//i<I>.) 

= - (frim 

E^ w'iU lag 3)^ by 90° if E^^ > E^i„, below synchronous .speed, and 
lead it above synchronous speed, i.e. its direction will reverse as the 
speed passes through synchronism. 



At sjmchronous speed, when/, = /j the term in the curly brackets 
above becomes zero and there is no e.m.f. induced in the coil; con¬ 
ditions are therefore similar to those obtaining in a d.c. machine 
with only the reactance e.m.f. to be considered. At other speeds the 
resultant e.m.f. is given by the curve of Fig. 15.9 which shows the 
residtant in terms of E^^g, the e.m.f. induced at standstill. It can 
be seen that above 14 times synchronous speed the resultant e.m.f. 
exceeds the value at standstill, and the machine is therefore not 
suitable for high-speed running—^it is, in fact, desirable to limit the 
speed to the range between about 0-5 and 1-3 times synchronous 
speed. 

The commutation problem may also be viewed from the point of 
view of the rotating field—^it has been explained that if the motor 
is ru nnin g at synchronous speed there is in the gap a rotating field 
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which, is also moving at that speed and in the same direction. This 
field is constant in magnitude and is moving at the same speed as 
the conductors so that it can induce no e.m.f. in them. 

EfSECT OE CttBEENT IN ShOBT-CIBOUITED CoILS ON TORQUB. 
Whereas in the series motor the current induced in the short-circuited 
coils has little effect on the behaviour, the effect in the repulsion 
motor may be considerable. 

The e.m.f. B,, lags the exciting flux by 90° at speeds below 
synchronism as shown by the full complexor in Fig. 15.10; the 
circulating current lags E-^ by an angle depending on the resistance 


fd 


Tio. 16.10. CmauLATiNO Cukbbnt rw Corns Short- oracuii'iiD 
BY Brushes 

and reactance of the short-circuited coil. It can be seen that has 
a considerable component in phase with and this will produce a 
torque which adds to the main torque produced by the interaction 
of and Above synchronous speed the directions of Ej, and 
are reversed as shown dotted, and the torque produced there¬ 
fore subtracts from the main torque. The circulating currents thus 
improve the performance of the motor below synchronous speed and 
impair it above S3mchronous speed. 

Improvement oe Commutation. Attempts have been made to 
improve the commutation at high speeds. Compoles may be fitted 
which reduce the quadrature flux in the commutating zone— 
this reduces E^^ which preponderates at high speeds so that the 
curve of Fig. 15.9 falls off less steeply above synchronism. Compoles 
of course, can be used only on motors with fixed brush position, 
Another method, due to Atkinson, is to reduce the phase angle 
between O, and Ojj so that there is a component of O, in phase with 
this mduces a rotational e.m.f. in the short-circuited coil which 
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opposes the reactance e.m.f. and, since this is important at high 
speeds, some improvement in commutation is effected. The reduc¬ 
tion of phase angle is brought about by connecting the exciting 
winding in series with the rotor as shown in Fig. 16.11. Referring 
to the simplified complexor diagram of Fig. 15.7 the stator e.m.f. 


Fig. 15.11. Ateikson’s Modification 
TO Improve Commotation 


now appears in the rotor circuit, and the rotor e.m.f. has to be 
advanced considerably in phase in order to overcome it, with a 
corresponding advance in the phase of 

Power Factor 

From the simplified complexor diagram of Fig. 15.7 it can be 
seen that the phase angle is given by 

tan ^ 

But ^dl^a=fllfr 

SO that tan ^ = ( 2 'd/^( 7 )(/i//r) 

In order to obtain satisfactory commutation/^/Zi must, as already 
explained, he approximately equal to unity so that tan (j) = T^jT^, 
i.e. to obtain a small phase angle Tg must be made large relative to 
T^, and in practice it is usually between two and four times for 
a double-winding motor. 

With a single-winding motor T cos a must be two to four times 
T sin a so that a may be between 15° and 40°. 

Analytical Treatment 

By inserting the appropriate boundary conditions in the general 
equations of page 217, the equations representing the performance 
of the motor can be found. The solution of these becomes rather 
cumbersome if the brush circulating currents are taken into account, 
so that although these are included in the initial statement of the 
equations they are omitted from the solutions. 

Doublb-windin’O Motoe. The bormdary conditions are— 




y = ^id + 1^10 
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Substituting these in the general equations gives— 

Stator winding in direct axis— 

1^1(2 — “h ”h -^3d) * (IS.lCf) 

Stator winding in quadrature axis— 

^17 = + -^ 27 ) • (15.16) 

Eotor winding in quadrature axis— 

d ” ^ 27^27 “h j^X, 27^27 “h -^ 27 ) d" ^3d) • (16,1c) 

Brush circuit in direct axis— 

0 = Tsaha + i^LSd^id + + 4d) + . (16.1d) 

Neglecting the brush circuit and assuming as is 

usual in a symmetrically built machine, the relation between 
voltage and current can be found as follows from (15.1a, 6 and c). 
From (15.1c) the rotor current is 

r _ T Sx^ — 

^2 + + ^w) 

Hence , 

I 1 ^{= I mo, the magnetizing current for the quadrature flux) 

_ r fi I ) 

1 ^•2 + j(a:z,2 + 

J ^2 + i^L2 + SX^ 

+ *m) 


Thus the applied voltage is 

= ^ |('•l^ + »‘ij) + + ^ii7) + i*«. + 

= J |r + j(Xi + x j + ]x^ - + 


^2 + ja:x2 + 

’•2 + j(a:i2 + *«)/ 

I 1 

' ’"2 + j(*i2 + *m) ^'2 + j(^i2 + ®m)/ 

where r = total stator resistance, 

X]^ = total stator leakage reactance. 

If resistances and leakage reactances are neglected this becomes 


V = I{Sx^ + ia;„) 

Single-winding Motoe. If x^ is the mutual reactance between 
the rotor and stator windings when their axes are coincident, the 
mutual reactance between the rotor quadrature-axis circuit and the 
stator when the brushes are displaced by an angle « is x^ cos a 
and between the rotor direct-axis circuit and the stator is x^ sin a. 
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Fiirthermore the proportion of the stator current producing an effect 
on the quadrature-axis circuit is I cos oc and on the direct-axis 
circuit is I sin a. 

The boundary conditions can thus be UTitten— 

Ixi ~ 1 sin (X V-^ and Fg are together replaced by the 

/i, = 7 cos a applied voltage V 

= Jo = 0 = F4 = 0 

Inserting these in the general equations gives— 

Stator winding— 

V = rj + -f jr,„ sin a(7 sin a + 1^^) 

+ \x^ cos a(7 cos a + l 2 q) ■ (15.2ct) 

where r, and are the resistance and leakage reactance of the stator 

winding. 


Rotor winding in quadrature axis— 

0 = rj[^ + + jx„(J cos a -h I^) 

— Sx„{I sin a -f- 1^) . (15 26) 

Brush circuit in direct axis— 

0 = "I" 4- sin a -|- I^) 

+ Sxn(I cos a + la,) . (15.2c) 

Again neglecting the brush circuit, the relation between voltage 
and current can be found from (15.2a, b and c). 

From (15.26), the rotor current is 


Therefore 


I 


2q 


j. Sx,a sin a — cos a 
^ >•2 + j(*i3 + ^m) 


V 




r, + sin* a + cos* a 


Ex^ sin g - cos « ' 


= -^ 7, + jfe., + xj + 


X„* cos* (X 
^2 + UXu + *m) 

jiSx„* sin a cos a 


+ 


'■2 + j(»i2+ 


(15.3) 


If resistances and leakage reactances are neglected this becomes— 
F = I{Sx^ sin « cos a -f- j(x,„ — x,„ cos* a)} . (15.4) 
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Cvirrent Locus 

Equation (15.3) shows that the impedance of the motor can be 
written in the form z = z' + Sz", i.e. a constant impedance plus an 
impedance which is proportional to speed. If the real and quadra¬ 
ture components of this are plotted on a coordinate diagram as 
shown in Fig. 15.12 the resulting impedance locus is a straight line. 
Inverting this gives the admittance locus and this is a circle. The 



current locus, which is, at a constant apphed voltage, proportional 
to admittance, is therefore also a circle as shown. The above circle 
diagram is illustrated in the following example. 

Example 16.1. 1^-h.p., SO-c/s, 4-pole, 230-V repulsion motor 
having the following particulars— 

x^ = 50Q. r, = 1-1 fi 

5 O ra = 2-7 Q 

Xj^^= 5Q a = 15° 

, 2,600 X 0-9662 j,S2,500 X 0-269 x 0-966 

^ = 1.1+j65+ +- ¥fTW5 - 

= 3-18 + jl2-8 + S(n-d + jO-556) 

Plotting this for various values of S gives the impedance locus of 
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Fig. 15.12. Inverting points on this gives the admittance and 
current locus—^for instance for S = \ 

2 = 14-48 + j 13-36 = 19-7 Q 
Therefore y = 1/19-7 = 0-0508 mho 

and the current is 230 X 0-0508 = 11-7 k. 

Design Features 

If the motor is run near synchronous speed the commutating con¬ 
ditions are good, and a large flux per pole can be used without the 
necessity of a low frequency such as is required for the series motor. 
Large motors can thus be buUt, if desired, for operation from a 
50- or 60-c/s supply. 

The rotor ^vinding is usually short-pitched by one or two slots in 
order to improve commutation, and the stator generally has a fully- 
wound single-layer -winding in order to give an m.m.f. w'ave of 
comparable shape. 

Since the rotor is not connected to the supply both stator and 
rotor can be wound for any desired voltage. 

Decreasing the leakage reactance has the effect of reducing the 
slope of the speed-torque curve, usually a desirable feature, so that 
a fairly large number of stator slots is generally employed. 

A decrease of total rotor resistance or an increase of the resistance 
of the coils short-circuited by the brushes also reduces the slope of 
the speed-torque curve—to secure both these efiects simultaneously 
a large number of rotor coils and commutator segments can be used 
so that the brush resistance is a small percentage of the total 
resistance but a large percentage of the coil resistance. 

Semi-shunt Repulsion Motor 

The high no-load speed of the plain repulsion motor may be a 
disadvantage, and a motor with a much flatter characteristic (e.g. 
40 per cent di-op from no load to full load) can be obtained by 
putting an additional set of brushes on the direct axis and connecting 
them to a small stator -winding on the quadrature axis. 

Applications 

Due to the limited speed range the repulsion motor is less suited 
for single-phase traction than the series motor and its application 
is therefore limited to industrial drives where a three-phase supply 
is not conveniently available, i.e. to motors of not more than about 
5 h.p. For lifts, hoists and certain other drives it has the advantage 
over the single-phase induction motor of a large starting torque, 
and, -with the brush shifting motor, starting and some measure of 
speed control can be effected by mo-ving a single lever attached to 
the brush rocker. Reversing motors are generally fitted -with a 
double stator -winding with a reversing s-witch in one of them. 
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Another common application ia in the repulsion-start single-phase 
induction motor in which the repulsion principle is incorporated in 
the single-phase induction motor in order to give it a high starting 
torque as described in Chapter 18 (page 311). 

EXERCISES 15 

1. A 240-V, oO-c/s, 4-poIe, double-wound repulsion motor with identical 
stator windings has the following parameters— 

x,„ = GO 11 r, = 2-7 12 (referred to primary) 

= 0-55 12 = ’^'6 12 (referred to primary) 

Xix = 2-28 12 

Calculate the input current, power factor and torque when miming at 2,000 
r.p.m. 

2. A 14-h.p., SO-cjs, 4-po!e, 230-V, single-winding repulsion motor has the 
following particulars— 

Mutual reactance = 50 12 
Stator leakage reactance = 5 12 
Stator resistance = 1 ■ 1 12 
Rotor leakage reactance — 5 12 
Rotor resistance = 2'7 12 

Brush displacement from low-impedonee position = 15^ 

Determine the current and power factor when running at 1,400 r.p.m. 

3. Develop an expression for the current of a rotor-excited repulsion motor 
(Pig. 16.11) in terms of the supply voltage, S, and the motor parameters. 

4. In a 4-pole, 50-o/s repulsion motor the maximmn e.m.f. in the short- 
oirouited coils at starting is to be limited to (a) 4 V and (6) 2 V, with full-load 
flux. Draw curves showing the e.m.f.’s in the coil at other speeds and deter¬ 
mine the range of speed over which the e.m.f. is not more than 1 -5 V, assuming 
the flux to remain constant at the full-load value. 



CHAPTER 1(5 


FURTHER TYPES OF SINGLE-PHASE 
COMMUTATOR MOTOR 

The aeries and the repulsion motors are the only two tj’pes of 
single-phase commutator motor that are now extensively manu¬ 
factured; other types, however, notably the compensated-repulsion 
motor, the Deri brush-shifting repulsion motor, the series-repulsion 
motor and the single-phase shunt motor are, or have been in the 
past, used to a limited extent and therefore merit attention. 

Compensated-repulsion Motor 

Tliis is a modification of the double-winding repulsion motor 
(Fig. 15.1(a), page 248) in which the exciting flux is produced 
by passing the main current through additional brushes on the com- 




(a.) (b) 

Fig. 16.1. Compensatbd-repuijSion Moioii 
(a) Simple motor. 

(ft) 3[otor with auxiliary transformer. 

mutator instead of through a stator tvinding, the simplest arrange¬ 
ment being shown in Fig, 16.1(a). Across these additional exciting 
brushes is produced a rotational e.m.f. which does not exist in the 
plain repulsion motor and which, to a greater or less extent depend¬ 
ing on the speed, neutralizes the transformer e.m.f. of the exciting 
winding, thereby giving a better power factor. 

The supply circuit is no^v connected directly to the commutator, 
and a feature of the plain repulsion motor, namely that the rotor 
can be designed independently of the supply voltage, has been lost. 
It can he regained, however, by using a series transformer as shown 
in Fig. 16.1(6) without altering the characteristics of the motor. 

This type of motor was developed independently by Latour in 
France and by Winter and Eiehberg in Germany and is, from the 
initials of the inventors, commonly'referred to as the W.E.L. motor. 

^63 
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CoMPLExoE Diageam. The supply current I flowing through the 
rotor exciting brushes sets up the exciting flux and this induces 
between the exciting brushes a transformer e.ra.f. given by 

-®fad = W^)TrTa%^6. VOltS 

lagging by 90°; this corresponds exactly to the e.m.f. which 
appears across the direct-axis stator winding of the plain repulsion 
motor. Again as in the plain repulsion motor there will be, between 
the quadrature-axis brushes, a rotational e.m.f. due to the 
rotation of the rotor in the flux and given by 

= (V2ma)fr^^ = volts 



Fic. 16.2. CoMPiEXOB Diagbam op Compensated-bepulsiox Motor 


and also a transformer e.m.f. Etaq due to the quadrature flux and 
given by 

= (V^KTa'/iO,, volts 

Since these brashes are short-circuited the resultant of these two 
is equal to the impedance drop and also the flux leads 
t>y 90° as shown in Fig. 16.2. The quadrature flux also induces 
a transformer e.m.f. 

~ volts 

in the stator winding. 
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So far the diagram is similar to that for the plain repulsion motor. 
There is, however, the e.m.f. induced across the exciting brushes due 
to rotation in the flux O, which is given by 


Era, = 

and is in phase opposition to Og as shown. The applied voltage V 
thus has to overcome — E^^, — Etai and — and also the 
resistance and leakage reactance drops of the stator winding and 
the rotor winding in the direct axis. It can be seen that the effect 
of the additional rotational e.m.f. is to improve the power 
factor by opposing E^^. 

As in the plain repulsion motor, neglecting rotor resistance and 
leakage reactance drops >=-Eratf so that 


=/l//r 

Consider now the two e.m.f.’s appearing across the direct-axis 
brushes, 

E tad! Era, = = (/l//r)“ 

i.e. Era, equal E^^^ at synchronous speed, and neglecting resist¬ 
ance and leakage reactance drops, the power factor will then be 
unity. Below synchronous speed power factor 

will be lagging, while above synchronous speed Era, > E(ai and the 
power factor will be leading. It can be seen that the effect of the 
impedance drops is to make the power factor unity at a speed 
somewhat above synchronism. 

It may be noted that there is no need to keep Et,, to a minimum 
in order to obtain a good power factor, and the ratio field AT/rotor 
AT can be made larger than in a repulsion motor or compensated 
series motor; there will thus be more iron and less copper in the 
machine. 

Commutation’. So far as the quadrature-axis brushes are con¬ 
cerned the commutating conditions are exactly as in the plain 
repulsion motor, i.e. good near synchronous speed. In the case of 
the direct-axis brushes there is in the short-circuited coil a trans¬ 
former e.m.f. 

Em = volts 

and a rotational e.m.f. 

Erid = (•v'2)irrj;a>tf volts 

these two being opposed to each other. Since /jO, = fr^a these two 
e.m.f.’s neutralize each other at all speeds and commutation at the 
direct-axis brushes is therefore always good. 

Analytical Treatment. As with the other types of machine the 
behaviour can be calculated by using the general equations of page 
217. Omitting the brush circuits the boundary conditions become— 


lid — ^1, — I 
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so that, assuming the equations can be written— 

Stator quadrature-axis circuit— 

Rotor direct-axis circuit—■ 

= rJ + + Sx„{I + I^) . (16.2) 

Kotor quadrature-axis circuit— 

0 = + ]xy,J^ -h ix„,(I + Sx„J . (16.3) 


From (16.3) 


T _ J 


I + Inq 



S x,„ - ja ;„, 

'2 + ,ife2 + ■'^m) 


_ ^ >‘2 + j^Li + 

H + j(*r2 + «m) 

Hence 

V = rl + \xjJ. -f ix,J + (Sx,„ -I- j.r„.)(/ -1- IJ 
w here ?■ = and + a;^,^ 


= / r + j(x^ + xj -f 


{Sx^ + jiC«.)(^2 + io^L2 + 

"" I 777! i !7 7“ / 


Neglecting resistance and leakage reactance, 


T = I ja:,„ 4 - 


(Sx^ + MSx,„ 




= + Nx,„ - j,S2r„ 


CuEEENT Locus DIAGRAM. The above eximession can be used to 
determine the current locus diagram as with the plain repulsion 
motor. Consider a 200-V, 110-h.p., 26-c/s motor having a syn¬ 
chronous speed of 750 r.p.m. and a reactance x„^ of 0-4 D. The 
impedance for various values of speed can be found as in Table 16.1. 


Tabub 16.1 


Speed (r.p.m.) 

0 

225 

376 

600 

760 

900 

1,125 

1,500 

2,250 


0 

0-3 

0-5 

0-8 

1-0 

1-2 

1-5 

2-0 

3-0 


0 

0-12 

0-2 

0-32 

0-4 

0-48 

0-6 

0-8 

1-2 


0 

0-038 

0-1 

0-266 

0-4 

0-576 

0-9 

1-6 

3-6 

j(r„ -A’2 t„) . 


0-364 

0-3 

0-144 

il 

- 0-170 

- 0-5 

- 1-2 

- 3-2 
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Plottmg the real {Sx^} and quadrature (j(a:„ — components 

of the impedance on a coordinate diagram gives the impedance 
locus as shown in Fig. 16.3. Inverting this gives the admittance 
locus and this, to another scale, represents the current locus. For 
instance at 600 r.p.m. the impedance is 0-3o3 O and the admittance 
is 1/0-353 = 2-84 mhos; the current is thus 200 X 2-84 = 568 A. 

It can be seen that, since the impedance locus is not a straight 
line, the current locus is not a circle. It can also be seen that above- 
synchronous speed (since resistance and leakage reactances hn-ve 
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been neglected) the power factor leads due to (the rotational 
e.m.f. in the direct axis) exceeding jx„ (the transformer e.m.f. in 
the direct axis). 

MiscELLAiTEorJS FEATURES AETD APPLICATIONS. The good power 
factor of the compensated-repulsion motor might seem to make it 
preferable to the plain repulsion or compensated-series types; also 
since the exciting flux can be controlled by means of the excitation- 
circuit transformer of Fig. 16.1(6) the flux per pole at starting can 
be reduced so that larger values of flux per pole can be used in the 
design. These advantages are, however, obtained only at the 
expense of greater commutator friction and resistance losses due to 
the extra set of brushes, a greater rotor copper loss due to the 
uneven current distribution in the rotor and a non-sinusoidal 
exciting flux due to the triangular rotor m.m.f. wave which is pro¬ 
ducing it. The motor has therefore disappeared from ordinary 
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oommercial use although in the past it was used to some extent as a 
traction motor; the early electrification of the London, Brighton 
and South Coast Bailway originally employed this type of motor, 
although even before the system was changed to direct current it 
had been superseded by the eompensated-series type. 

Series-repulsion (Doubly-fed) Motor 

As its name implies this motor is a combination of the series and 
repulsion motors in which power is fed to the rotor both by induction 
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and conduction; the purpose of the arrangement is to secure better 
commutation than with other types, particularly at super-syncliron- 
ous speeds. Four practicable methods of making the connexions are 
shown in Fig. 10.4. 

In all these it can be seen that the rotor is not short-circuited 
along the quadrature axis so that the resultant e.m.f. at the brushes 
need not be zero; there is thus no need for the quadrature- and 
direct-axis fluxes to bear any fixed relation to each other and to the 
speed as is the case with the plain repulsion motor. The possibility 
of varying the quadrature flux, which is proportional to the voltage 
Fjj across the quadrature stator winding, thus enables it to be made 
of such a value as to secure good commutation at all speeds, the 
appropriate variation being carried out by varying the tapping 
position c. 

COMPLEXOB Diagram:. Eeferring to the diagram of Fig. 16.4(a) it 
can be seen that if the connexion to the tapping point c is removed 
or adjusted to a position at which it carries no current, the machine 
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becomes a compensated-series motor, and the quadrature-axis flux 
will, neglecting leakage reactance, be zero, the ^vindings being such 
that their m.m.f.’s are equal and opposite. If the connexion to 6 is 
removed the current in the quadrature-axis stator winding will be 
simply the magnetizing current producing the quadrature flux 
Og; when running, the current I-y, will thus be the sum of and 
A complexor diagram, neglecting resistance and leakage reactance 
drops, can now be drawn as in Fig. 16.5. The rotor current 



Fro. 16.5. CoMPLEXon Diagbam of SEBEEs-BEPuiaiorf Motob 
(Connexion of Fig. 16.4.(a)) 


passes through the exciting winding and sets up a flux in phase 
with it. This flux sets up a transformer e.m.f. in the exciting 
winding lagging by 90° and a rotational e.m.f. jS^od phase 
opposition to and, at super-synchronous speeds, considerably 
greater than The quadrature flux induces transformer e.m.f.’s 
Sjjg and Ef^ in the stator and rotor windings, but these are in 
opposition and therefore, assuming a 1:1 turns ratio, neutralize 
each other so that the terminal voltage Y is equal to the sum of 

— Efsd and — E^ad as shown. The terminal voltage is also equal to 
the sum of its two components Vu and F,; Fj, however is equal to 

— EtgQ, the transformer e.m.f. induced in the quadrature-axis stator 
w indin g by the quadrature flux so that $g can be drawn lagging 
90° behind F. is in phase with % so that 7^ may be drawn as 

’Tlo Miun 'T A 'TTOx ■ To secure complete neutralization of the trans¬ 
former e.m.f. Eft,d in the coils short-circuited by the brushes, the 
rotational e.m.f. resulting from rotation in the quadrature flux must 
be equal to it at aU speeds, i.e. 

■®r6o = 

i.e. 



270 A.fJ. aOMMUTATOM MOTOBS 

In the plain repiilsion motor = frlfi so that, as already 

eiipilained (page 254), nentralization is complete only at synchronous 
speed, bemg too great at super-sjmchronous speeds and too low at 
sub-synchronous speeds. 

From the complexor diagram of the series-repulsion motor it can 
be seen that P’ is approximately equal to E^„d so that 

F^(V2)7r'r„m 

Vxjv = 

assuming a 1:1 turns ratio. 

For the required relation to hold ViJV must thus be made equal 
to i.e. Fi, must be varied inversely as the square of the 

speed. At high speeds therefore Via must be small and point c will 
be towards the left, at synchronous speed Fw = F and c and b 
coincide, while at sub-synchronous speeds Fjj should be greater 
than F and the transformer rvinding should be extended beyond b. 
Sub-synchronous running is, however, usually required only at 
starting, and also an increase of by making Vi. > F would 
unduly saturate the magnetic circuit, so that for starting and for 
speeds below synchronism the machine is usually connected as a 
plain repulsion motor. 

Other Connexions. The connexion of Fig. 16.4(6) gives a lower 
torque due to the rotor current and the exciting flux not now 
being in phase, and it also has less satisfactory commutation. In 
Fig. 16.4(o) the exciting winding carries the difference between the 
stator and rotor currents and also gives a performance inferior to 
that of Fig. 16.4(fl). The final arrangement, Fig. 16.4(d!), has the 
motor excited from the rotor instead of the stator as in the compen- 
sated-repidsion motor (page 263). It was explained in connexion 
with that motor that, due to the particular relations between the 
quadrature and exciting fluxes, commutation at the exciting brushes 
was excellent. This flux relation does not exist in the series-repulsion 
motor so that commutation is liable to be poor at the exciting 
brushes—this and the extra commutation losses due to the addi¬ 
tional brushes make this arrangement much inferior to the other 
types. 

Ajpplioations. This motor was used in the early days of a.c. 
traction on account of its better commutation at high speeds, but 
the extra complication and the need for switching to repulsion-motor 
operation for starting have caused it to be superseded by the 
compensated-series motor. 

Deri Repulsion Motor with Fixed and Movable Brushes 

It has been seen that the speed of the plain repulsion motor can 
be varied by brush shifting, but reference to the curves of Figs. 
15.5 and 15.6 shows that near the normal running position the motor 
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is rather sensitive to brush movement, i.e. a small movement 
produces a considerable change of speed. The Deri motor employ.^ 
a double set of brushes in order to overcome this and also gives some 
improvement in power factor and commutation. 

The arrangement is shown in Fig. 16.6—brushes Fj and are 
fixed while M-^ and are movable, being attached to a common 
brush rocker and moved together. 

If the brushes are moved so that M„ is adjacent to Fj and 
adjacent to Fj as shown in Fig. 16.6(a), the whole winding is short- 
circuited with the brush axis coincident with the axis of the stator 
winding; conditions are thus similar to the plain repulsion motor in 
the low-impedance or short-circuit position. 

If the brushes are moved so that is adjacent to Fj and 
adjacent to Fj as in Fig. 16.6(6) no part of the rotor winding is 



(a) IiOw-lmpedance position. 

{b) HIgh-impedanee position (starting), 
(c) Bunnlng position. 


short-circuited (other than the coils short-circuited by the brushes 
themselves), and conditions are similar to those with the plain 
repulsion motor in the high-impedance position; there is no rotor 
current and no torque. 

Intermediate between these two is the running position shown in 
Fig. 16.6(c). The direction of the rotor m.m.f. produced by that 
part of the winding between J/j and F^ and between and Fj is 
as shown by the dotted line inclined at 6 to the stator axis. In this 
position there is a torque just as in the plain repulsion motor, but 
in order to obtain a shift of 6 of the rotor axis a brush shift of 20 
is requiSed, i.e. twice that of the ordinary motor. A typical set of 
speed-torque curves is shown in Fig. 16.7. 

PowEB Factob. That part of the rotor winding between brushes 
and F^ and between M-^ and Fj gives rise to an m.m.f. acting 
at 90° to that of the main part of the rotor winding, i.e. it is acting 
along the exciting axis. The conditions are thus to some extent 
similar to those obtaining in the compensated-repulsion motor (page 
263), and a slig ht improvement of power factor over that of a plain 
repulsion motor is obtained. 

10—(T.104) 



m A.a COMMUTATOR AIOTORS 

CoMMDTATioif. Both acts of brushes, when in the running position, 
are linked with some flux, and therefore circulating currents are set 
up in the short-circuited coils; at starting, however, in the high- 
impedance position the short-circuited coils lie along the stator axis 
and do not therefore linlc with any part of the flux so that com¬ 
mutation at starting is much better than in the plain repulsion 
motor. 

AiPiiiOATiows. This type of motor has been used for traction 
since good commutation can be obtained over a slightly greater 



speed range than with the plain repulsion motor but, Hke other types, 
it has been superseded for this purpose by the compensated series 
motor. 

It has, however, been used to a considerable extent in smaller 
sizes in Central Europe as a crane motor and for other variable-speed 
industrial drives. Speed control is obtained by brush shifting, and 
a braking torque is obtained by moving the brushes backwards 
beyond the starting (high-impedance) position; under these con¬ 
ditions a resistor should be inserted in the stator circuit to prevent 
self-excitation. When used for cranes it is also desirable to limit the 
maximum speed and this can be done by short-circuiting, either 
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directly or through a resistor, the two pairs of brushes—this causes 
the motor to behave similarly to an induction motor and limits the 
speed to about synchronism, the necessary short-circuiting being 
done by a centrifugal switch. 

Single-phase Shunt Motor 

Although the single-phase series motor is similar m principle and 
construction to the d.c, series motor, the single-phase shunt motor 
is totally different in principle to its d.c. counterpart and is so called 
only because it has a "shunt” eharacteriistic. A d c. shunt motor. 



Fig. 10.8. Shumt Commctatob Motor 
(Commutator. Inducxiok Motor) 


if supplied from an a.c. source, would take a shunt-field current 
lagging by nearly 90° behind the rotor current and so would produce 
only a negligible torque; attempts have been made to remedy this 
by a capacitor in series with the field to produce a resonant circuit 
but these have not been commercially successful. 

LI. B. Atkinson, in 1898, showed that it was possible to buM a 
reasonably satisfactory commutator motor having a shunt charac¬ 
teristic, the connexions being as shown in Fig. 16.8; it has a simple 
stator winding and two sets of short-circuited brushes at 90° to each 
other, one set being along the stator-winding axis. 

COMPLSXOR Diagram. When the motor is running an exciting 
flux is set up by currents in the brush axis which is at 90° to the 
stator winding axis, i.e. in the direct axis. A quadrature flux O, 
is set up by the resultant of the stator m.m.f. and the rotor m.m.f. 
in the quadrature axis; rotation in this flux sets up an e.m.f. 
at the direct-axis brushes and this produces the magnetizing current 
giving the exciting flux <5^. 

Referring to Fig. 16.9, the exciting flux sets up a transformer 
e.m.f. at the direct-axis brushes and lagging «!),, by 90°. There 
will be a magnetizing current setting up and in phase with it 
and this current gives an impedance drop which leads 
by a small angle. The only other e.m.f. between the direct-axis 
brushes is the rotational e.m.f. mentioned above, due to the flux 
so that, since is the resultant of and the latter must 
be drawn as shown together irith the flux which is in phase with 
it. It is thus seen that the two fluxes are nearly at 90° to each other 
in time as well as being at 90° in space. 
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Consider now the e.in.f.’s in the quadrature axis. There is a 
transformer e.m.f. due to the flux 0, and lagging by 90° and 
also a rotational e.m.f. E^d due to rotation in the flux and in 
phase opposition to ©j. The resultant of these two is the impedance 
drop due to the eurrent The quadrature-axis current 
thus lags this drop by a small angle as shown. A magnetizing com¬ 



ponent of current seta up the flux and is in phase with it so 
that the primary current is the sum of and the value of Jg, 
reflected into the stator, i.e. I = 

A back e.m.f. E^^ is induced in the stator wonding by the flux 
and the primary voltage has to overcome this as weU as the resist¬ 
ance and leakage reactance drops. It can be seen that the power 
factor is inevitably rather poor. 

Speed. Neglecting rotor impedance drops it can be seen that in 
the direct axis Era,, = E^^, i.e. 

(V2W,©, = (v'2),rrjA 
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Therefore 

Also, in the quadrature nxisE^^^ — A",,,,, i.e. 


(V2)7rTJ,^,= (v2)7rT,;/#, 

Therefore /r^d =/i^a 


Por these two conditions to hold simnltaneously/, must equal/j, 
and <5^ must equal O,. The motor must therefore run at synehronous 
speed. The effect of the impedance drops, neglected above, is, 
however, to cause a slight speed drop as the load is increased. 

Since is equal to and the two fluxes are almost in space and 
time quadrature there will be a rotating field of almost constant 
magnitude moving in the same direction as the rotor. 

Toeqtje. When running, the torque is produced by the interaction 
of the quadrature-axis current and the exciting flux, this being the 

main torque and proportional to cos 

There is also a torque due to the interaction of the direct-axis 
current and the quadrature flux which opposes the above and is 


proportional to cos The angle is, ho\vever, nearly 

90° so that this torque is relatively small. 

Since the direct-axis flux is produced by the current due to the 
rotational e.ni.f. there can be no exciting flux, and therefore no 
torque, when the motor is stationary, i.e. there is no startmg torque. 

Commutation. On account of the equality of the two fluxes 
and the rotational and transformer e.m.f.’s at both sets of brushes 
neutralize each other, and commutation is therefore comparable to 
that in a d.c. machine. 

SuMMABX OE Peopeeties OF SiMPEB Shuxt Motor. It Can be 
seen that the motor in the simple form of Fig. 16.8 runs at approxi¬ 
mately symehronous speed, has no starting torque, has a poor power 
factor but commutates satisfactorily. Its operating characteristics 
are thus similar to those of the single-phase induction motor and it 
is, in fact, sometimes referred to as a comm'uMor induction motor. 

On account of the cost and complication, of the commutator this 
simple form of the motor cannot compete commercially wuth the 
single-phase induction motor but it is possible, however, to improve 
its characteristics by various devices which improve the power 
factor, give it some starting torque and enable its speed to be con¬ 
trolled. It is the last feature that, in the past, has caused a con¬ 
siderable amount of attention to be devoted to the machine since 
there is no other single-phase motor which gives a variable speed 
with a shunt characteristic. 

Impeovement op Power Factor. An improvement of power 
factor can he effected by injecting into the exciting circuit a small 
e.m.f. E, in phase with the terminal voltage; tliis can he done from 
a separate transformer as shown in Fig. 16.10(a-), by a separate 
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winding on the stator as in Kg. 16.10(6) or by a tapping on the main 
stator winding as in Fig. 16.10(c). 

The effect of this injected e.m.f. can be studied by extending the 
complexor diagram of Fig. 16.9 to that of Fig. 16.11. The e.m.f. 



fa) (b) (c) 


fio. IH.IO. JIkthods or Obtaining Phase Compensation 

(а) TrAuaformer. 

(б) Auxiliary Btator ■winding. 

(c) Tapping on stator wnding 



Pia. 16.11. Complexor Diagram with Phase Compensation 
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Efaci now has to overcome — E^^ + Ej and is therefore displaced by 
an angle /? from its previous position. The flux sets up this 
e.m.f. and is therefore similarly displaced. is in phase opposition 
to so that l 2 ^ 2 , which is the resultant of E^^^ and is advanced 
in phase as shorvn. The quadrature-axis rotor current lags slightly 
behind this impedance drop, but it can be seen that it has also been 
advanced, leading to a considerable advance in the phase of main 
stator current I and a consequent improvement of power factor. It 
may be noted that the angle ip, upon which depends the torque, has 
not been greatly changed in magnitude although its sign has been 
altered; too great an injected e.m.f. would, however, cause ip to be 
reduced with a resulting reduction of torque. 




Fio. 16.12. Methods op Startino 


(o) Aa repulsion motor. 

(b) Tapped stator winding 

(r) As corapensated-repuJsIon motor. 


Stahting. The simplest method of starting is to open the rotor 
exciting circuit and shift the brushes 15° to 20° from the quadrature 
axis as indicated in Fig. 16.12(a).* The motor then starts as a 
repulsion motor with a good starting torque, and when up to 
synchronous speed the exciting circuit may be closed after whicb 
the motor continues to run with its shimt characteristic; the brushes 
may be left in their shifted position although commutation is not 
so good as if they are shifted back to the quadrature axis. 

Instead of shifting the brushes, which may introduce construc¬ 
tional complications, starting tappings may be provided on the 
stator winding as shown in Fig. 16.12(6) which shifts the axis of the 
stator winding. 

A third method, applicable to a motor having phase compensation 
by a stator tapping, is shown in Fig. 16.12(c). With the switch open 
the motor starts as a compensated-repulsion motor. 

Any of these methods gives about 2 J times full-load torque with 
full-load current. 

Speed Cohtbol. Much ingenuity has been expended in devising 
methods of obtaining a satisfactory method of speed control since 

* In tliia and succeeding diagrams the phase compensation device is omitted 
for simplicity. 
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there is no other single-phase motor with a shunt characteristic with 
Avhich speed control can be obtained. The two basic methods 
employed are analogous to field control and armature voltage 
control of a d.c. shunt motor; in the former the current in the 
exciting axis is varied and in the latter a voltage is injected into the 
rotor circuit. 

Speed Contbol by Field Variation. One arrangement is shown 
in Fig. 16.13(a) in which there is an additional tapped stator winding 



Pig. 16.13. Spekd Contbol, bv Field Vaiuation 

(a) Tapped field. 

(b) Inductor or capuuitoi. 


in the direct axis. Iteferrhig to the complexor diagram of Fig. 16.9 
the rotational e.m.f. appearing at the dh’ect-axis brushes now 
has to overcome both the transformer e.m.f. plus the e.m.f. 

induced in the tapped stator winding. Thus, neglecting resist¬ 
ance and leakage reactance drops, 

^nQ = ± 

= ^lad(^ ± ^Ssdl^tad) = ± 

where T^/ is the effective number of turns on the tapped stator 
winding. 

Hence //P, = ± p) 

where p = T^'fTa 

Also, at the quadrature-axis brushes. 

Hence (W = 1±P 

and /r=/iV'(l±p) 

The no-load speed is thus proportional to y'(l Az p)j and a 
family of speed-torque curves as shown in Fig. 16.14 can be obtained. 
The curves relate to an 8 h.p. motor, and the figures on the curves 
give the number of turns on the tapped winding. 
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An alternative arrangement, due to Greedy, is shomi in Fig. 
16.13(6)—an inductor L connected in serie.? with the direct-axis 
brushes reduces the exciting current, and hence the flux, without 
altering its phase position since the rotor is highly reactive: thi.s 
reduction of flux raises the speed to values above synchronism. If 
a capacitor C is u.sed instead of the inductor it will neutralize some 
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FlO. 16.14. SrEBD-TOBQUE CSAUXCTEMSTICS OF SllVNT JloTOB, 

of the rotor reactance and result in an increase of exciting current 
so that the speed is reduced below synchronism. It may be noted 
that a resistor for limiting the current would be impracticable since, 
in addition to introducing losses, it would cause a phase shift of the 
current and so reduce the available torque. 

Speed Conteod by Eotob Voltage Variation. An e.m.f. F, 
can be injected into the quadrature-axis circuit as shown in Eig. 
16.15, the an'angement being somewhat similar to that of the series- 
repulsion motor. Neglecting resistance and leakage reactance drops, 
the rotational e.m.f. E^at at the quadrature-axis brushes must now- 
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equal ± V^, i.e. if is additive to E^l^ the speed must rise so 
that E^ad balance the increase. 

If the turns ratio is 1:1 between stator and rotor 

^,„d = Rtna == y- 

so that 

— ^iaa ± l^r = Rta<i{^ ih i ^r/Ks) 

Hence =/i^<,(l ± F^/FJ 

In the direct axis 

-®iad = ^raa 

k^a=!r% 

so that /, = /iV(l ± yriy,) 



Fig. 16.16. 
Speed Contboi. 
BY Vabiation or 
Rotor VoiTAor 



Rid. 16.16. 
Speud Control bv 
Combined Rield and 
V oLT.AOE Variation 


The no-load speed is thus proportional to ^/(l ± ^r/^s) fi-Rd ^ 
set of characteristics similar to those of Fig. 16.14 can be obtained. 

Combutation’ or Field- aud Eotor-voltage Contbol, By 
combining the above two schemes the arrangement of Fig. 16.16 is 
obtained -which has some advantage in commutation. 

Eeferring to the duect axis, 

/A =/i«>d(l ± P) 

Referring to the quadrature axis, 

fr^d -/A(l ± F,/F,) 

Combining these gives 

fr =/iV(i± r,jv,){r±~p) 

If the various tappings are adjusted so that the ratio F^/F, is 
equal to p then/,. = /^(l ± p). 
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CoimtTTATiON mTH Speed Contbol. In the plain motor it has 
been seen that and commutation is good at both sets of 

brushes since the rotational and transformer e.m.f.’s neutralize each 
other. A departure from synchronous speed by field control or vol¬ 
tage control destroys the above relation so that the brush e.m.f.'s 
no longer neutralize each other and commutation deteriorates. 



Fiq. 16.17. VAiitTEs or Brc.sh-E.M.F. FuuciroKs 


The resultant brush e.m.f. at the quadrature brushes is 

= ^Ibd ~~ ^rtg 


= -frik) 


= constant — 


- {frlflT- 

frIk 


assuming <!)„ constant. 

The variable function is plotted in Fig. 16.17 which may be 
compared with that of Fig. 15.9 relating to the plain repulsion 
motor; in this case it can be seen that super-synchronous running 
is preferable to sub-synchronous rumiing. 
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With speed variation by combined field and voltage control the 
commutation is somewhat better since if 

/, = /i(l±p) 

then 

and E, = (V2)7rTJ,%(l -fjf,) 

= constant (1 —Jfjfi) 

The \'ariable function is also plotted on Fig. 16.17 from which it 
can be seen that a greater range of speed for a given value of brush 
c.m.f. can be obtained. 

Appligations. Motors of this type having two or three speeds 
have been built in the past in sizes up to about 30 h.p. and used for 
lifts, hoists, printing presses and other drives. The poor commuta¬ 
tion resulting from the use of either field or voltage control of speed 
and the complication of combined field and voltage control have, 
however, mfiitated against its survival as a commercially practicable 
type of motor. 

The simpler single-speed motor with phase compensation also had 
considerable use due to its power factor being better than that of 
the single-phase induction motor—^the development of the capacitor 
t 3 rpe of induction motor (page 297), which is simpler and more 
robust as well as having a satisfactory power factor, has, however, 
rendered it obsolete. 



CHAPTER 17 


THE SIN&LE-PHASE ETOUCTION MOTOR 

The extended use o£ electric drive for low-power constant-speed 
apparatus such as small machine tools, domestic apparatus, and 
agricultural machinery in circumstances where a three-phase supply 
is not readily available has led to a large demand for single-phase 
induction motors in sizes ranging from a fraction of a horse-power 
up to about 5 h.p. 

A feature of the single-phase induction motor is that it has no 
inherent starting torque, and some special de\dce must be incor¬ 
porated to make it self-starting. Although such devices are entirely 
satisfactory they compUcate the motor somewhat and make it more 
expensive than a three-phase motor of the same output; for sizes 
greater than those indicated above it is therefore usually desirable 
to arrange for a tliree-phase supply to be available although, in 
special circumstances, single-phase induction motors as large as 
100 h.p. have been installed. 

Theories oi Operation 

The action of the single-phase induction motor can he explained 
in either of the two following ways— 

1. Rotating-field theory. 

2. Cross-field theory. 

RoTATmo-EiELD THEORY. In this the air-gap m.m.f. is resolved 
into two rotating components moving at synchronous speed in 
opposite directions; the treatment can thus be carried out on each 
component separately by the methods used for the polyphase 
machine. 

Cross-field Theory. The air-gap flux is resolved into two 
pulsating components along, and at 90° to, the stator-winding axis; 
the treatment thus follows the lines of that used for single-phase 
commutator motors. 

Rotating-field Theory 

The space distribution of m.m.f. produced by a single-phase stator 
winding is shown in Fig. 1.3, page 4. If harmonics are neglected 
this may be represented by the expression, from eq. 1.2(a)— 

^ gin K sin wi . . (17.1) 

TT y 

The term sin a indicates that the m.m.f. varies sinusoidally in 
space, a being measured from the centre of the winding, while the 
term sin cot indicates that it also varies sinusoidally with time. 
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This sinusoidally-distributed m.m.f. can be represented by a 
space vector pointing along the axis as shown in Fig. 17.1 and 
varying in magnitude between OA and OA' or i' and — in 
accordance with F = ^' sin cot where = (4/77)(sin 'yly)i'm- 
Resolution into Two Rotating Fields. The expression (17.1) 
can be expanded into 

F — {^'/2){cos (a — cot) + cos (a cot)} 

which represents two m.m.f. waves of constant magnitude moving 
at equal speeds in opposite directions and each having a maximum 


I 

Fig. 17.1. Vbctob 
Repeesenta'tion 
or Rotating Field 

value of i'l2. The speed of rotation is a movement past a pole-pair 
in one cycle, i.e. synchronous speed. 

The single pulsating m.m.f. can thus be resolved into two rotating 
m.m.f.’s moving at synchronous speed in opposite directions, each 
m.m.f. being half the maximum amplitude of the original pulsating 
m.m.f. 

These m.m.f.’s can be represented vectoriaUy as in Fig. 17.2. The 
sum of the two rotating m.m.f.’s at any moment gives the pulsating 
m.m.f. which always acts along the vertical axis. 

In developing the theory of the motor on these lines the m.m.f. 
which is moving in the same direction as the rotation of the rotor is 
referred to as the forward m.m.f. and the related quantities are given 
the suffix / while the m.m.f. moving in the opposite direction to the 
rotor is referred to as the backward m.m.f. and the related quantities 
are given the suffix b. The two m.m.f.’s are considered to set up 
two rotating fluxes and O;,. 

Fbequbnoy oe Rotoe Cuerents. Suppose the rotor is moving 
at a speed w,. (< ?q) in the same direction as the forward field. The 
speed relative to this field will be rev/sec as in the polyphase 

induction motor, and e.m.f.’s and currents will be set up in the 
rotor having a frequency of/^ = p(nj^ — n^) = s/i, i.e. slip frequency. 

The speed relative to the backward field will be -[- rir, and the 
frequency of the e.m.f.’s and currents set up by this field will be 

^ + Wr) 


F 



Fio. 17.2. Resolution of 
PULSATINQ M.M.F. INTO 
Two Rotating M.M.F.’b 
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Currents of two different frequencies may thus be considered to 
be set up in the rotor—for instance a 4-pole, oO-c/s motor running 
at 1.300 r.p.m. will carry rotor currents of frequencies— 

ff = 50 x (1,500 — 1.300)/1,500 = 6-67 c/s 
and fj, = 50 X (1.500 d- 1,300)/1,500 = 93-2 e/s 

In Fig. 17.3 IS shown an oscillogram of the rotor current of a 
single-phase motor which clearly shows the current components of 
two different frequencies. 

The rotor currents induced by the forward field, which have a 
frequency of set up a rotating m.m.f. moving at Hf = s/j/p = sUj 
relative to the conductors and in the same direction; the conductors 



Fio. 17.3. OsciiiOOHAM or Rotor Current op Sinole-phase 
Inbuction Motor 


are, however, moving at a speed of so that the speed of tlie 
m.m.f. relative to the fixed stator is % -f n,. = %, i.e. synchronous 
speed as in the polyphase motor. 

Similarly the currents induced by the backward field set up a 
rotating m.m.f. moving at 7ij = (2 — 5)% relative to the conductors 
and in the opposite direction, so that, since the conductors are 
already moving at the actual speed of the m.m.f. relative to the 
stator will be — (2 — i.e. synchronous speed back¬ 

wards. 

Both rotor m.m.f.’s thus move at the same speed as the corre- 
spondmg stator m.m.f.’s and therefore produce supply-frequency 
reactions in the stator. 

EQUTVAiBNT CrBctnT. With the motor stationary the equivalent 
circuit is exactly similar to that of a transformer on short-circuit as 
shown in Fig. 17.4(a), If the pulsating field is assumed to be resolved 
into two equal rotating fluxes moving in opposite directions and 
each of half the peak magnitude of the pulsating flux, the effect of 
each can be represented by separate impedance groups as shown, in 
Fig. 17.4(6), Ejr and being equal at standstill. 

When the machine is running at slip s the slip to be introduced 
into the forward-field group is s, thereby altering the resistive term 
to (r2'j2)js as in the ordinary 3-ph. induction motor. The backward- 
field slip is (2 — s) so that the resistance term becomes (r 272)/(2 — s); 
it may be noted that r^' for the backward field may be 1-2 to 1-4 
times r^' for the forward field on account of akin effect due to the 
higher frequency of the backward-field currents. The complete 
equivalent circuit is thus as shown in Fig. 17'4(c). 
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FM. 17.4. EqUIVAIENT CiROUIT (BOTATIS-Q-riELD Tkeoby) 

<a) Equivalent circuit at standstill. 

(&) Equivalent circuit at standstill with effeot of forward and backward flux components, 
(c) Equivalent circuit at slip a. 





THE SINGLE-PHASE INDUCTION MOTOR 


287 

An inspection of the circuit shows that the total impedance ni 
the forward branch will, when running, be considerably higher than 
that of the backward branch [since (r^j'Tjjs is greater than 
{r 2 j 2 )l {2 — s)]. Ef is thus greater than Ef, and the forward flux is 
greater than the backward flux. The variations in these quantities 
with speed are shown, for a typical motor, in Fig. 17.6. 

Iron loss is represented by the resistor r„l2, to facihtate calcula¬ 
tions this can be omitted from the equivalent circuit without serious 
error and the iron loss included with the friction and windage loss 
and subtracted from the gross output. 



(CL) (b) 

Flo. 17.5. F.QTnV iT.R NT CmCUITS FOB KXPEEIMLNT.1.L 
Deoiermination of Constants 

(а) Locked-rotor test (« = 1). 

(б) No-load test (s = 0) 

As in the polyphase induction motor the torque can be found 
from the rotor input— 

Torque due to forward field = J2f^(r2l2)ls S 3 mch. watts 
in the direction of rotation. 

Torque due to backward field = j2)l{2 — s) synch, watts 

against the direction of rotation. 

The net torque is the difference between these. It can be seen 
from the equivalent circuit and from the curves of Fig. 17.6 that at 
standstill the two torques are equal so that there is no net torque, 
i.e. no starting torque; also if s = 0 there is some negative torque, 
so that the motor will run at slightly less than synchronous speed 
on no load. 


288 


A.C. COMMUTAWIi MOTORI:i 


Calculation op Motor Parametpbs. Tlie various parameters 
arising in the equivalent circuit can be calculated from the dimen¬ 
sions in the same way as for a three-phase motor. 

Experimental Determination of Motor Parameters. As 
with the polyphase motor the parameters can be determined from 
no-load and locked-rotor teats. Consider the motor stationary—the 
flux will be small so that the magnetizing current can be neglected 
and the equivalent eh’cuit reduces to that of Fig. 17.5(a). Readings 
of voltage, current and power thus give— 

iJ = ri -h r,' and X = 

It is not possible to separate and a-xa', but common practice is 
to assume Xj^j^ = XjJ. The stator resistance can be determined 
from a d.c. measurement so that can be found. 

If the motor is run on no load it can be assumed that s = 0 so 
that the equivalent circuit becomes that of Pig. 17.5(6) since 
(r 272 )/s becomes infinitely great and {r^'j2)l{2 — s) becomes small 
relative to the magnetizing impedance. As and have 

already been found, the values of and x^ can be determined from 
the voltage, current and power measurements. The procedure is 
illustrated in the following example. 

Example 17.1. The following test results were obtained on a 
1/6-h.p., 220-V, 50-c/s, fi-pole, smgle-phase induction motor. 

Stator winding resistance = llA 

Locked-rotor test: V = 220 V, / = 6-8 A, IF = 850 W 

No-load test: F = 220 V, 7 = P36 A, IF = 64 W 

Using the rotating-field theory draw, to a base of speed, curves 
of current, Ej and E^ (proportional to the forward and backward 
flux components), and the forward, backward and total torques, and 
also, to a base of output, the speed, current, power factor and 
efficiency. 

From the locked-rotor test— 



Z = 220/6-8 = 38 0 
n = 850/5-82 = 25-2 12 

Z = -/(382 - 25-22) = 28-6 Q 

Hence 

^z\ = = 28-6/2 = 14-3 

and 

= 7-15 O 


rg' = 26-2 - 11-4 = 13-8 D 

so that 

?-g72 =: 6-9 n 


From the no-load test— 

Z = 220/1-36 = 162 Q 
B, == 64/1-362 == 34-6 Q 
X = 1/(1622 - 34-62) 159 q 
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Correct handling of the iron, friction and. ^vindage loss is difficult. 
In the equivalent circuit of Fig. 17.6(6) r„/2 represents the iron loss, 
the friction and windage loss being regarded as mechanical output 
and subtracted from the gros.s output to give the actual net output. 
The test figures, however, do not differentiate between the iron loss 
and the friction and windage loss, so that either the whole loss 
must be treated as iron loss and the values of r^l2 and x„j2 calcu¬ 
lated accordingly or it must all be regarded as friction and windage 
loss and subtracted from the gross output. The latter procedure is 
simpler and is adopted in what follows, r,„/2 being omitted from the 
calculations. From the test figures the total loss on no load is 64 W 
so that the iron, friction and windage loss is 

64 - l-362{ll-4 + 6-9) = 30-2 W 
With r„/2 omitted from Fig. 17.5(6) 

xJ2 = 159 - 14-3 - 7d5 
= 137-5 a 

For a slip s of 0-06 

(r272)/a -j- ja;£a72 = 6-9/0-06 -f j7-15 = 115 -f j7-15 

= 115/3-6° n 

Putting this in parallel with a;„,/2 gives for the total forward im¬ 
pedance 

Zf = (115/3-6° X 137-5/90°)/(115 + jl44-6) = 85-5 /41-8° 

= 63-5 -h j56-5 n 

For the backward-flux part of the circuit, (2 — s) = 1-94 so that 

{rH2)l(2 - s) + ]xr^'l2 = 6-9/1-94 + j7-15 == 3-66 -f j7-16 

= 8-0 /63-5° n 

Putting this in parallel with gives for the total backward 
impedance 

= (8-0 /63-5° X 137-5/90°)/(3-56 -f jl44-6) = 7-6 /64-9° 

= 3-22 -f i6-9 a 

The total impedance of the motor is thus— 

+ + 11-4 -4- jl4-3 + 63-5 ■+• j56-5 3-22 -f j6-9 

= 78-1 + i77-7 
= 110/45° 

Hence the total motor current is 

220/(110/45°) = 2-0 A at 0-707 power factor 
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E.m.f. across forward impedance (proportional to Oy.) =2-0 X 85-5 

= 171 V 

E.m.f. across backward impedance (proportional to = 2-0 X 7-6 

= 15-2 V 

Forward component of rotor current, 

= 2-0 X 137-5/(115 + jl44-6) 

= 1-49 A 

Backward component of rotor current, 

/ai, = 2-0 X 137-5/(3-56 + il44-6) 

= 1-9 A 
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Fio. 17.6. 


Toequbs and Fluxes (Example 17.1.) 
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Forward torque = 1-492 x 115 = 255 synch. W 
Backward torque = l-g® y 3-56 = 12-8s\Tich. W 
Gross motor torque = 255 •— 12-8 = 242 synch. W 
Net motor torque (subtracting iron, friction and windage loss) 
= 242 30-2 = 211-8 sjuich. W 

Output = 211-8(1 — 0-06) = 198 W = 0-266 h.p. 

1/6 h.p. is 125 W so that this is about H times full load. 
Input = 220 X 2-0 x 0-707 = 311 W 
Efficiency = 198/311 = 63-5 per cent 



Similar calculations can be made for other values of s giving the 
curves plotted in Fig. 17.7 to a base of output over the normal 
working range, and in Fig. 17.6 to a base of speed over the whole 
range from standstill to synchronism. 

It can be seen from the above that calculations on the single¬ 
phase motor are laborious, and the procedure can be facilitated by 
the use of a desk computer or network analyser. 

Cross-field Theory 

In this theory the flux is resolved into two components acting 
along and at right-angles to the stator-winding axis as shoTO in 
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Fig. 17.8. The short-circuited rotor conductors are considered in 
two groups, one group being linked with each of the component 
fluxes; in Fig. 17.8 each group is represented by a single turn. 

Motor Stationary. With the motor stationary and with a 
voltage F applied to the stator -winding an m.m.f. will be set up in 
the horizontal or quadrature axis and this results in a quadrature 
flux Og in this axis which is linked with the turn ab ; an e.m.f. 
is induced in this turn which sets up a current I^. This current sets 
up an opposing m.m.f. along the quadrature axis so that the quad¬ 
rature flux is set up by the resultant of these two m.m.f.’s. As they 
are along the same axis there is no torque produced by them. The 
coil cd has its axis at 90° to the quadrature flux and therefore has 
no e.m.f. induced in it and carries no current. No torque is thus 
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Fifi. 17.8. SiNGM.PHASE Induction Motor (OROss-rnsLD Theory) 

produced on either coil and the motor does not tend to start. Con¬ 
ditions are, in fact, exactly similar to those of a transformer on short 
circuit. 

Motor Running. K the motor is running under normal conditions 
the stator resistance and leakage reactance drops will be small and 
the back e.m.f. induced in the stator -winding udll be approximately 
equal to the applied voltage. With a qonstant applied voltage, 
therefore, this back e.m.f. will be approximately constant and the 
quadrature flux O, which is inducing it -will also be constant and 
independent of motor load or speed. 

With the motor running the coil cd is moving in the quadrature 
flux and therefore has a rotational e.m.f. E^^q sel* up in it; since the 
coil is short-circuited a current I 2 a will flow in it, and this sots up 
an m.m.f. and consequent flux <!>,* acting in the vertical (direct) axis. 

Torque can now be produced as a result of the interaction of the 
flux -with the current in coil ab and also of the interaction of 
the flux with the current Jgs in coil cd. The phase relations 
between these fluxes and currents and the magnitudes of the 
resulting torques can be seen by dra-wing the eomplexor diagram, 

CoMPLBXOR Diagram. Since is constant this forms a convenient 

starting point and it is dra-wn horizontally as shown in Fig. 17.9. 
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The coil cd has induced in it the rotational e.m.f. in phase 
with <I> 5 . This e.m.f. sets up a current in the coil; as there is no 
other coil in the direct axis this current sets up the flux 

Due to the high total reactance of the coil caused by this flux the 
current will lag by nearly 90^ behind the e.m.f. producing it, and 



Fig. 17. U. Comtlexob Diagram of Single-phasb Inddctiost JIoTnB 
(CRoas-riEUD Theory) 


the flux will, neglecting iron losses, be in phase with the current as 
shown. The total reactance e.m.f. of the coil ci is made up chiefly 
of a transformer e.m.f. Efad lagging O,, by 90°, and the resultant of 
this and the rotational e.m.f. in the coil is equal to the resistance 
and leakage reactance drop of the coil lu^^. 

Since E^^ = {■\/2)TTTf/^g and E^^ — and these two 

are approximately equal 
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i.e. at speeds less than synchronism, which correspond to normal 
operation, the exciting flux is leas than the quadrature flux in the 
ratio of running speed to synchronous speed. Since the running 
speed is only a little less than synchronous speed the two fluxes are 
always nearly equal. 

Consider now the cod ab —due to the flux Oj a transformer e.m.f. 
RfaQ be induced lagging 90“ behind due to a rotational 
e.m.f. wiU be induced which must be approximately equal and 
opposite to Elat,- The rotational e.m.f. must, however, be in phase 
with or in phase opposition to the flux 0^ so that, to satisfy the 
above, it must be drawn in phase opposition to O^. Since 
and E.^a = (-v/2)u-T/,.€)tf, </i, and % < fl),, 

therefore E,.aa < Eia^. The resultant of these two e.m.f.’s which is 
equal to the impedance drop / 2 a® 2 ) is thus downwards as shown, and 
the current lags this drop by the impedance angle of the rotor. 

In the stator winding an e.m.f. Ef^ is induced by the quadrature 
flux and the stator terminal voltage has to overcome this as weU as 
the resistance and leakage reactance drops and IXj^x- The stator 
current is made up of a component Jj/ which corresponds to the 
rotor current Jj, and the magnetizing current setting up the 
quadrature flux. 

Toeqtje. Torque is produced by the interaction of and and 
of /art and <1),^. It can be seen that and are nearly at 90“ so 
that they produce little torque, the main effect being produced by 
the current /j, and the direct-axis flux. 

The rotor powers corresponding to these torques are 

/\ /\ 

^rad^^n ^rad^ta and ^ra^id 


It can be seen from the diagram that E^ad^zi! i® greater than 90“ so 
that, since the power depends on the cosine of this angle (page 215), 
it is negative (motor torque) whereas the other torque is positive 
(generator torque). The torque of the motor is thus made up of a 
main-motor torque due to and Ort minus a small generator 
torque due to Jjrt and O,. 

Analytical Teeatment. The cross-fleld theory lends itself to 
analytical treatment similar to that used for the single-phase com¬ 
mutator motor based on eqs. (12.3) of pages 218 and 219. The cage 
rotor winding is represented by cncuits in the dhect and quadrature 
axes as shown in Fig. 17.8. The equations are thus— 

Stator winding in quadrature axis 

~ d" d“ id'flwi/ra “k /sj) • (l'i^'2) 

Rotor winding in direct axis 

0 = X^dlid + ]^Lid^i.d + i*TO(/2(2 + + Jgj) . (17.3) 

Rotor winding in quadrature axis 

0 — d" d" "1" ^ 2 ( 1 ) ^^md^2d ■ (I'^-d) 
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As an additional refinement the termsanrl — 
be added to eqs. (17.3) and (17.4) respectively to represent the 
rotational e.m.f.’s induced in the rotor by the rotor leakage flux. 

In a normal induction motor T'j, and /j, are the supply voltage 
and current Fj and /j respectively; also since the construction is 
symmetrical = x,„, = the mutual reactance, r^a ~ = r^, 

the rotor resistance, and the rotor leakage 

reactance. All quantities are referred to the primary viuding, The 
above equations can tluis be wTitten. including the rotational e.m.f. 
due to leakage flux— 

d = >'2^y, A A j-^’,,l(ll A d,,) — S-Tjalsd 

Solving these give.s— 

T - V (1 - A - ^2- - ~ 

1 ~ 1 A jiF 

12U =v,x Sx„,r 2 l{U A jir) 

, t; A - jral 

J-y,- U + }W 

where 

U = A *Z.a^ A A '^* 2 , 2 ) 

A (1 — ^^)Xi(x,n A •*• 22 )“ ~ ^ 1 ^ 2 " 

and 

IF = (1 — »S’^){xx,i(a;,„ A A A 

- ri(XLi A x^) - 2rir2(x,„ + 

The fluxes are— 

Direct-axis component: = (®m A Xj;^ 2 )^idl'^‘’^f^i 

Quadrature-axis component: A ly^l^'xfT-^ 

Torque is produced hy the interaction of and <5^ and of 
and d>„. Multiplying the flux by the component of current in phase 
with the flux in each case, adding and then multiplying by ^-nfT^ 
gives the gross torque in synchronous watts. The net torque may 
be obtained by subtracting the iron, friction and windage loss, 
usually 4r-8 per cent of the output. 

It may be noted that at standstill {S = 0) is zero so that 02^ 
is zero and there is thus no staiting torque. Also at synohronous 
speed (fi = 1) the two rotor currents become equal in magnitude 
and displaced by 90°. 
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General Conclusions Regarding Behaviour 

Although, in general, the behaviour and characteristics of a 
single-phase induction motor are similar to those of a three-phase 
motor, there are certain important difierences which can be observed 
by considering either of the foregoing theories. 

Stabting Tobqtje. According to the rotating-field theory, both 
components of the field are rotating relative to the conductors when 
the rotor is stationary; as the fields are moving in opposite direc¬ 
tions the torques produced by each are equal and opposite so that 
the net torque when stationary, i.e. the starting torque, is zero. 
This is illustrated by the torque-speed curve of Pig. 17.6; this curve 
shows further that if the motor is given a start in either direction 
the forward torque for that direction of rotation wiU immediately 
exceed the backward torque and the motor will run up to speed in 
the direction of the initial impulse. 

According to the cross-field theory the cross or direct-axis field upon 
which the main torque depends is produced as a result of rotational 
e.m.f., and therefore there can be no torque when the motor is 
stationary. 

As mentioned previously, special starting arrangements have to 
be incorporated in any commercial motor and these are discussed 
in subsequent sections. 

Torque Pulsation. The three-phase motor gives a steady torque 
but the single-phase motor produces a pulsating torque which may 
give rise to vibration and noise- 

According to the rotating-field theory a part of the torque is 
produced by the interaction of the double-frequency rotor currents 
with the forward field component so that this part of the total 
torque pulsates at double the supply frequency. 

Using the cross-field theory, both motor and generator torques 
are produced by the interaction of alternating currents and fluxes 
so that both are pulsating as shown in Pig. 12.4 (page 214). 

Pull-load Speed. It can be seen from the curves of Pig. 17.6 
that the torque drops to zero at slightly less than synchronous 
speed. In the three-phase motor this occurs at synchronous speed 
so that the slip of a single-phase motor will always be slightly higher 
than that of a corresponding three-phase motor. 

Iron Loss. The iron losses in a single-phase motor are greater 
than those in a corresponding three-phase motor on account, chiefly, 
of the losses occurring in the rotor core. According to the rotating- 
field theory the forward component of the field produces a negligible 
iron loss in the rotor as it is moving at nearly the same speed as the 
rotor as in the polyphase machine; the backward field, however, is 
moving relative to the rotor at nearly twice synchronous speed and 
thus causes a considerable iron loss. 

In the cross-field theory there are two alternating components of 
field associated with the rotor and both set up rotor iron losses. 
The losses due to the quadrature field are supplied from the stator 
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■winding in the usual way, but those due to the direct-axis field must 
be transferred inductively across the gap to the rotor as there is no 
stator winding in this axis; these losses are represented by the 
generator torque referred to on page 294. 

Typical EFPiciENcrEs. Efficiency and power factor of simple 
4-pole single-phase induction motors are as shown in Table 17.1. 


Tablu 17.1 

Efficiency and Powek Factok 


Rating 

h.p. 

Efficiencj^ (%) 

Power Factor 

1/20 

38 

0-46 

1/8 

48 

O'Sl 

1/4 

.77 

0’56 

1/2 

65 

0-62 

1-0 

69 

0-64 


1 


Methods of Starting 

As already mentioned, the single-phase induction motor has no 
inherent starting torque and special means must be adopted to 
make it self-starting. Three general methods are in use— 

1. Split-phase starting. 

2. Shaded-pole starting. 

3. Repulsion-motor starting. 

Split-phasb Starting. An additional winding, known as the 
starting or auxiliary winding, is wound on the stator in phase 
quadrature with the main running winding as shown in Eig. 17.10; 
this winding is supphed ■with current displaced in time from the 
current in the main -winding by as nearly 90“ as practicable. A 
rotating field is thus set up, and the motor starts as a somewhat 
imperfect two-phase motor but has sufficient starting torque for 
most purposes. The requisite phase displacement between the 
currents in the main and auxiliary windings is obtained by con¬ 
necting a suitable impedance in series -with one of them; if this 
impedance is a resistor the resistor-split-phase motor is obtained 
while if it is a capacitor the capacitor-split-phase motor is obtained. 
With these split-phase motors the auxihary winding is cut out of 
circuit after the motor has run up to speed although with the 
capacitor type it may be left in, together with a part of the capacitor, 
to give an improved power factor. Such motors are usually referred 
to as capacitor motors, and they are more fully discussed in Chapter 
20. In both cases the current in the auxiliary ■winding leads that in 
the main winding, and the rotor conductors move in a direction 
from the auxiliary ■winding to the main winding of the same polarity. 
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Occasionally a reactor may be added to the main winding to 
increase its angle of lag, giving a reactor-start motor. 

Shaded-POLE Starting. If a portion of the pole is shaded by a 
short-circuited winding the flux encircled by the winding will lag 
the remainder of the flux by an angle of 20° to 30°—two fluxes 
displaced in both apace and time are thus obtained and a rotating 
field is again produced. The efficiency of tliis type is low and it is 
only suitable for powers of less than about 1/10 h.p. Gramophone 
motors and motors for small domestic fans are, however, typical 
applications, the former being only about 1/1,800 h.p. This type is 
more fully discussed in Chapter 19. 

Repulsion-motor Starting. Where a high starting torque is 
required the motor may carry a commutator winding instead of the 

—Rotation of Rotor 



Fio. 17.10. main anb Stabtinq Windinqs or 
Split-phase Motob 


ordinary cage winding and be started as a repulsion motor. In the 
repulsion-start motor the rotor winding is a commutator winchng 
exactly similar to that of an ordinary repulsion motor. When 
switched on, the motor starts as a repulsion motor with a high 
starting torque—at a predetermined speed a centrifugal device 
sliort-circuits all the commutator segments thus making the winding 
equivalent to a cage winding and the motor continues to run as an 
induction motor. 

In the repulsion-induction motor the rotor carries a commutator 
binding as well as a cage winding. At starting, the repulsion 
winding has a preponderating effect giving a good starting torque, 
while when running the cage winding gives the motor the constant- 
speed induction-motor characteristic. Either type of motor is built 
in sizes between 1/4 and 5 h.p., and they are more fully described 
in the next chapter. 

Typical starting torques and the usual range of output for all 
types are given in Table 17.2. 
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Split-phase Starting 

Various practicable arrangements are shown in Kg. 17.11 together 
with complexor diagrams showing the currents I^ in the auxiliary 
winding and in the main winding, 

The resistor apht-phase motor of Fig. 17.11(a) involxea only a 
simple resistor or, alternatively, the starting winding may be made 



(C) 

Fig. 17.11. Types op Split-phase Motors 

(а) BeBistor. 

(б) Besistor and reactor. 

(c) Capacitor. 

to have a high inherent resistance by making it of small-section wire. 
The angle between the two currents cannot conveniently be greater 
than 30° to 40° so that although the arrangement is cheap and 
simple the starting torque available is rather low. 

A slight improvement can be effected by putting a choke in series 
with the main winding as shomi in Fig. 17.11(6) but the cost hardly 
warrants the small extra torque which is obtainable. 

By using a capacitor as in Fig. 17.11(c) the current in the starting 
winding can be made to lead the voltage, and an angle of approxi¬ 
mately 90° between the main and starting winding currents can be 
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obtained—the starting torque is thus much increased as indicated 
by the figures of Table 17.2. 


Tabm 17.2 


Stabtin’g Pebfobmance of SpIIT-I’HASK Motoes 


Tyiie of Motoi' 

Range of Output 
(h.p.) 

Starting Current 
(Tunes 

F.L. Current) 

1 

Starting Torque 
(Tunes 

F.L. Torque) 

Split-phase; 


1 

1 

1 

0-76-2-0 

Resistor 


5-7 

Capaoitor . 

i-i 

4-6 

2-3-5 

Repulsion-start 


2-3 

2-4 

Repulaion-mduotion 

1-5 

3^ 

2—4 

Shaded-pole . 

J 0OO~i 

J-l-.'i 

0'2-0-3 

Capaoitor-run: 




Single Capacitor . 

l-i 

2-3 

0'26-0-76 

Two Capacitors . 

1-6 

4-6 

2-3-6 


Staeting Torque. Suppose that, at starting, the currents in the 
main and starting windings are Ig and respectively with an angle 
a between them. These set up fluxes and 4>(, in the two axes 
which will also be displaced by the angle « in time and can be 
represented on a complexor diagram as shown in Fig. 17.12. 



Pig. 17.12. CoinfiExoB Diageam at Staeting 

The flux sets up a transformer e.m.f. = {■\/2)TTT^J<i>g volts 
in the main-axis rotor circuit and O,, similarly sets up = 
(•V^ 2 ) 7 rT 2 y^’o "^olts in the quadrature- or starting-axis circuit. Those 
e.m.f.’s set up corresponding currents I^g = E 2 gl'\/{r^ + a;^ 2 *) and 
fas — '® 2 a/V'W + each lagging their respective e.m.f.’s by 
the angle ^2 given by cos 9^2 = Vi^ 2 ^ + 

The flux interacts with the current I^a and the flux with 
I^g to produce torque. Starting from the torque eq, (12.1) (page 215) 
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and putting s = ^arrT^, it can be seen that the torque set up is 
given by— ^ 

Torque = cos (90 - x) 

~ 0-IV^)'^2P^a^2ii COS (90 -r ^2 + a) neirtons . (17.5) 

Since = EJE^ = 

Torque = (90 + _ a) - cos (90 ^ + «)} 

= (l/-v/2)T2^i33)o/2(,(2 cos ^2 sin a) 

But O = _^ ^ 2 aV(V + XjJ) 

“ W^WT^' (V2)7r/T2' 
so that, substituting for and cos {j>^, 


Torque == 2 T^'p 




V2 (V2)^T2'/ 

ill27m)2l2al2gr2 sin a newtons 


X I. 




sin a 


Referring all quantities to the main winding (by inultipl 3 dng 
currents by (TjV^i) impedances by {T-^(T^)^ **'Od converting 
to synchronous watts— 


Torque = sin a synch, watts . . (17.6) 

An alternative form of the expression can be obtained by ex¬ 
pressing sin a in terms of the motor impedances since, if and 
are the phase angles of the main- and starting-winding currents 

«■ = <!>« -<l>a 

and sin a — sin <(), cos <j>^ — cos (f), sin 

Hence 

torque = 2I„'I^r^'(Xgra ~ Va)l^g^a synch, watts 


In terms of V, the applied voltage, this becomes, since = VjZg 
and = Vjza— 

Torque = 2V\TJT^r^{x^r^ — rgXa)lzg\^ synch, watts 


Resistor Split-phase Motors 

Of the split-phase motors mentioned on page 297 the resistor type 
is the cheapest but does not give such a good starting performance 
as the capacitor type. It is, however, usually quite adequate in 
sizes up to about 1/4 h.p., and its cheapness and simplicity can be 
accentuated by incorporating the necessary resistance of the 
starting winding in the winding itself, by makiog it of small section 
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wire, instead of by using an external resistor. In order to secure a 
reasonable running efficiency and to avoid overloading the starting 
winding a switch, either manual or automatic, must be included to 
cut the starting A\'mding out of service as soon as the motor is up 
to speed. 

The main winding is designed from the running characteristics 
required, particularly maximum torque; the problem is then to 
design a starting uunding to operate in conjunction with this running 
winding to give the desired starting torque without excessive starting 
current. A convenient procedure is to assume a number of turns for 



Pia. 17.13. Locus or STAiiTiNO-wiNDiNa Cubrent for 
Resistor Split-phasu Motor 


the starting winding, calculate the best value of starting-winding 
resistance and then modify the number of turns to give the desired 
starting torque. 

Ghoioe op STAnTiNG-WTNDrtTG Ebsistaitce. Eeferring to the 
complexor diagram of Fig. 17.13, represents the starting or looked 
rotor current of the main winding. Ji the number of turns of the 
starting winding is assumed its reactance will be fixed at, say, 

ohms so that if the starting-winding resistance is varied the locus 
of the starting-winding locked-rotor current (= AO) is a semi¬ 
circle on AB as diameter, the length of AB being F/a;^ amperes. 
The total starting current is thus 00 (= I,, -f la) which also 
follows the locus AOB. 

Since is constant, the starting torque is, from eq. (17.6), page 
301, proportional to la sin a; from the geometry of Fig. 17.13 this 
is equal to OK, the angle OKA being 90°. 

Maximum Stabting Tobqub. It can be seen that the torque is a 
maximum when 0 is midway between A and Q, i.e. at point D. 

Under these maximum torque conditions, since AD ~ DQ and 
AK' = OK', it can be shown that (j>a = ^,/2. 


THE >S1S0LE-PHASE INDUCTION MOTOR :)(« 
Hence cot = cot (^„/2) 

= (1 + C03 4>a)l&m (f>g 

^ + ''A 

(*ff “f" ‘•ft) 1-^(1 

Hence the resistance to give maximum torque is 

= (‘Ba/*«)()'|, + *s) ■ . ■ (17.7) 

Since reactance is proportional to the square of the number of 
turns, this may also be WTitten 


r-a = (TJT^f(r, + z,) 

\ I rp tW + -s) • • ■ (17.8) 

where k — TglT^. 

The atarting-vinding impedance is + .c„^). Substi¬ 

tuting for Ta from eq. (17.8) and .t„ == xjk~ gives, for the starting- 
winding current, 

Ia=Vlz^ = Vk^lV^~^) . . (17.0) 



Fig. 17.14. Conditions roB Maximum Towide i'ek Ampkbe 


Eor a given number of turns the resistance of the starting winding, 
the torque and the current can thus be calculated for a winding 
giving the maximum possible torque. By trying different numbers 
of turns an appropriate design can be selected. Curves have been 
published* which assist this procedure' and which also enable 
magnetizing current to be taken into account. 

An alternative criterion for starting behaviour is the torque per 
ampere of starting current. To make this a maximum, CKfOC (on 
Fig. 17.13) must be a maximum and this occurs when OC is a 
tangent to the circle as shown on Fig. 17.14. Point T is the centre 

• T. 0. Lloyd and J. H. Kbit, “Design of Starting Windings for Split-phase 
Motors,” Trans. Aimr. Instn. Elect, Engrs., 63, p. 9, Jan. 1944. 

II—(T.104) 
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of the semi-circle and triangle OOF is right-angled at O so that the 
line starting cuiTent Jj is given by— 

7^2 =3 OC^ == OF^ - GF^ = OF- - AF^- 

= OA^ + AF^ + 20A . AF sin </>, ~ AF^- 

== 7„2 + 2IAVI2xMz„) 

= ^'(1 + 

Hence = xJ{{IJI^)^ — 1} ■ • ■ (17.10) 

Considering the main and starting windings in parallel 

= (2, + Zafha- = 1 + 


SO that 
giving 


{{»•» + ’’a)^ + + a;/) = 1 + xjx^ 

. - 


(17.11) 


f'roni .x-„ the number of turns in the starting winding can be 
found so that eqs. (17.10) and (17.11) above completely define the 
starting winding which ivill give the maximum starting torque per 
ampere for a given permissible total starting current I„. 

Capacitor Split-phase Motor 

Improvements in capacitor design and construction are tending 
to make the capacitor split-phase or capacitor-start motor more 
effective than the resistor split-phase motor; although a little more 
expensive it gives a considerably higher starting torque and, due to 
the higher power factor, a lower starting current. In the capacitor- 
start motor the capacitor is switched out by a centrifugal switch 
when the motor is up to speed; there is, however, an alternative 
type of capacitor motor, described in Chapter 20, in wliich improved 
running characteristics are obtained by leaving capacitance perma¬ 
nently in the auxiliary-winding circuit. 

OAPAOiTAircE FOB Maximtjm Torqtte. The best value of capaci¬ 
tance for a given motor can be found by a method similar to that 
used in finding the resistance for the resistor split-phase motor. In 
the complexor diagram of Fig. 17.15 OA represents the locked- 
rotor main-winding current, 7„; assuming a given auxiliary-winding 
resistance, r^, the locus of the locked-rotor auxiliary-winding 
cm-rent is the circle on AB as diameter, AB being F/r„ amperes. 
As with the resistor split-phase motor, the starting torque is a 
maximum when the perpendicular 7„ sin a. ~ I a sin ( 0 ^ + <jij,), from 
the circle on to OA, is a maximum, i.e. when is at a point D such 
that DK passes through the centre of the circle. This condition is 
represented in Fig. 17,15. 
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30,3 


From the geometry of the figure 

dlso tan 0„ = V{1 — cos 2^a)/(T^cos 2i/)J 

= -\/(l — sui^,)/(l -1- sin 4 ,^) 

= ^(2, - *»)/(=<, + x,j) 

= 

V 



Fig. 17.15. CoMPLESOB Diagrams roB Maximum Stabukg 
Torque wrrn Gapacitob-stabt Motor 

But tan = Z„/r„ 

where X^ — Xa— x^ 

and is the reactance of the capacitor. Hence 

= r„rj,/(2, + Xg) 

and Xf. ^ Xf^ Xfj’gfiZg 

This will always be negative indicating that the reactance will be 
capacitive. 

CAPAcrrANCE EOR Mavtm ttm Torque per Ampere. The maximum 
torque per ampere occurs when GKjOG in Fig. 17.16 is a maximum, 
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i.e. when OC, the line starting ciurent, is a tangent to the circle as 
shown. IVom the figure— 

7 / = OC^ = OF^ — CF"^ = OF^ — AF^ 

= OA^ + AF^ + 20A . AF cos ^ — AF^ 
= OA^ + 20A . AF cos (f>g 
= 7/ + 27,(F/2r„)(r„/^„) 

= 7/(1 + rjr,) 



Pig. 17.16. Complexor Diagram fob Maximum Starting Torque 
PER Ampere with Oapaoitor-stabt Motor 

Hence the required resistance of the auxiliary winding can be 
found from 

r _ 

(7//7/) - 1 

Considering the main and starting-winding circuits in parallel— 

Is = + '•aF + K + - XcWK 

Substituting for in the above gives 

from which can be found. 

The size of capacitor normally required varies from 20 to 30 /jF 
for a 1/10 h.p. motor up to 60 to 100 /iFfor al/2or 3/4h.p. motor. A 
mica or paper capacitor of this value would be large and expensive 
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so that electrolytic capacitors are generally employed. Such capaci¬ 
tors are suitable for 20 to 30 starts per hour but not for continuous 
operation. 

Reactor Split-phase Motor 

A .similar analysis can be made for the reactor .split-sphase motor 
although this is rarely used. The reactance added to the main 
uinding to give maximum starting torque is— 

^ = Vafina + a;o) - 

and to give maximum starting torque jier ampere— 

+ 2av '-!- r„)}/r, - x. 

Design Features 

Many of the design features follow those of polyphase induction 
motors and single-phase commutator motors. In the fractional- 
horse-power size, however, cheapness of manufacture, e.g. by the 
use of mass-production methods, may ha%'e to outweigh consider¬ 
ations of good performance. 

SPEcaFic Loadings. Flux densities must be kept low to minimize 
the magnetizing current and values between 0-35 to 0-55 Wb/m^ are 
usual. Tlie electric loading under running conditions is also low on 
account of the space occupied by the starting winding and usually 
lies between 5,000 and 15,000 A-conductors/m. Motors with repul¬ 
sion starting, which have only a smgle stator windhig. can have 
higher values, e.g. 10,000 to 20,000 A-conductors/m. 

FuU-load efficiency and power factor are between about 70 per 
cent and 0-65 respectively for a 1-h.p. motor and 50 per cent and 
0'55 for a 1/10-h.p. motor. 

The output coefficient can be found from—- 

G — (h.p. X 746)/(£)2Ln) = {rr^J-\/2)SacT] costf) volt-ampere units 

typical values being shown in Table 17.1. 


Table 17.1 

Values or Outpct C’oEFFiriE.NX 


Watt<i/r.p.in, . 

; 0 06 i 
! 1 

012 1 

1 

02 

0-3 

G volt-arapare units . 

9,400 i 
i . 

1 

12,000 

15,600 

18,000 


Core length is generally made about equal to the pole-pitch but 
the precise dimensions are governed by manufacturing consider¬ 
ations. 

Am Gap. The gap length is made as small as possible consistent 
with mechanical clearance between stator and rotor. It is thus 
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dependent on the core diameter and the peripheral speed. The 
following empirical formula gives satisfactory values— 

Gap length = (0-007 X rotor diameter)/v'(2p) 

Thus a 4-pole motor with a rotor of 6 cm diameter will have a 
gap length of (0-007 X 6)/2 = 0-021 cm (0-35 per cent of the 
diameter). 

Statob Winding. Single-layer concentric -vvindings with enamel¬ 
led whe and a 0-3 to 0-4 mm .slot liner are generally employed. 
current densities are usually 3 and 4 A/mm®; slots per pole are 
generally 9 or 12. 

The arrangement of the winding is governed largely by the 
necessity of minimizing harmonic fluxes which may otherwise gi\-e 
rise to noise and an uneven accelerating torque; such harmonics 
arise from the non-sinusoidal shape of the m.m.f. wave (page 2) 
and from the presence of the slots. M.m.f.-wave harmonics can be 
reduced by using difierent numbers of conductors in the slots m 
order to give a more nearly sinusoidal m.m.f. wave as described in 
Chapter 1 (page 3). Tooth harmonics are not appreciably afFoetecl 
by the winding arrangement but can be minimized by proper choice 
of the number of stator and rotor slots and also by skewing the 
rotor slots through one stator slot pitch. 

Rotob Winding. The cage rotor winding may be either of copper 
bars and end rings or of cast aluminium; teclmical advantages lie 
with copper but manufacture may be cheaper with aluminium and 
the joints between the bars and end rings are eliminated. 

Semi-closed slots are generally preferred to tunnel slots since with 
the latter the leakage permeance is somewhat indeterminate and 
also surface losses are higher. 

Many empirical rules have been suggested for choosing the be,st 
ratio of stator to rotor slots in order to give freedom from harmonic 
effects. One useful rule states that the number of rotor slots should 
equal the number of stator slots plus twice the number of poles; a 
36 slot stator for a 4-pole machine would thus have 44 rotor slots 
and such a machine would give silent and satisfactory operation. 
Other combinations may, however, prove equally satisfactory, 
although the rotor rarely has more than 1-5 times as many slots a.s 
the stator. 

Stabting Winding. The number of slots available for the starting 
winding is usually about half that for the running winding, and the 
number of turns required is between 50 and 100 per cent of the 
running-winding turns. With a resistor split-phase motor the 
required resistance is usually obtained by using small-section wire, 
e.g. about 0-25 of that of the running winding. Tho current density 
at starting may thus be nearly 100 A/mm®, but this is permissible 
as the winding is only in service for 1 or 2 sec. Similar considerations 
apply to the starting winding for a capacitor split-phase motor 
although the resistance should not be so high. 
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Typical Performance Characteristics 

Cliaracteristicsfor 1/4-li.p. resistor ami capacitorsplit-phase motors 
are given in Fig. 17.17. 
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J Z 3 ^ 

Torque (Times FuU~load Torque) 

Cb) 

Typicai, Chaeactebistics of Split-pk\se Motok-. 

(n) 1/4 h.p. resistor spllt-plia.se motor. 

(7/) 1/4 li.p. capai-itor split-phase motor. 


EXERCISES 17 

1. A 2-poie, 30-c/s, 1 -pi), induction motor lias an effective rotor resistance 
and leakage reactance of 0’5 tl and 5-0 fl respectively. If the motor la running 
at 2,000 r.p.m. determine the frequencies of the rotor current components and 
the relative magnitude of the forward and backward fluxes. Xeglect magnetis¬ 
ing currents and stator impedance. 
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2. Plot, using tilt' lotatiiig-fiekl theory for a jU-c/s, -1-pnle, 1-pli. induction 
motor liaving the ronatants given belorv, the torque-slip curves for the forwarri, 
baekwai'tl and total torquea and eurves sliowing the component fluxes fin 
terms of e.m.f.) at various slips. 

Applied voltage = 230 V 
Cl = 2-8 n .ri = 3-5 LI 
IV = 4'f) a - 2-4 £1 

= an-ii Li 

3. A 220-^, 1-ph. inductitm motor ga^■c the folloanng tost results — 

No-load: f ^ 220 V, I = fi-lo A, If = 348 \V 

Locked rotor: P'' = 120 V, / = IS-O A, IP = 577 W 

Estimate the output and efficiency when running with a slip of 0'05. 

4. A 1-ph., 4-pole, oO-c/.s induction motor ia running at 1,300 r.p.m. and the 
quadrature-axis flux ia 0-1 Wb. The effective rotor turn.s are 20 anti the 
effective stator turns are 100, The total effective impedance of the rotor is 
4/80 £l under the above conditions and the leakage impedance is 0-2/J10 Q. The 
stator resistance is 0-2 fl and the stator leakage reactanro is LO 11. Draw to 
scale the complexor diagram using the croaa-fieid theory. 

5. The data refer to a ^-li.p., 110-V, 4-pole, 50-c/s, 1-ph. induction motor. 
Total standstill impedances (all values referred to main winding)— 

Main winding: r = 1-47 n = 3-72 fl 

Starting winding; r = 4-83 D .r = 5-14 fl 
llotor resistance == 0-5 fl. 

Calculate the resistance to be added to the starting winding in order to give 
(u) maxiuuun storting torcpio and (6) maximum starting torque per ampere, 
llind. in each case, the starting torque and the starting torque per ampere. 

f). A 230-V, 4-polc, oO-c/.s split-phase induction motor lia.s the following 
iinpedancea at atandatUl. 

Main winding; r j^l-5fl .r = 4-0 fl 

Starting winding: r ~ 2-0 fl .r — 6-0 £1 

Draw a curve showing the relative starting torques foi' various values of 
(«) resistance and (5) capacitance in soi-ies with the starting winding. 
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REPULSION-MOTOR STARTING 

The i’e]nilsion motor has, as explained in Chapter 15, a high starting 
torque for a given cun'ent, e.g. three times full-load torque with 
tflioe full-Ioarl current. Attempts have therefore been made to 
devise motors incoiporating this feature together with the flesirahle 
con.stant-speed characteristic of the single-phase induction inotf)r. 
As a result two tjqjes of motor have been found commercially 
practicable, i.e. the repuUioyi-slarf and the lypnUioii-induclioti 
motors. 

Repulsion-start Motor 

The motor is similar to an orduiary repulsion motor except that 
a centrifugal device short-eireuits all the commutator segments 




Torque 


to.) 




Fig. 18.1. Action of Kepul.sion-.st.irt JIotor 

(o) Normal acceleration. 

(h) Hunting. 


when running above a predetermined speed, usually about two-third.s 
of synchronous speed; this short-circuits each coil of the winding 
and virtually converts the commutator winding into a cage winding, 
so that the motor starts as a repulsion motor with its high starting 
torque and runs as an induction motor with its constant-speed 
characteristic. Motors of this type can conveniently be buUt in 
sizes between about 1/8 and 5 h.p. 

The speed-torque characteristics with and wdthout the commu¬ 
tator segments short-circuited are shown in Fig. 18.1(a). At starting 
the motor runs up the repulsion-motor characteristic to the speed 
n-c at which the centrifugal device operates and changes conditions 
from point a on the repulsion-motor characteristic to point b on the 

31 ) 
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inductio}i-motor characteristic; acceleration continues tlirough the 
maximum-torque point to the running position at /. Unless the 
speed at which the centrifugal device operates happens to coincide 
with the speed at which the two curves cross there is inevitably a 
transient current and torque at the change-over. 

If the load torque and the setting of the centrifugal device are 
such that after the change-over the motor torque is less than the 
load torque as showm in Fig. 18.1(6) a hunting phenomenon will 
occm’. Since, at speed n^, the load torque is gi-eater than the motor 
torque, the speed will drop after the change-over and at a speed n/ 



Fig. is. 2. Typical Ciiab-Actebistics op 3-h.p., -I-polis 
Repulsion-start Motor 


the centrifugal device will operate to open the short-circuit and 
return conditions to repulsion-motor operation at point d. This 
cycle will continue and the motor will not run up to speed. 

The design and performance of tliis motor are calculated as for the 
repulsion motor when consideilng starting conditions and as for the 
induction motor when considering running conditions. The resist¬ 
ance of the coil type of rotor winding is greater than that of the 
cage type of winding normally employed for single-phase induction 
motors so that the elSciency is slightly lower and the slip higher 
than usual for such motors. Brush friction may also add to the loss 
and introduce noise but this is usually eliminated by arranging for 
the centrifugal device to raise the brushes from the commutator 
siimdtaneously with the short-circuiting of the commutator 
segments. A typical set of characteristic curves is shown in 
Fig. 18.2. 




REPV LSION-MOTOM ST A R TING 




Repulsion-induction Motor 

The discontinuity in acceleration and the possibility of hunting 
that obtain with the repulsion-start motor can be avoided by fittinu 
the rotor with both a commutator winding and a cage winding, tin- 
latter being in deep slots as shown in Fig. 1S.3. 



Fig. 18.3. Ahranoement of Kotok Slots pop. REPuisioN-reDUCTioN 

Motor 

On account of its relatively high permeance, the cage winding 
offers a high impedance at starting when the currents are at suppl;v 
frequency: most current then flows in the commutator winding 
giving a high starting torque by repulsion-motor action. The 



Fig. 18,4. SPEED-TORgm (’haracteristic of Repulsiox-intiuction 

Motor 

resistance of the cage winding is, however, considerably lower than 
that of the commutator winding, so that, when running near 
synchronous speed, the current flows chiefly in the cage winding 
giving induction-motor running characteristics. The speed-torque 
curve is thus as shomi in Fig. 18.4. At full load each Tvinding 
contributes to the total torque, at synchronous speed (between halt 
and full load) the cage winding contributes no torque, and at lower 
loads the cage winding has a braking effect and limits the speed to 
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2-3 per cent above synchronous speed. The acceleration of the 
motor is quite smooth and no centrifugal device is required; the 
bruslies are, however, not raised from the commutator when running 
so that brush friction lowers the efficiency and may result in noise. 
Commutation is good as the cage winding acts somewhat as a dis¬ 
charge winding; the power factor is also improved bj'^ the action 
of the cage winding. 

Analytical Treatment. The cross-field theory can conveniently 
l)c used to inve.stigate the behaviour. Using the symbols of Fig. 18.5 



Fiu, is..). Sc'Hi:.MA.Tic Dr.uiK.i.M or UiorrLsiON-iNmrcTioN Motok 

the equations of the repulsion motor and the induction motor can 
be combined to give the following expressions. For simplicity the 
coils short-circuited by the brushes and the rotational e.m.f.’s due 
to the leakage flux are omitted. 

Stator winding— 

V = -h + ]x„ sin a(Ji sin a -f- 

-f cos a(/i cos a -f -f 

Commutator winding in quadrature axis^— 

0 = + 4i) + cos a -f /a, -f /g,) 

- SxJI-y sin a -f /„„) 

Gage winding in direct axis— 

0 = 'I'shd 4- ja;z,3^3<i + sin a -f- 

+ Sx„,(I^ cos a + ls„ + /j,) 

Cage winding in quadrature axis— 

0 = »‘ 3 ^a, + + \^vAh cos a + 

~ sin a + I^a) 



BEPULHIOX-MOTOR RTAi:TIS(r :U.) 

The bolutioii of these equations is laborious but has been fully 
done by West.* 

Design Features. The shape of the characteri.stics is .sensitive 
to variations in the parameters, particularly those of the cage 
winding. Eaiaing the cage-winding leakage reactance increases the 
starting torque per ampere, reduces the maximum torque and 
reduces the etBciency; raising the cage-winding resistance reduce.s 
efficiency, may cause a high no-load speed and reduces the re- 
entrancy of the speed-torque curve. 

The speed tends to rise steeply near the zero-torque ordinate a.s 
shown in Fig. 18.4; increasing the brush shift away from the .stator- 



Fig. 18.6. Typical Chabjictebistics or 3 -h.p., 4-poli: 
REPUisiON-iNDCcnoa Motor 


winding axis moves the speed-torque curve to the left, thus putting 
the rise in speed well beyond the no-load point and preventing 
racing at no-load. For this reason the brush sliift a is usually greater 
than in a plain repulsion motor. 

Typical characteristics for the repulsion motor are shown in 
Fig. 18.6. 

* H. R. West, “Theory and Calculation of the Squivrel-eagu RepuKioii 
Motor,” Trans. Amer. Iml. Elect. Engrs., 43 (192-1). 
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THE SHADED-POLE MOTOR 


Principle 

It is well known that if paif; of a pole carrying an alternating flux 
is encircled by a short-circuited coil as shown in Fig. 19.1, the 
flux, O 3 , within the coil lags the remaining flux, O,;. by a considerable 



Fig. iit.l. Shadki) Poi.i: 


angle. The short-circuited coil is commonly Imown as a shading ring 
and usually consists of a single turn of relatively heavy copper w ire 
or strip. 



(C!-) (b) 

Fig. 1!).2. Typical Fouh-poll Aiiranoements 


If a single-phase induction motor is built on this principle as 
shown in Fig. 19.2(a), each complete pole will set up two fluxes, 
<[),, and chsplaced in time by an angle « which may be 30°-40° 
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and displaced in space by an angle which is usually nearly DO . 
These flux conditions, being similar to those of other tj'pes of split- 
phase motor, make the shaded-pole motor self-starting, the rotor 
conductors tending to move from the unshaded towards the shaded 
part of the pole. The starting torque is usually not more than 
30-50 per cent of the full-load torque. 

It is not practicable to provide facilities for open-circuiting the 
•shading ring when the motor is up to speed, so that during normal 
operation it will continuously carry currents, resulting iii a lov 
efficiency (20-50 per cent); tffis t 5 rpe of motor is therefore suitable 
only for outputs of less than about 1/10 h.p., and is not commonly' 
u.sed above 1/100 h.p. In such sizes it i.s suitable for driving 
dome.stic fans, gramophone turntables and other .small appliance.s 
such as valves and regulators. It has the merits of cheapness, 
simplicity and freedom from radio interference. 

Constructional Details 

In Fig. 19.2 are shown typical arrangements of the stator stamp¬ 
ings. With arrangement (a) the main winding is of the usual former- 
wound type slipped over the pole-piece. Improved characteristics 
can be obtained if the pole leakage flux is increased by magnetic 
wedges between the pole tips or by the construction shown at (6) 
in which the stampings are made in two parts. The rotor is of 
normal cage construction with copper or east aluminium bars with 
considerable skew in order to minimize the efiect of space harmonic.-^ 
due to the concentrated stator winding. 

Analytical Treatment 

By makmg certain simplifying assumptions, equations can be 
WTitten down according to the cross-field theory. The assumptions 
are: sinusoidal flux distributions, no magnetic bridge betw'cen pole 
tips and an angle of 90° in both space and time between the two 
flux components. Conditions are thus as shown in Fig. 19.3; it can 
he seen that the main primary coil is linked with both components 
of flux so that the circuits can be represented as in Fig. 19.3(6j. 
.Summing the e.m.f.’s in the four circuits gives the following equa¬ 
tions in which '>'2 + Fia resistances 

and leakage reactances of the main primary, shading ring and 
.secondary windings respectively, all referred to the primary’ 
winding. 

Main primary winding— 

V = (>1 + ”1" ltd) d" ]^Tn«(A "d" dj -j- I^s) (19-1) 

Shading ring— 

0 = d- d- -4- .^3 d- hs) ■ (19.2) 

Motor winding in main (direct) axis— 

0 = (ra d- iXz2)hd d" \^md{h d* 4a) d- Sa;^(4 d" 4 d- 4s) (19.3) 
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Kotor Minding in shading (quadrature) axis— 

0 = (r„ + j.).i2)72s -r + 7 , + I^s) — + ^id) 

The complete solution of these equations is laborious but for 
blading conditions, which are commonly the most important, the 
1»ehaviour can be found by putting <5 = 0. , 


Frf.m eq. (19.3) 



fa) 

Fig. Ui.;i. Cmci'iT Diagram 


fVom eq. (19.4) 

7,, = - {7i + 7,) —- . 

^2 + ](®i2 + ^iild) 

Prom eq, (19.2) 

<' = (O + POM, + j-^^m,(7'i + 7,) /] - — 


. (19.6) 


_ _ J‘^7»g _ 

^2 + j(*£2 + 


A=-7i 




'2 + j(a^£2 + ^'ma) 


7s I PfjS T* ]^viq ^ 


’2 + + ^'w 


All currents can norr be calculated in terms of 7 and substituted 
in eq. (19.1); inserting the value of applied voltage V then enables 
7 to be calculated. 

The starting torque can be found from eq. (17.5) on page 301 
which may be written— 

Torque ( 1 /Af 2 ) 7 ’jp(il),; conj thg oonj tonm 

nev'ton-metres . (19.8) 



THE 8HADED-P0LE MOTOM 


HI!) 


Since <D, = (Z^ + I,,) and (5, = {1, 4- Z, - Z„) 

this becomes 

TM = (z>/ 27 r/){av„,((/i + Zga) conj Z,, 

•*'nw(-^l "T -^3 -^ 23 ) conj Zjijjreal tettui ■ (19-S^^) 

A more detailed analysis, based on the above, has been given by 
Trickey* and an analysis using matrix methods has been given 
by Itron.f 

Example 19.1. A 1/100-h.p., 4-poIe. shadcd-pole motor has the 
following constants— 


ri = 47-4 Q 

— j20-6 Q 

JM 

1! 

= 90-6 D 

x^, = p-23 Cl 

■^'ms — j^39 Q 

ra = 39-0 Q. 

= i52-9 Cl 

Primary turns = 3,00( > 


Estimate the currents, fluxes and torque at starting, and draw 
the complexor diagram. 

From eq. (19.6) 

Z^^ = - Zi j277/{39 + j(52-9 -f- 277)} = - 7i X 0-835/6r^ 

Prom eq. (19.6) 

4 = - (A + 4jl39/{39 + j(52.9 + 139)} 

= - (Zi + Z,)Q-714/ll-5- 

From eq. (19.7) 


jl39| 

(, 

jl39 1 


[ 39 

+ j(52-9 + 139)J 

■5 + j7-23 

+ jl39 

Ii il39_1 

^ 39 + j(52-9 

139)) 


= - Zi X 0-38.6 /40-8° 

Hence 

h + 4 = A(1 - 0-835/^2) 0-196 /- 29-7° 

and 

Zi H- Z, + Z„ = (Z, + Z,)(l - 0-714/Il-5°) = Zi X 0-251 /-42-8° 


Substituting in eq. (19.1), 

230 = (47-4 + j20-6)Zi + j277 X 0-196 /— 29-7° Z^ 
+ il39 X 0-2.61/ -42-8° Zi 
= Zi X 134/43-5° 


* P. H. Tricksy, '-An Analysis of the Shaded-pole Motor,” Tram. Artier. 

Instn. Elect. Engra., 55, p. 1007 (1935). i, 01 j j i m + ’■ 

P. H. Tricksy, “Performanes Calculations for the Slmded-pole Motor, 

Trans. Artier. Instn. Elect. Engra., 66. p. 1431 (1947). 

+ G. Kron, ‘‘Equivalent Circuits of the Shaded-pole Motoi with Space 
Hiirmonios,” Trans. Amer. Instn. Elect. Engr.i., 69 (1950). 
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Ix — 230/(134 /43-5° ) = 1-72 /— 43 -5 amperes 

= _ 1-72 /-43-5° X 0-835/6-7° = - 1-43 /- 36-8° 
I,= - 1-72 /-43-5° X 0-385 /40-8° = - 0-665/-2-7° 
- 0-385 /40-8° Ii)0-714/ll-5° 

= - 0-93 /- 51-4° 

h + Iia = 1-72 /- 43-5° x 0-196/^ J^7° = 0-338/- 73-2° 
+ /, + /a, = 1-72/- 43-5° X 0-251/- 42-8° = 0-431/- 86-3° 



^2d 


Pig. 19.4. Complexob Diagb.^m (Exami-i.e 19.1) 

The two component fluxes are thus 

= (■v/2)277/(27t X 50 X 3,000) X 0-338/-_73^° 

== 1-41 X 10- s/73-2° Wb 

<1), = (V2)139/(27t X 50 X 3,000) X 0-431/- 86-3 ° 

= 0-9 X 10-6/ -86-3 ° 

The complexor diagi-am of these quantities is thus as shown in 
Fig. 19.4. 

From eq. (19.8) the startmg torque is 

7'i¥ = 3,000V2{1-41 X 10-6 /- 73-2° x (-0-93 /51-4°) 

- 0-9 X 10-6 /- 86-3° X (- 1-43/36-8)},,a| 

= 0-0136 N-m (140 g-cm) 

This is only about 0-3 of the full-load torque. 
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Effect of Magnetic Bridge 

The purpose of the magnetic bridge is to increase the phase angle 
between the two fluxes and <I>j in order to improve the starting 
torque. 

With no bridge as in Fig. 19.5(a) the flux entering the rotor 
opposite the shaded pole includes the leakage flux This flux, 
although small, is in phase with the shading-ring current and lags 
3>,j by about 90°, thereby tending to increase the lag of the total 
shaded flux. If a bridge is fitted as in Fig. 19.o(b), it aflord.s an easy 



Fig. 19.5. Flux Bistbibctiox with iUagnetjo Bbidge 

(a) No bridge. 

{b) Witli bridge. 

path for the flux through the shading ring and therefore increases 
its total magnitude; the shading-ring current is correspondingly 
increased so that the majority of the flux crossing the gap is leakage 
flux, and this becomes the dominating factor in controlling the angle 
a and enables it to approach 90°. 

Design Features 

On account of the complication of any accurate analytical treat¬ 
ment design must largely be done by trial and error. The effect of 
making various changes on the starting characteristics is illustrated 
in Fig. 19.6. At (a) is shown the effect of rotor resistance; it is 
desirable to work near the maximum point of this curve since, even 
so, the starting torque is less than fuU-load torque. A rotor designed 
with proportions similar to those of an ordinary fractional-horse¬ 
power motor usually fulfils this requirement. The effect of shading- 
ring resistance is shown in (6)—a low resistance results in excessive 
losses and poor running characteristics so that it is generally 





Roiar Resistance 


(Referred to Prims-ry) 

(a.) 



(C) 

i’lQ. 10.0. ErFEC'T or V^utYrso Pahamethiis on ST,vnTtNO Tobqtte 

(a) Effect of rotor roilstanoe. 

(ft) Effect of shadlng-rinir resistance, 

(c) Effect of omouut of siiudlnK. 
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flesirable to use a higlier resistance than that corre-iponding to niiixi- 
mum starting torque. The amount of shading is also a compromise 
hetrveen good starting and good runnnig characteristics, and about 
1/3 of the pole is usually shaded as shorvn in (c). 

The length of the air gap is generally between 0-01 and 0-02 in.: 
ith low er values there is a tendency for considerable A'ariations of 
starting torque at different rotor positions due to the effect of the 
rotor slots. 


Typical Characteristics 

A .set of typical cliaracteriatic.s is given m Fig. Ifl.T from w,hicli it 
can he .seen that the efficiency is low: with the small .sizes in which 
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Fig. 1S1.7. Typical CHAH-i-OTUKiSTics oi 1/100 h.p., 4-pole Motos 


this type of motor is built this is of little importance compared with 
the starting torque and commercial considerations affecting pro¬ 
duction costs. The smaller motors used for gramophones have 
efficiencies between 4 and 6 per cent. 

Starting torque is usually between 0-4 and 0-9 of full-load torque 
and the maximum torque between M and 1-3 times full-load torque. 
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THE CAPACITOR MOTOR 

The capacitor-start motor in which a capacitor is used to give a 
split-phase effect for starting has been described in Chapter 17 
(page 304). Here is discussed the motor in which a capacitor is left 
in circuit continuously so that the motor operates as a modified 
form of two-phase motor; motors of this type are sometimes referred 
to as mpacitor-start-and-run motors and have the advantage over 


Auxiliary 

winding 



fC) 

yiG. 20 . 1 . CArACITOa-MOTOB SlAliTINO OoNNSXlOtlS 

i a) Separate Biarilng capacitor. 
b) Series-parallel connoxion. 
c) AHto-traiisformer. 

the ordinary single-phase motor that the stator m.m.f. is rotating 
instead of pulsating, thus giving a smoother torque and less vibra¬ 
tion, and also that the power factor is better. They are commonly 
built in sizes between 1/4 h.p. and 6 h.p. 

Capacitor Connexions 

The size of capacitor required to give satisfactory running charac¬ 
teristics is about one-quarter to one-tliird of that required to give 
the best starting torque; also a mica or paper capacitor is desirable 

;i2.) 



THE CAPAdlTOli MOTOM 


for continuous operation, rrhereas an electrolytic capacitor can he 
used for the intermittent starting duty. 

Some inexpensive fractional-horse-power motors designed for a 
low starting torque are built with a single capacitor serving both 
purpose.? but, in general, two separate capacitance values are 
required ivith a centrifugally-nperated switch for changing the 
connexions when the motor is up to speed. 

Typical methods of eSecting this change in capacitance are shown 
in Fig. 20.1. In the simple arrangement of (a) the starting capacitor 
is switched out by the centrifugal device; at (6) the capacitors are 
connected in parallel at starting and in series for running, giving a 


1 / 



Fig. 20.2. Complbxob Diagram at Full-load 


4:1 capacitance ratio; at (c) a step-up auto-transformer is used to 
increase the effective capacitance at starting; the capacitor can 
withstand the higher voltage for the short starting period so that 
a smaller capacitor can be used and also switching in the capacitor 
circuit is avoided. 

With motors above about 1 h.p. it is often necessary to reduce the 
starting current by a resistor in the stator circuit, by additional 
starting turns on the main winding or by using a slip-ring rotor with 
rotor-resistance starting. 

As explained later, it is usual to design capacitor motors so that 
the back e.m.f.’s, Eg and Eg, of the main and auxiliary windings are 
equal and 90° displaced in phase so that the eomplexor diagram is of 
the form shown in Fig. 20.2. It can be seen that the voltage, r„, 
across the capacitor is about times the line voltage although 
higher values of E^ and Yg, with a con-espondingly smaller capacitor, 
may result in a cheaper arrangement. 

Analytical Treatment 

As in the plain induction motor either the rotating-field or the 
cross-field theory can be used; with the same initial assumptions 
both give, of course, similar results and calculations are equally 
laborious in both cases. 
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Rotating-field Theory. The componont fluxes produced by 
the main and auxiliary windings may be considered to act separately 
and each may be resolved into forward and backward components 
as for the plain single-phase induction motor described on page 283. 
In Pig. 20.3 are drawn equivalent circuits for the two windings 




'-LI U, •-U T 

o—AAA/' ^ 0 000 ^ 

ffa I S^(Sf+jKf) 


fba 


(c; id) 

Fig. 20.3. Equivalent Circuits eor Kotating-pield Theory 

(а) Jrain winding. 

(б) Auxiliary wlndlOB. 

(c) Main winding. 

(rf) Auxiliary winding. 


similar to that of Pig. 17.4. At (a) and (6) it is assumed that each 
winding acts quite independently of the other; rotor quantities are 
all referred to their respective stator windings and with the 
auxiliary-winding parameters the turns ratio K has been introduced 
to refer them to the main stator winding, K being the ratio 
(auxiliary-winding effective turna)/(main-winding effective turns) 
and usually having a value between 1 and 1-6. The auxiliary¬ 
winding circuit also includes the capacitor reactance a\,. 
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When the 'viindings are considered together, in addition to the 
e.m.f.’s sho'svn at (a) and (6), there will be further e.m.f.’s induced 
in one ■winding by the forward and backward flux components due 
to the other. The e.m.f. induced in the main winding by the forward 
component of the auxiliary-winding flux is and lags by 90° the 
e.m.f. Efa produced by the .same flux eomjionent in the auxiliary 
winding so that 

For .simplicity, the two parallel branches of the circuits at (a) and 
{b) can be replaced by equivalent impedances {Rf jW^.) and 
(i ?5 -f jX(|) so that 

^^aia = — i^IaiRf -r 

Similarly the e.m.f. induced in the main winding hy the backward 
component of the auxiliary flux is 

~ i^balK = iKI„(Ef, -4- jXj,) 

For the e.m.f.’s induced in the auxiliarjr winding by the main- 
winding flux— 

E,,„ =- jA'^Va = jA7,(i?^ -r j-Y;) 

^nbo ~ — ~~ T- jXj,) 

The equivalent ehcuits thus become as shown in Fig. 20.3(c) and 
(rf), and the followmg equations can be written down— 

^ — IgiXxg T ~ Ef^ t E^j^ -- Ajj - 7 - 

~ ^g(>\g ■v '!■ -Kf i^f "F -Aj -j- jYj,) 

+ -i- jWj, ~ R,~ jZd 

y — -r j-Cy.in) •“ + A/o Egfg -1- A’i,a — E„f,, 

~ -f — Fc -f K^Rf -f- jXf — jZ|,)} 

w - Aj — jZj) 

Solving these two equations gives— 

+ A^ -h Aj,) -r + -Yy. -f Xj,) — A'd 

A, - i - Q 

T _ V Ag -r Ay:-)-Aj-i- i(rjg-rZy-l-X^) — j Z{(A^--Aa) + j(Z^—1'^ )} 

Q 

where 

Q — [A^^('>‘ia •+ A;. + Aji) -f- j{Af®(a;iio + ATj + X^) — xj] 

X [(»ls + Ay -f- Aj) -|- -f Xy -f Zj) 

- ZH(Ay - A,) -f j(Zy - X,)}1 
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If these tv\o ourrents are written 1^ C j/j 

the average torque can be shotvn to be 

TM = (7„2 -h - R,) 4- 2K{AD - BC)(R, f R,) 

synch, watts 

Iron loss has not been included in the above but may be allowed 
for by adding the appropriate resistor to the magnetizing branch in 
the initial equivalent circuit or by subtracting the loss from the 
gross outjnit of the motor; the former method adds considerably to 
the labour. 

Cross-field Theory. Using the circuit diagram of Fig. 20.4 the 
following equations can be written down, as on page 217, for each 
of the four circuits, all quantities being referred to the main stator 
winding. 

Stator winding in direct axis (auxiliary winding)— 

~ 'h .U'nd j^c) "b j^'mdCAd -^ad) 



Fio. 20.4. CiRouiT Diaobam fob Cboss-i'Ield Thbobv 
Stator w indmg in quadi'ature axis— 

Rotor "winding in direct axis— 

0 = ^idO'za 4- j^X2d) ■+ + fsd) 4- "b hq) 4- R^Tyiqlzq 

Rotor "winding in quadrature axis— 

^ ~ ^Zqi'^Zq “b l^ZiZq) 4“ ]^mq[^lq 4~ ""b -fad) 

For a normal motor some simplifications of the symbols can be 
made since = F, the applied voltage; x,„a = = x„, 

the mutual reactance; = r^, the rotor resistance; = 

^Ltq = *iai *be rotor leakage reactance; suffix g is used as before 
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for the main axis and sufiSx a for the auxiliary axis. The eQuations 
thus become— 

y — ^aiXla + j^Lla ~ T jx^ila T l2a) 

b = + Jgj,) 

® ~ + j^ia) "F “T I^a) + EXi^(Ig — Eg) — 

0 == hai^i + + ixji^ + i^g) - sxjE + /s„) - .gx^sJo,, 

Solving these gives 

Ig = V{DF - OG)f(AD - BC) 
and 1„ =- V{AG — BF)I(AD - BC) 

where 

~ "h ^3 "F (^'l3‘^i3 T 

“F ii^Llo "F Xj^2 + i^Zle^LS ^l5^2)/^m! 

B == S{x^n 4- xjri,(l + Xij/x,,.)} - -f 
C = - S{xl2 + - x,)(l X]-JxJ} + j6Vi„(l 4- 

^ /2{^ "F (^£2 ^e)l^ia} ‘F ^lo(l “F 

~ "F {^/A(I '^c)(l “F Viajx^m} 

F =■■ {I + J^LiKi) + - r^lxjg 

G= {I + ^Lihm) - + 5(1 + ^LzK)] 

For the rotor currents— 

I'ao " -fi;(l *F “F j{F .fp^ly)/^m 

-Ian -= ~ -la{l + {^Lla — ^c)l^7n} + j(F — I„r^n)K 
The torque is given by 

Egl^ sin {Eg X i„) 4- PJg sin (i?„ X ij synch, watts 

where Eg and E^ are the e.m.f.’s (referred to the main stator winding) 
of the main and auxiliary stator windings and are given by— 

Eg=V - lg(rig 4- ]XLlg] 

E^=V - - ixg) 


Design Features 

In designing a capacitor motor the aim is to ensure balanced 
operation, i.e. no transfer of power from one winding to the other 
and with each winding producing equal flux components so that the 
rotor operates with balanced currents; these conditions give opera¬ 
tion similar to that of a two-phase motor although, of course, they 
can only obtain at a single load, usually about full load. Any 
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departure from the above conditions may result in a cheaper motor 
but impairs the performance due to circulating cun’onts and the 
generation of harmonics. 

A convenient design procedime is thus to design a two-phase 
motor to give the desired running characteristics at full load and 
then modify the auxiliary winding to give improved starting 
conditions or to reduce the cost of the capacitor. 

It can be seen from the complcxor diagram of Fig, 20.2 that at 
full-load the c.apacitor voltage for a balanced motor v\dll he y'2 



Fig. 20.5. JBfi'ect or VAnxiNa Cavaoitanou with 1/2-h.p. 
Motob Operating at Fulii-loau 


times the winding or line voltage; the currents will also be the same 
so that the power factor will be about unity. 

Reducing the turns on the auxiliary winding reduces both the 
auxihary-winding voltage and the capacitor voltage so that a larger 
capacitor will be required; this would give a higher starting torque 
but this is rarely necessary except for small motors using a single 
capacitor for both starting and running. Increasing the auxiliary- 
winding turns results in higher voltages and therefore in a smaller 
and cheaper capacitor; the power factor is somewhat reduced and 
the total current increased, resulting in a lower efficiency. As a 
suitable compromise a value of K between about 1-2 and l-S is 
common. Calculation of the best ratio is usually done by trial and 
error, but investigations into the effect of varying the ratio have 
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been carried out by Trickey* and Macfarland.j The effect of 
varying the capacitance with a given motor is given in Pig. 20.5; 
about IQfiF would be most satisfactory for running conditions but 



fa) 



0 05 I-O 1-5 2-0 

JorcjLie (Times Full-load Value) 


(b) 

Pio. 20,6. Typicai. Capacitok-motob Runnino Chabacteeistics 

(a) 5-h.p. 4-pol6 motor. 

(b) i/4-h.p. 4'polp motor. 


about 40 jiiF would be required to give an adequate starting torque 
(about 1-5 times fiill-load torque). 

Typical Characteristics and Applications 

Operating characteristics for a 1/4-h.p. and a 5-h,p. motor are given 
in Fig. 20,6. It is seen that in both cases the power factor is well 

* P. H. Triokey, “The Equal-volt-ampere Method of Designing Capacitor 
Motors,” Trans. Amer. Instn. Sleet. Engra., 60, p. 990 (1941). 

f T. 0. Moofarland, “Turn Ratio of the Capacitor Motor,” Trans. Amer. 
Inst/n, Elect. Engra., 62, p. 892 (1943). 
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above that of a plain single-phase induction motor. If a separate 
starting capacitor, or its equivalent, is used starting torques up to 
1 or 2 times full-loarl torque can be obtained with ,3 to 4 time.s 
full-load current. 

The most common application of the capacitor motor is for 
driving refrigerators, but they are also widely used for any drive 
requiring a constant .speed, silent operation and continuous running. 
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HARMONIC ANALYSIS 

Time variations of voltage or current, and space variations of air-gap 
m.in.f. or flux density, are commonly periodic in character: such 
periodic functions can be resolved into a number of sine and cosine 
waves having periods equal to that of the original and sub-multiples 
thereof. Waves having periods equal to that of the original function 
are said to be of fundamental frequency and are known as funda¬ 
mentals-, the waves having frequencies of n times the fundamental 
arc known as harmonics. 

A periodic function, of period 2tt, can thus be written as— 

f(0) = Oq + cos 0 -r tZj cos 20 + r/j cos 30 -r- . . . + a„ cos >id 

\ sin 0 + 00 sin 20 -f 63 sin 30 . . . + 0„ sin nO (A.1.1) 

where Og, «j^, a^, . . . b^. h^, 63 , . . . are constant coeificients. It 
may also be expressed in the form— 

f( 0 ) = Up -+- c, sin (0 -f- ipi) -f C 2 sin (20 -r V’ 2 ) + ■ • ■ 

-r c„sin ()i0 -h v>„) • (A.1.2) 
ivhere c„ r= ^(< 7,^2 -|- i„ 2 ) and ip,, = tan-^ (a„/ 6 „). 

Mathematical text-books on Fourier analysis show that 

ffg = (1/27 t) f f(0) d0 = average height of 

Jo curve over a period . (A. 1.3) 

a„ — (I/tt) r f(0) cos n0 d0.(A.1.4) 

Jo 

0,j = (I/tt) f f(0)sin?i0d0.(A.1.5) 

Jo 

If succeeding half waves are identical but reversed, as is usual for 
waves associated with rotating machinery, expressions (A.1.4) and 
(A. 1.6) may be written— 

a„ = (fl/ir) r f(0) cos Ti0 d0 . . (A. 1,6) 

Jo 

= ( 2 / 7 r) f f(0) sin n0 d0 . . (A.1.7) 

Jo 

The process of harmonic analysis is the determination of these 
constants, thus enabling any periodic wave, such as the m.m.f. 

333 
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waves mentioned in Chapter 1, to be resolved into their fundamentals 
and harmonies. The behaviour of machines is governed cliiefly by 
the fundamentals of the voltage, current and m.m.f., and only 
these are usually taken into account in discussing behaviour as they 
can easily be represented by complexor or space vector diagrams. 
The harmonics have, however, important and usually disadvan¬ 
tageous secondary effects and frequently have to be considered when 
discussing noise, losses and other such items. 

Various graphical, arithmetical and analytical methods of har¬ 
monic analysis are available, a typical example of each being given 
below. 

Graphical Method 

As mentioned above the value of constant is the average 
height of the wave over a period; this can easily be determined by 


fre) 



finding the area between the wave and the axis by means of a 
planimeter or other convenient method. If the two half waves are 
identical but opposite in sign the value of is clearly zero. 

Since the average value of f( 6 ) sin nO over half a period is 

(l/w) f(0)8inm0d0 the coefficient 6„ is, from expression (A.1.7), 

Jo 

equal to twice this average value; similarly, coefficient is twice 
the average value of f( 6 ) cos nd over half a period. 

To find a coefficient, say 63 , of the wave f(0) in Tig. A.1.1 the wave 
must first be drawn to a suitable scale. On the same base sin 30 is 
then drawn as shown and corresponding ordinates of the two curves 
multiplied together to give a third curve, f( 0 ). sin 30, Itnown as 
the derived curve. The average height of this derived curve can be 
found by a planimeter (or otherwise) and twice this average height 
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gives the required coefficient 63 . A similar procedure can be adopted 
to determine the fundamental and other harmonics as shown in 
Example A. 1 . 1 . 

Example A.1.1. Determine, by the graphical method, the funda¬ 
mental and third harmonic of the trapezoidal m.m.f. wave shown in 
Eig. 1.3, Chapter 1. 

(i) EmsTDAMENTAii. The m.m.f. wave and sin a are plotted in 
Fig. A.1.2{(x), the general angle, d, being replaced in this case by the 
angle, a, the angular distance around the periphery; multiplying 
these gives the derived curve, f(a) sin a, as shown by the thick 
curve. The average height of this is 158 AT. The coefficient is 
thus 2 X 168 = 316 AT. 

(ii) Thied Haemonic. In Fig. A.1.2(6) the m.m.f. wave to be 
analysed is replotted together with sin 3a: the derived curve 
obtained by multiplying ordinates of these two curves is now 
f(a) sin 3a and its average height is zero. Coefficient 63 is thus zero. 

A similar procedure will show that 65 = — 12-7 AT and 6 , = 6-6 
AT and also that all the a coefficients are zero. The latter conclusion 
could, ho-wever, have been reached by inspection as described later. 

The expression for the m.m.f. wave is thus 

E — 316 sin a — 12'7 sin 6 a + 6'6 sin 7a + . . . 

Arithmetical Methods 

In arithmetical or tabular methods the drawing of the derived 
curve is avoided by estimating its area from a limited number of 
ordinates. To secure reasonable accuracy the number of ordinates 
in a half period should not be less than 12 or 2n, whichever is the 
greater. 

The procedure is best set out in tabular form using the following 
columns— 

1. Angle 0. 

2. Ordmate at 6. 

3. nd. 

4. sinw0. 

5. Col. (2) X col. (4) = f(9) sin nO. 

Adding the fifth column and dividing by the number of ordinates 
gives the average value of f{6) sin nd. Twice this is the value of the 
desired coefficient. The procedure is illustrated in Example A. 1.2. 

Example A.1.2. Repeat Example A.1.1 using the arithmetic 
method. 

The results are set out in the table on page 337. 

It can be seen that the values of and 63 agree with the values 
obtained by the graphical method but that, due to the limited 
number of ordinates, there is a slight error in finding 65 . 
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Thus 


= (2/’n') I f(a) sin no. da 




f(a) sinmadoc 


+ j f(a)sin«adal 
J-n-6 i 


(2i\„lTT) IJ (l/^)a ain no. da + j 


+ 


i^FJ- 


W) |2/(3j a 


sm wa da 


sin nix da 

J* (l/6)(Tr — a) sin 71(5 d^l 

J sin7jada| 


= iFjTT){il6){3m. n&)ln‘ 
Hence putting » = 1 

b. 


300 

7 T 

X 

4 

■ff/3 

X 

sin (tt/S) 

1 ~ 

300 


4 


SUITT 

7r 

X 

it/3 

X 

9 

300 

X 

4 

X 

sin (5 tt/3) 

77 

7t/3 

25 

300 

V 

4 

V 

sin (777/3) 

77 

A 

tt/S 

A 

49 


25 


AT 


X ^ 3/2 = - 12-7 AT 


49 


X V 3/2 = 6-5 AT 


These results agree with those of the graphical method. Similar 
analysis will show that all the a coefficients are zero. 


Preliminary Inspection of Wave 

It is often possible, by inspection of the wave, to see that certain 
harmonics are zero, thereby saving labour in calculation. The 
conditions are set out in Fig. A.1.3. 
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CURRENT LOCUS IN CIRCUIT CONTAINING 
RESISTANCE AND REACTANCE 


A ciHouiT with variable resistance and reactance is shown in Pig, 
A.2.1(a). It is shown below that if the ratio of to Eg is constant 
the locus of the end of the current complexor is a circle. 

Let E and X be the total resistance and reactance of the circuit 
and let Cf and B be the corresponding conductance and susceptance. 
The circuit of Pig. A.2.1(a) can then be represented by that of 



Fig. A.2.1. Circuit with Vabiablb Kbsistanob and Ubaotanoi' 

(а) Circuit with variable resistance and reactance, 

(б) Equivalent circuit of (a). 

(c) Complexor diagram 


Pig. A.2.1(6), and the currents in it by the complexor diagram of 
Pig. A.2.1(c) in which 

X = 1 sin ^ = V . B 
and jj = I cos ^ = V . G 
Por the ch’cuits to be equivalent 

r{ — p p- ^ _ 

Vy — Ei(a;“ + y*) = jR^(x'^ -f q/) 
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X = -t- .= 


- G2 + £2 1/2/F= - ar2/F2 . 1-2 ~ y 

Vx — Xj(x2 -U 1/2) — XoCa:^ -i- »/“) 


Dividing, 


F a: - X\(a:2 + i/2) 

Vy - i?j{a:2 + i/2) fi. 


which reduces to 


t;2 j_ )/2 _ _ ^ ^ y — n 

+ X^-KR^^X^-KP,~ 

This is the equation to a circle of the fom— 

a;2 -h y- + •2(jx + 'IJij — f = 0 

so that the co-ordinates of its centre are 


" - 2(A\ - KR,) 2X,{1 - K RJX,] 

> r KV r - 

^ '2{X^~KR^) 



ANSWERS TO EXERCISES 
Exercises 1, page 16 

1. 270 AT; 90 AT, 33-3 per cent; 54 AT, 20 i^or cent. 

3. (a) 860 AT. {b) 645 AT. (c) 1,290 AT, 9'6 turns. 

S. I' = 382 AT; Conductors per slot, 10, 10, 9, 7, 5, 0, 0. 

4. J* = 690 AT; = 630 AT. 

5. (a) El = 3,660 AT. (6) = 1,740 AT. (c) 5,050 AT. 

6 . F^ at 54-8° to 700-AT winding = 860 AT. 

Exercises 2, page 26 

1. (a) 169 V; 50 c/a. (b) 66-3 V; 50 c/.s. (c) 160 V; 60 o/s. 
e = 0-4 sin 314« . sin 126/. 

2 . 



(ffl) 

(b) I 

(c) 1 

1 

id) 

(>') 

137 Vi S'03 o/8 

70 V; 10'7o/s 
158 V; 4n'7o/8 

Btuslies . 

AdJ. ring"! 
Dtarn. rings 

240 V; 0 o/a 

8S-2V; 50 c/a 
170'4 Vi 50 c/a 

15SV; 3-33 c/a 

70 Vi 46-7 c/8 

l.'iSVi •i0'7c/8 

181 Vi 3 SS c/a 

91 Vi 53-3 c/8 
181 Vi 53 8 o/a 

208 y : 0 c/a 
104 Vi 

86-2 V; 50 c/a 
170'4V! 60 c/8 


3. 28-7“; 141 V; 50 c/.s. 

4. ,T77A; 27-9 V; ISA V, 

5. 80 V; 40 V; O'OOUSWb. 

6 . 27-7 V; 87-5 V; 43-7 V, 

Exercises 3, page 42 

1. 0-76 V. 

2. (a) 100 A; 1-96 V. (6) 141 A; 1-96 V. (ci) 141 A; 0-49 V. 
(cii) 141 A; 0'33 V. At 120°, 1-98 and 1-31 V. 

3. 3-33 V. 2-22 V. 1,500 r.p.m. 

4. (i) 0’96 V. (ii) 3-8 V. 

Exercises 4, page 56 




a 

COB ^3 

lu) 

(i) 

± 

0-0202 

0-993 

993 A 

(ii) 

i 

0-0423 

0-993 

993 A 

(iii) 

± 

0-0216 

0-929 

929 A 

(iv) 

i 

0-0212 

0-946 

946 A 

(v) 

0-23 

or 0-179 

0-6 

600 A 

(vi) 

-0-23 

or — 0-179 

0-6 

600 A 

(vii) 

zb 

0-0174 

0-914 

914 A 

(viii) 

± 

0-0224 

0-896 

896 A 

(ix) 

± 

0-0123 

0-913 

913 A 


U2 
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2. 4-7 kVA. 

3. {a) 300 kW: 700 kW; 700 kW; 14,200 Lb-ft; 700 kW. 

[b) - 300 kW; 1,300 kW; 1,300 kW; 14.200 Lb-ft; l,300kW. 
(«) 300 kW; 700 kW; 1,000kW; 20,000 Lb-ft; 1,000kW. 

{b) - 300 kW; 1,300 kW; 1,000kW; 10,800 Lb-ft; 1,000 kW. 

4. 0'0274 D/ph. (equiv. star); 13 kVA. 

5. Slip power: (a) (i) l,000s/(l — s) ( 6 ) (i) l,000s 

(ii) 1 , 000 s (ii) l, 000 s(l -s) 

(iii) l, 000 s(l —s) (iii) l, 000 s(l --sf 

(iv) 1 , 000 . 5(1 -sf (iv) l, 000 s(l -s)3 

6 . Slip power = 10,000(s — 2s^ -{- «*). 

7. 283 kW; 246 kW; 123 kW: 49 kW; 102 kW; 8-6 kW; 

712 kW; 643 kW; 772 kW; -313 kW: 244 kW: 8-6 kW. 

Exercises 5, page 75 

1. Speed, 100 r.p.m. mth field: £■ = 6 V: (i> = 33-S°. 

Speed, 100 r.p.m. against field: E = V: cj) = 82-2 

2. 10,450 ,u]?. 

3. 545 r.p.m. 

4. 14,200 .wE; 9'OA. 

5. (i) 36’2 -jl3'3A; 37'7 -j28-2A; O'S lag. 

(ii) 19“ or 87°; s = 0-00727 or 0-0221; 21 A at 0-897 lead or 
46-2 A at 0-998 lead. 

6 . 0-77 lead; 29-5 kW. 

7. ,9 = Vliar sin^ .3 -k -k (.a^i + 

Exercises 6, page 95 

1. (a) Voltage ratio = 0-58; frequency ratio = 1/3. 

( 6 ) Voltage ratio = 0-41 (max.); frequency ratio = 0/50. 

2. (a) 116 /- 40° A; 0-766 lag; 622 h.p. 

{b) 136/22° A; 0-927 lead; 920h.p.; 36kW. 

(c) 89/27° A; 0-89 lag; 620h.p. 

3. At 225 r.p.m.: 104-5 V/ph.; 278 A. 

At 350 r.p.m.: 82 V/ph.; 277 A. 

Exercises 7, page 104 

1. 50 kW; 33-3 kW; 16-67 kW; 16-87 kW. 

2. — 50 V; 500 r.p.m.; 25-8°. 

3. 0-4 Q (capacitive). 

Exercises 8, page 125 

1. (a) 386 AT; 17 V. 

(5) 772 AT; 34 V. 
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2. (3 brushes)/(6 brushes) = 4/3. 

3. (a) Added res. ~ 0-1 Q: TM = '61iK\ TM per ampere 
= 0-87 K. 

(b) E.m.f, = 40 V- TM = 525 A; TM per ampere = 0-275 K 

4. 400-1,600 r.p.m. 

5. 


Load 

1 

Speed 

(r.p.)rt.) 

1 

U04 ifi 

F.L, 

' 430 

0-03 lag 

10% 

t>,)0 

II 0,54 lead 

F.L. 


0-033 lag 

10% 

1 l.HU 

' 0-054 lead 

F.L. 

' 1,4.30 

0-93 lag 

10% 

1.0(58 

1 

1 0*0/54 lead 

[ 


6 . Stator current = 6-3 A; total input current = 4-35 A; cost/i 
= 0-67 ; torque — 13-5 Lb-ft; 1-14 h.p.; 1-47 kW. 

Exercises 9, page 167 

1. 28-7“ (meoh.); 141 V; 50 c/s. 

2 . 800 r.p.m, 

3. 126 turns. 

4. 16-2 A; 14-5 V. 

5. 1,630 AT. 

6 . a-jra = 0-069 Q; 19-5 A at cos ^ = 0-67 (lag); 165 r.p.m. 


7. s = - 0-4, p= - 5°. 

Circuit j (a) (b) 

(c) 

(d) 

1 

Input current (A) 

Input cos <l> . . , 

Input power (kW) . os (6) 

Output po-wer (kW) 

Torque (Lb-ft) 

Secondary current (A/ph.) 

06-5/14-7° 
0-97 load 
66 

64-3 

360 

60-6 

86-7/31-4“ 
0-863 lead 
61-6 

41-8 

280 

04-6 

83/12-7" 

0 076 lead 
60 

38-6 

900 

60 


Exercises 10, page 181 

1. Primarj’- current = 20 A. (») coa 0 = 0-76 lag; {b) cos 0 
= 0-92 lead. 

2. 41- 8/35° A/ph.; cos 0 = 0-82 lead; 50-5 h.p.; 1,531 r.p.m. 

3. (a) 4-42 V; 0-925 V. (5) 2-21 V; 0-463 V. (c)3-84V; 0-464 V 
(d) 7-3 V; 0-86 V. 

4. 16 per cent. 

5. 0-36 Wb. 
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Exercises 11, page 209 

1. Speed = 250 r.p.m.; cos = 0-8. 

2 . 


A' 

(«) 


('>} 

i 



) 

T’l 


cos 1 

1 1 

' 1 

1 

1 

I'Os (j> j 

f, 

1 

' ! 

1 

fOS (j> 

1-0 

090 

690 

0 

1 

020| 

310 

1 

1 ” 

310 

020 

i) 

0-5 

620 

310 

0 73 

520 

loo 

1 0 28 

090 

690 

0 74 

0 

420 

0 

0-9.5 

420| 

0 

i 0-44 

1 420 

0 

0 87 lead 

- 1 0 

210 

210 

1 0 

300' 

150 

0-64 

J_ 

150 

1 300 

0 5!) lead 


3. 0-62. 


Exercises 13, page 233 

1. (a) 47 V. (b] 0-00028 Wb. (c) 0-21 h.p. (d) 9,300 r.p.m. 

2. 1,710 r.p.m.; 0-87. 

4. 0-62 A; 0-7 p.f.; 0-071 h.p. 

5. 43 turns; 0-965 Wl)/in^. 

6 . jD = l^in. L = l\ in. Field turns per pole = 200. Armature 
turns = 1,700. 

Exercises 14, page 247 

1. == 103 V; E^,, = 109 V; = 400 V. 

2. F = 265 V; 0-906; 1-67 V. 

3. 7 = 600 A. 770 r.p.m.; 0-92 p.f.; 100 per cent F.L 

4. 6 turns; 750 AT. 

5. 0-0136 Wb; F„,i=168V; 26; 10 poles. 


Exercises 15, page 262 

1. 2-2A; 0-76p.f; l-3Lb-ft. 

2. 12 A; 0-68 p.f 

_ J. _ , ]{'^wd‘U 4- 

d. i 4- + 22, - Ex„a + 

4. (a) 1,200-1,760 r.p.m. (b) 770-2,000 r.p.m. 
Exercises 17, page 309 


1. 6-67 o/s; 93-3 c/s, 




= 1-37. 



A.C. COMMUTATOR MOTORS 

3. 1,630 W; 69-6 per cent. 

4. / = ISA; F= 236V. 

5. (a) 2'72Q; 0-87 Lb-ft; 0-0225 Lb-ft. 

(b) 4-67 0; 0-865 Lb-ft; 0-0241 Lb-ft. 

6 . (a) Added resistance for maximum tonpie = 5-75 LI; torque 
= 100 per cent. 

(6) Capacitance for maximmn torcpie = 600 //F ; torque 
-= 850 per cent. 



INDEX 


ANAiYTiCAi treatment— 
aeries regulating machine, 02 
shunt regulating macliine, 38 
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change of current, 28 
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Deri repulsion motor, 272 
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doubly-fed motor, 115 
effect on rotor reactance, 39 
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34 

methods of improving, 35 
plain aeries motor, 225 
radio interference, 41 
repulsion motor, 254 
resistance connectors, 37, 238 
Soherbius machine, 87 
Schrage motor, 160 
series repulsion motor, 209 
single-phase shunt motor, 276, 281 
three-phase series motor, 200, 207 
Commutator as frequency convertor, 
26 

Compensated repulsion motor, 211, 
283 
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{rontd.) 

analytical treatment, 265 
applications, 267 
commutation, 265 
complexor diagram, 261 
current locus, 260 

Compensated series motor, 210, 231 
analytical treatment. 239 
braking, 241 
circle diagram, 238 
commutation. 238 
compensating ivinding.s, 23-t 
complexor diagram, 235 
control, 210 
design features, 213 
output limitation, 215 
performance characteristics, 248 
Complexor diagrams, general for 
single-phase motors, 215 
Constant power drive, 51 
Constant torque drive, IS 
Control— 

compensated series motor, 21(i 
iSclirage motor, 161 
Current locus— 
basic theory, 340 

compensated repulsion motor, 287 
OsnoB motor, 172 
repulsion motor. 260 
Schrage motor, 167 
I series regulating machine. 81 

, shunt regulating machine, 91 

I Deri, 210 

1 Deri repulsion motor, 213, 203, 270 
I Direct axis, 211, 218 
I Discharge windings, 38 
Distribution factor, 3 
] Double induction regulator, 116 
Double-range Scherbiii.s equipment, 
85 

Doubly-fed motor, 99, 105 
applications, 125 

I approximate speed-torque charac¬ 
teristics, 107 
commutation, 115 
comparison -with Kchrage motor, 
160 

complexor diagrams, 109 
design features, 123 
determination of cliaracteristies, 
117 

e.m.f.’s, 106 
equivalent circuit. 119 
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Doubly-fed motor— (contd.) 
m.m.f.’s and flux, 106 
performance characteri8tic.s, 124 
power factor, 113 
speed regulators, 115 
starting torque, 108 
transformer, 115 
Duplex windings, 36 

Dichbeeg motor, 9S 
Electromotive force— 
brush, 31, 33 

injected into secondary circuit, 43 
leakage, 20 
reactance, 31 

in Sohrage motor, 143 
rotational e.m.f.—■ 

in commutator winding, 22 
in phase winding, 21 
in short-circuited coil, 32 
Schraga motor, 131 
transformer e.m.f.— 

in commutator winding, 21 
in phase winding, 17 
in short-circuited coil, 33 
Elliptic rotating field, 12 
Equivalent circuit— 
capacitor motor, 326 
doubly-fed motor, 119 
motor with injected e.m.f., 3S 
Osnos motor, 171 
Sclirage motor, 152 
series regulating machine, 63 
shunt regulating machine, 90 
single-phase induction motor, 285 
three-phase serio.s motor, 204 

Fluxes— 

limitation to flux per pole, 33 
main and leakage, 14 
Frequency converter, 25, 40 
Pynn-Weichsel motor, 103 

HaemONIo analysis, 333 
Harmonics, 1, 3, 6, 6 
Heyland motor, 97 

Induction motors, single-pJiase, 213, 
283 

Induction regulators, 116 
Injection of e.m.f. into secondary 
circuit, 43 

Inverted repulsion motor, 211 
Iron loss, 217 
plain series motor, 229 
single-phase induction motor, 296 

Kbambr control, 80 

Lnakage e.m.f., 20 


Leakage flux, 14 
iSelirago motor, 14,5 

Leblanc machine, 15, 59 

Magnetizing volt-ampore.s, 47 

Magnetomotive force— 
distributed winding, 2 
graded, in single-pha.so winding, 3 
hannonics— 

rectangular wave, 1, 3 
three-phase winding, 6 
trapezoidal wave, 5 
Osnos motor, 170 
resultant, 11 
salient-pole winding, 1 
Schrage motor, 140, 142 
single-phase commutator winding, 

7 

single-phase induction motor, 283 
tabular summary, 11 
three-pliaso commutator winding, 

8 

three-phase series motor, 182 
three-phase winding, 6 

No-L.io motor, see Osnos motor 

Ohmic-dhop exciter, 86 

Osnos (no-lag) motor, 100, 169 
analytical treatment, 175 
applications, 180 
approximate current loci, 172 
complexor diagram, 171 
design features, 177 
equivalent circuit, 171 
performance characteristics, 180 
tertiary e.m.f., 109 
tertiary m.m.f., 170 
tertiary winding, 177 

Phase advancer, 40, 60 

Plain series (universal) motor, 2111, 
220 

a.c. and d.o. operation, 220 
analytical treatment, 228 
applications, 232 
circle diagram, 222 
commutation, 225 
complexor diagram, 221 
design features, 231 
iron loss, 229 
machine parameters, 231 
performance charaoteristlce, 232 

Quadbatuee axis, 211, 219 

Radio interference, 41 

Reactance— 

effect of commutation on rotor, 39 
e.m.f., 31 

Schrage motor, 146 
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Reactor split-phase motor, 298, 307 
Repulsion motors, 21], 213, 248 
analytical treatment, 2,o7 
applications, 2(}1 
brush position, 241) 
commutation, 254 
complexor diagram, 252 
current locus, 260 
design features, 2fil 
flux relations, 254 
inverted, 211 
power factor, 257 
semi-shunt, 261 
speed-torque ourvoa, 251 
starting, 250 

with secondary excitation, 211 
Repulsion-induction motor, 313-315 
Repulsion-start motor, 298, 311 
Resistor split-phase motor, 297, 301 
Rotating m.m.f., 6 
eapaoitor motor, 326 
elliptic, 12 

single-phase induction motor, 283 

SoHEnmns machine, 40, 82 
commutation, 87 
construction, 82 
double-range eqviipment, So 
excitation, 83 
ohmio-drop exciter, 85 
Schrago motor, 102, 127 
approximate current loci, 157 
approximate speed characteristics, 
131 

brush movement, 128 
commutation, 160 
comparison with doubly-fed motor, 
166 

complexor diagrams, 144, 147 

control gear, 101 

design features, 162 

effect of variable parameters, 157 

e.in.f.’s, 131 

equivalent circuit, 152 

leakage flux, 145 

operation at syneluonous speed, 
168 

performance characteristics, 163 
power relations, 149 
reactance e.m.f., 145 
resultant m.m.f,, 142 
slip power, 133 
tertiary e.m.f., 131 
tertiary m.m.f., 140 
tertiary winding, 133, 163 
leakage reactance, 145 
resistance, 141 

Semi-shunt repulsion motor, 261 
Series motor, compensated, see Com¬ 
pensated series motor 


Series motor, plain, see Plain series 
motor 

Series motor, three-phase, see Three- 
phase serie.s motor 

Series motor, universal, see Plain 
series motor 

Series regulating machines, 58 
anaUdical treatment, 62 
applications, 75 
approximate current locus, 64 
effect of— 

variable brush resistance, 72 
varying parameters, 67 
varying saturation, 72 
equivalent circuit, 62 
magnetization curve, 73 
.Serie.s repulsion motor, 211. 263, 
268 

applications, 270 
i-omniutation, 269 
complexor diagram, 268 
Shaded-pole motor, 297, 310 
analytical treatment, 317 
characteristics, 323 
design features, 321 
magnetic bridge, 321 
Shunt regulating maclimes, 77 
analytical treatment, 88 
applications, 95 
approximate current locus, 91 
equivalent circuit, 90 
frequency convertor, 77 
Kramer control, 80 
Scherbins machine, 46, 82 
Single-phase induction motor, 213, 
283 

analytical treatment, 294 
complexor diagram, 292 
cross-field theory, 283, 291 
de.sign, 307 

determination of parameters, 288 
efficiency, 297 
equivalent circuit, 285 
iron loss, 290 
performance, 296, 309 
power factor, 297 
rotating-field theory, 283 
rotor currents, 234 
starting, 297 

capacitor, 297, 299, 304, 324 
performance, 300 
repulsion-motor, 297, 298, 311 
resistor-split-phase, 297, 301 
shaded-pole, 297, 298 
split-phase, 297, 290 
torque, 300 
winding, 298, 308 
Single-phase motors, 210 
analytical treatment, 217 
Atkinson shunt, 213 
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Single-phase motors— (contd.) 
commutation, 225 
compensated repulsion, see Com¬ 
pensated repulsion motor 
compensated series, see Compen¬ 
sated aeries motor 
eomplexor diagrams, 215 
Den brush-shifting repulsion, 213, 
203, 270 

development, 210 
induction, 213, 283 
inverted repulsion, 211 
iron loss, 217 
mechanical power, 216 
plain repulsion, 211, 248 
plain series, see Plain series motor 
repulsion with secondary excita¬ 
tion, 211 

rotor-excited, compensated aeries, 
211 

aeries repulsion, 211 
shunt, see Single-pliaae shunt motor 
summary of tj'pes, 210 
torque, 213 
t3qjes, 212 
Wightman, 210, 213 
•Single-phase shunt motor, 213, 263, 
273 

commutation, 276, 281 
eomplexor diagram, 273 
power factor, 276 
speed control, 277 
starting, 277 
■Slip power, 47 

Schrage motor, 133 
Slip regulator, 46 
Speed control— 
by injected e.m.f., 43 
compensated series motor, 240 
constant-power drives, 61 
constant-torque di'ivea, 48 
Deri repulsion motor, 272 
doubly-fed motor, 107 
Kramer, 80 
repulsion motor, 260 
aeries regulating macliinea, 72 
shunt regulating machines, 77 
single-phase shunt motor, 277 
speed-torque characteristics with 
injected e.m.f., 61 
three-phase aeries motor, 191, 209 
Split-phase motors, 297, 301, 304, 
307 

Starting— 

capacitor motor, 324, 332 
doubly-fed motor, 108 
repulsion motor, 260 
repulsion-induction motor, 313 
repulsion-start motor, 311 
Schrage motor, 161 


Starting—( contd.) 

shaded-pole motor, 318 
single-phase induction motor, 296 
300 

single-phase shunt motor, 277 
split-phase motor, 297, 299 
tliree-phase series motor, 209 
torque, 300 

Thomson, Elihu, 210 
Three-phase series motor, 104 
applications, 182 
brush positions, 182 
cii’cle diagram, 187 
commutation, 200, 207 
eomplexor diagram, 184 
equivalent circuit, 204 
m.m.f., 182 
movable brushes, 206 
perfoiTuance, 208 
power, 180 
power factor, 193 
predetermination of behaviour, 197 
rotor transformer, 201 
saturation effects, 197 
speed control, 209 
stability, 101 
starting, 209 
torque, 190 

transformer magnetizing current, 
204 

Toi'da motor, 102 
Torque, 16 

.single-phase motors, 213 
three-phase series motor, 100 
Torque-slip relations, 61 
Transformer— 

for doubly-fed motor, 116 
for Ihi'OB-phaso series motor, 201 

Univeb.sal (plain series) motor, 220 

Ventd-ation, doubly-fed motor, lj26 

Wawcer. machine, 40 
Walker series machine, 62 
Wightman, 210, 213 
Windings— 

commutator, 1-phase, 7 
diagrammatic repro.sontation, 12 
discharge, 36 
distribution factor, 3 
doubly-fod motor, 123 , 

duplex, 36 
rotor, 7 
starting, 208 
stator, 1, 2, 0 

tertiary for Schrage motor, 133, 
163 

three-phase, 8, 9 




